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Abstract. We prove that for any closed symplectic 4-manifold (M, Q)
with [Q] € H*(M, Q) there exists a number Ny such that for every
N > Ny, (M,Q) admits full symplectic packing by N equal balls. We
also indicate how to compute this Ny. Our approach is based on
Donaldson’s symplectic submanifold theorem and on tools from the
framework of Taubes theory of Gromov invariants.

1. Introduction and main results

Let (M,Q) be a closed symplectic 4-manifold and consider the fol-
lowing question:
Given an integer N, how much of the volume of (M,Q) can be
filled by symplectic packing with N equal balls?

By a symplectic packing with N equal balls we mean a symplectic
embedding

o: B[ I8 — M,Q)

of a disjoint union of N equal standard 4-dimensional balls of any
radius 4. We say that (M, Q) admits full symplectic packing by N
equal balls if the volume that can be filled via such embeddings is
arbitrarily close to the volume of (M, Q).

The present paper is devoted to proving the following stability
property of symplectic packing in dimension 4:
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Theorem 1.A. Let (M,Q) be a closed symplectic 4-manifold with
[Q] € H*(M, Q). Then, there exists Ny such that for every N > Ny,
(M, Q) admits full symplectic packing by N equal balls. In fact, if for
some ky € Q the Poincaré dual to ko[Q] can be represented by a
symplectic submanifold of genus at least 1, then one can assume that
No = 2k3 Vol(M,Q), where Vol(M,Q) 2fMQ A Q.

We remark that the existence of &y with the property mentioned in
the theorem is assured by a theorem due to Donaldson [Do].

Example. Consider (CP?,6gq), where ogq is the standard Kihler
form of CP?, normalized so that its integral over projective lines is 1.
Since the Poincaré dual to 3[ogq] can be represented by a smooth
algebraic cubic it follows that (CP? 6yq) admits full symplectic
packing by N equal balls for every N > 9 (compare with [M-P]
and [Bi 1]).

More interesting examples appear in the following corollary of our
main theorem:

Corollary 1.B. In each of the following cases Ny is a number (not
necessarily minimal) for which the relevant symplectic manifold admits
Sfull symplectic packing by N equal balls for every N > Njy:

1. Let S C CP" be an irrational smooth complex projective surface
of degree d, and let Q be the restriction of the standard Kdhler form of
CP" to S. Then for (S,Q) we have Ny = d.

2. For (T*> x T2,6 ® 6) the 4-dimensional symplectic split-torus,
where ¢ is an area form on >, we have Ny = 2.

3. Let (Cy, a1), (Cy, a2) be (real) symplectic surfaces with
fCl o) = fQ o2 =1, and let a,b € N. Then, for (C; x Cy,aa & bay)
we have Ny = 8ab.

The proof of this corollary, more examples and sharper estimates
on Ny appear in Section 5 below.

1.1. The symplectic packing problem

Recall that a symplectic packing of a 2n-dimensional symplectic
manifold (M?",Q) is a symplectic embedding of a disjoint union of N
standard 2n-dimensional closed balls into (M, Q)

T TIBOw) — (M,Q) .

Here, B(/,) denotes the standard 2n-dimensional closed ball of radius
Ag 1N IR2”, endowed with the standard symplectic structure of IR?",

Wstd = Zl:l dx VAN dyl
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Symplectic packings were studied for the first time by Gromov in
[Gr]. Gromov discovered that symplectic embeddings are much more
rigid than volume preserving ones. For example, in [Gr] he proved
that in contrast to volume preserving packings, it is impossible to fill
more than half of the volume of €P? via symplectic packing with two
equal balls. These rigidity phenomena are called packing obstructions.

This however was only the beginning of the story of symplectic
packing. In [M-P], McDuff and Polterovich extended Gromov’s re-
sults for packing with more than two balls and gave a complete
description of all the possible packing obstructions for CP?> with
N <9 balls and for N = k? equal balls. In the same paper they in-
troduced the following quantities associated to any symplectic man-
ifold of finite volume:

Vol(Image ¢ )
M, Q) = _—
oy (M Q) = sup 0 )

Here, / passes over all the positive real numbers for which there exists
a symplectic packing ¢, of (M, Q) with N equal balls of radius 4. Two
phenomena of different nature can be distinguished in terms of the
quantities vy:

ey (M,Q) =1 full packing.

e uy(M,Q) < 1 packing obstruction.

In [Bi 1] we detected several symplectic 4-manifolds which have a
packing stability property in the sense that all packing obstructions
disappear for large enough number of balls, that is, vy (M, Q) = 1 for
large enough N’s. Our list of manifolds having this property consisted
of CP?, ruled surfaces as well as several other Kihler surfaces (see [Bi
1] for more details). The basic problem of whether or not this phe-
nomenon occurs for general symplectic manifolds remained open.
The main goal of this paper is to prove that essentially all symplectic
4-manifolds have the preceeding stability property.

1.2. Strategy of the proof

The geometric idea behind the proof is the following. By a theorem
due to Donaldson [Do] there exists &y such that the Poincaré dual to
ko[Q] can be represented by a connected 2-dimensional symplectic
submanifold X C (M, Q). Taking &, to be large enough we can also
assume that genus(X) > 1. Consider the following ruled surface over
2
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Here, IP stands for complex projectivization, Ny /), is the (symplectic)
normal bundle of £ in M, viewed as a complex line bundle, and C
denotes the trivial line bundle over £. Note that S — X has two
distinguished sections, namely the “zero section” Z, = P(0 & C) and
the “‘section at infinity” Z,, = P(Nx ) © 0).

Local considerations show that it is possible to endow § with a
symplectic form for which S\Z,, can be symplectically identified with
a (small) tubular neighborhood of X in M. The next step is to “‘in-
flate” this tubular neighborhood, that is to enlarge it, until it essen-
tially fills the entire volume of the manifold. The main idea is that it is
possible to do so in such a way that this tubular neighborhood still
symplectically compactifies into a ruled surface. Having done this, the
problem of symplectic packing of (M, Q) is reduced to symplectic
packing of ruled surfaces. The problem of packing irrational-ruled
surfaces is much more tractable and can be solved by similar methods
to [Bi 1]. Indeed, it turns out that for such ruled surfaces all packing
obstructions disappear for large enough number of balls. Putting all
together we conclude that the same must also hold for (M, Q).

Here is a more elaborated, though still heuristic, argument which
explains how it is possible to enlarge the tubular neighborhood of X
in M and still compactify it into a symplectic ruled surface. Put
Q' = kQ and endow S with a smooth family of symplectic forms
{wi}o,<1» which have the following properties:

[ ] fo Wy = t(Z . Z)

[ ] fZ() Wy = 2 . 2

o [, =1—1 where F denotes the homology class of a fiber of
S — X

Next, consider the following family of Gompf fiber sums (see [Go]
and [Mc-Wo] for more details on fiber sums):

(M, Q) = (M, 1) # (S,,), 0<t<1 . (%)
X=Z

It is not hard to see that topologically all the manifolds M, are diff-
eomorphic to M. Moreover, it is possible to find a smooth family of
diffeomorphisms f; : M — M,(0 < ¢ < 1) which identify X with Z; for
every t.

The first important observation is that the family
Q = f70,(0 < ¢ < 1) forms an isotopy of symplectic forms on M, all
lying in the cohomology class [Q]. Next, note that it is possible to
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choose the f;’s in such a way that for # = ¢, close enough to 1, (M, Q;])
is symplectomorphic to (M, Q). The reason is, roughly speaking, that
when ¢ is very close to 1, the contribution to (M;, ;) coming from
(S, ;) becomes neglectable because it essentially consists of a disc
bundle over X with a section (Zj) having constant area and fibers of
area which tends to 0 as ¢t — 1. On the other hand, on the rest of M,
the form Q, equals to Q" which becomes arbitrarily close to Q' as
t— 1.

The final and crucial point is that when ¢+ — 0 most of the con-
tribution to the volume of (M;, Q) comes from (S, w,). Thus, in order
to prove that (M, Q) admits full symplectic packing by N equal balls
it is enough to show that the “(S, w,) part of (M, €,)” admits such a
packing for #'s which are arbitrarily close to 0. In other words, the
problem of symplectic packing of (M,Q) can be reduced to
symplectic packing of (S\Z.,®,). This can be done by essentially
similar methods to those of [Bi 1] and indeed it turns out that (S, w,)
admits full symplectic packing by N equal balls for every N > Ny(1),
where

_ 2Vol(S, wy)
(fF wt)z .

A simple calculation shows that when t— 0, Ny(t) — Zy-Zy =
T =2k}Vol(M,Q).

The present case is somewhat more complicated, because we have
to prove that (S\Z, @,) admits such packing rather than just (S, ).
This is a subtle point, mainly because Z,, C S usually does not occur
as a pseudo-holomorphic curve for generic almost complex struc-
tures. Nevertheless, there is a way to get around this difficulty and
still produce the needed symplectic packing of (S\Z).

This is a rough description of the geometric idea of the proof. In
practice, we shall not perform explicitly a Gompf fiber sum con-
struction, mainly because it seems hard to find a canonical identifi-
cation between the M,’s and M which will be suitable for our needs.
Instead, we shall always work on the same manifold M, and produce
the symplectic forms Q, using the inflation procedure which was in-
troduced by Lalonde and McDulff in [McD 5], [L-M], [La], [McD 3].
As suggested above, the idea is first to embedd into M a “small” copy
of S\Z and then using inflation to increase the area of the fibers
until its volume becomes arbitrarily close to that of (M, Q). It turns
out that this procedure and Gompf fiber sum of M with a ruled
surface in fact give the same result.

No(l)
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The other steps of the proof will be carried out along the general
lines we have just described.

1.3. Organization of the paper

The rest of the paper is organized as follows. Section 2 is devoted to
various preparations towards proving our main theorem. We first
extend the inflation procedure of Lalonde-McDuff to work in our
situation, and then turn to developing some tools from the frame-
work of pseudo-holomorphic curves which will be necessary in the
sequel. In particular we shall prove a criterion for existence of
pseudo-holomorphic curves for non-generic almost complex struc-
tures. Section 3 is central and is devoted to proving the existence of
full packings of a ruled surface which do not intersect the section at
infinity. Finally, in Section 4 we give the proof of the main theorem
and present some examples in Section 5.

2. The inflation procedure and pseudo-holomorphic curves

This section is divided into two parts. In the first we generalize the
inflation procedure of Lalonde-McDuff in order to deform a
symplectic form through a family of symplectic forms in a suitable
direction while keeping a given submanifold symplectic during the
deformation. In the second part we develop a criterion for existence
of pseudo-holomorphic curves representing several homology classes
simultaneously for the same almost complex structure.

2.1. The inflation procedure

The following lemma is an extension of the inflation procedure of
Lalonde and McDulff (see [McD 5, McD 3], [La], [L-M]). Here and in
what follows we shall write PD for Poincaré duality.

Lemma 2.1.A (Inflation Lemma). Let Z, C C (M*,Q) be two distinct 2-
dimensional symplectic submanifolds where Z is possibly disconnected
but then assumed to consists of pairwise disjoint components. Suppose
that C - C > 0 and that C intersects Z transversally and positively at a
finite number of points. Then, there exists a closed 2-form p, supported
in an arbitrarily small neighborhood of C, with the following properties:



A stability property of symplectic packing 129

1. [p] = PD|[C].
2. Qg = tQ + sp is symplectic for every t > 0,5 > 0.
3. Z is symplectic with respect to s, for every t > 0,5 > 0.

Remark. When Z = () we obtain exactly the inflation lemma of
Lalonde and McDuff.

The proof of the inflation lemma is given in Section 6.1 below. We
turn now to developing some essential tools from the framework of
the theory of pseudo-holomorphic curves which will be needed later.

2.2. A pseudo holomorphic lemma

In order to make the inflation procedure work we have to assure that
the submanifolds Z and C intersect positively. The situation that we
shall encounter is the following: Z C M will be a given symplectic
submanifold, and 4 will be a given 2-homology class which we shall
need to represent by a symplectic submanifold, C, in such a way that
C intersects Z transversally and positively so that the inflation pro-
cedure would be applicable. One way to do this is to try to find an
almost complex structure J for which Z is J-holomorphic and for
which there exists a J-holomorphic representative of the class A. The
purpose of this subsection is to establishing a general criterion for the
existence of such an almost complex structure J. This type of problem
can be easily handled when the homology classes [Z] and 4 are “ge-
neric” in the sense that they both admit J-holomorphic representa-
tives for generic J. However, the situation becomes more delicate if Z
is “‘non-generic” in that sense. A typical example is the case when
Z-Z < 0 and genus(Z) > 1. This is precisely the case which will ap-
pear in our applications.

We shall work in the following setting: (M*, @) will be a closed
symplectic 4-manifold and # = # (M, ) will be the space of almost
complex structures, J, which are tamed by w, that is, o(X,JX) > 0 for
every non-zero X € TM.

Definition 2.2.A. Let A € Hy(M,Z) and J € ¢. We say that A is
J-effective and simple if for a generic choice of k(4) = %C‘(A) >0
distinct points in M, say Q4 = {p1,...,pk)} C M, there exists a
smooth, connected and reduced (ie non-multiply covered) J-holomorphic

curve C C M which represents the class A and passes through all the
points of 4.

We are ready now to state our criterion.
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Lemma 2.2.B. Let (M* ) be a closed symplectic 4-manifold and
Ziy...,Zy C (M,®) be pairwise disjoint 2-dimensional symplectic sub-
manifolds with Z;-Z; <0 for every 1<i<n. Suppose that
A € Hy(M,Z) satisfies the following conditions:

1.4-7Z; > K- Z; for every 1 <i < n, where K is the canonical class
of (M, w).

2. A is J-effective and simple for generic J € ¢.

3. In case A> = 0 and K - A = 0 assume also that A is not divisible in
Hy(M,Z), that is, A cannot be written as A =kA', with k > 2 and
A € H, (M, Z)

Then, there exists an almost complex structure J' € ¢ with the fol-
lowing properties:

1. Zy,...,Z, are all J'-holomorphic.

2. There exists a smooth, connected and reduced J'-holomorphic
curve C € M which represents the class A. Moreover, the curve C can be
assumed to intersect all the Z;’s transversally, unless A = [Z;] for some j
in which case C = Z;.

Furthermore, one can assume A to be J' effective and simple.

Remarks. 1. If we assume in addition that g(4) < genus(Z;) for every
i, where g(4) =1 —|—A'A%‘(A), then condition 1 of the lemma can be
dropped. The reason for this will become clear throughout the proof.

2. There is no need to assume that 4 - Z; > 0, for if K - Z; < 0 then
the condition Z; - Z; < 0 implies that Z; is a sphere with self inter-
section —1. It is well known that such spheres are J-holomorphic for

generic J, hence 4-Z; > 0 or A = Z;.

The proof of Lemma 2.2.B is rather technical and therefore post-
poned to Section 6.2 below. Meanwhile, let us explain the main ideas
and techniques we shall use to prove it.

The idea is to choose an almost complex structure Jy for which all
the Z;’s are Jy-holomorphic, and restrict to working with the subspace
J' ' C = 4(M,w) consisting of the almost complex structures
which coincide with Jy near Z = Z; U - - - U Z,, rather than work with
the entire space #. It turns out that the space ¢ is still “large”
enough for a smooth and connected J’-holomorphic curve in the class
A to exist for some J' € ¢'. Note that Z=Z, U---UZ, will be au-
tomatically J’-holomorphic.

In order to show the existence of such a curve, one has first to
show that for generic J € ¢ the moduli spaces of J-curves which
represent some homology classes related to A are still smooth man-
ifolds of the expected dimension. Next, we take a suitable sequence J,
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of generic almost complex structures in # which converge to some
generic J' € #' and consider a sequence of smooth and connected J,-
holomorphic curves C, in the class 4. The main point of the proof is
that it is possible to choose J, and C, so that the sequence C, will
converge to a smooth and connected J’-holomorphic curve. The main
tool here is Gromov’s compactness theorem (the “arbitrary” genus
version). Indeed, a careful computation of the dimensions of the
spaces of all possible occurring cusp curves shows that these di-
mensions are lower than the dimension of the moduli space of
pseudo-holomorphic curves in the class 4, and so curves in the class 4
persist when we pass to the limit J € #'. Condition 1 in the state-
ment of the lemma is precisely what makes possible to “lower” the
dimensions of the moduli spaces of the relevant cusp curves.

A criterion for effectiveness. Lemma 2.2.B requires the class 4 to be
J-effective and simple. Usually it is not an easy matter to verify this
condition, however as we shall now see, for manifolds of SW non-
simple type the situation improves considerably. We refer the reader
to [Tau 1, Tau 2] and to [McD 4, McD 3] for more details about this
class of manifolds. For the time being let us just remark that ruled
surfaces as well as their blow-ups have SW non-simple type.

Let Hy(M) be the torsion free part of H>(M,Z). We denote by
& = &(M,w) the set of all 2-homology classes in M which can be
represented by exceptional spheres, that is, by symplectically embed-
ded spheres of self intersection —1. The following criterion for a class
to be effective and simple is due to McDuff [McD 3].

Theorem 2.2.C (McDuff). Let (M*, w) be a closed symplectic 4-man-
ifold of SW non-simple type, and A € Hy(M). Suppose that:

1.4-4>0 and that [, > 0.

2.4-E >0 for every E € &.

Then for large enough n and generic J € ¢ the class nAd is J-effective
and simple.

3. Symplectic packing of ruled surfaces

Let N — X2 be a symplectic rank-2 vector bundle over an oriented
(real) surface X. By endowing N with a complex structure J, com-
patible with its symplectic structure, we obtain a complex line bundle,
still denoted by N, whose isomorphism class is independent of the
choice of J. Consider the manifold § = P(N @& C), where C is the
trivial complex line bundle over . We have a fibration § — X with
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fibers diffeomorphic to CP', and henceforth we shall call S by abuse
of language a ruled surface over £. Note that S has a natural ori-
entation inherited from X and N. The ruled surface S — X has two
distinguished disjoint sections, Zy = P(0 ® C) and Z,, = IP(N ©0)
which we shall refer to as the zero section and the section at infinity.

The main result we shall need about packing of ruled surfaces is
the following:

Theorem 3.A. Let S = P(N @ C) — X be a ruled surface over a (real)
oriented surface X of genus > 1, and assume that deg(N) > 0. Let w be
a symplectic form on S for which Zy,Z, C S are symplectic. Then for
every € > 0,

2Vol(S, w)
(Jr )’

where F is the homology class of a fiber of S — X. In particular,

on(S\Zx,w) > 1 —€, provided that N > (I —¢),

2Vol(S, )
— .
(Jr @)
The following two subsections are devoted to preparations needed

for the proof of this theorem. The proof itself appears in Subsection
3.3 below.

oN(S\Zx,w) =1 for every N >

3.1. Pseudo-holomorphic curves on blow-ups of ruled surfaces

Let S =IP(N @& C) — X be a ruled surface over X, where N — X is a
complex line bundle, and fix a symplectic form w on S for which
Zy,Z, are symplectic. Let xi,...,xy € S\(ZyUZy) be N distinct
points and choose an w-compatible almost complex structure J
which is integrable near the x,’s. Having fixed this, we can consid-
er the complex blow-up O : (S,Jy) — (S,Jo) of S at x,...,xy.
Denoting by F the homology class of a fiber of S — X and
by E, = [®'(x,)] the homology classes of the exceptional divisors
over the x,’s, we have

Hy(S,Z) = ZF ® Z[Z)| D ZE, & - -- ® ZEy .
Note that [Z] = [Zy] — deg(N)F.

Consider now a symplectic embedding ¢, : B(5) []...]IB(9)
— (S, w) of a disjoint union of N balls of radius 6, which takes the
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center of the ¢’th ball to x,. Clearly, for ¢ small enough such an
embedding exists, hence we can consider the symplectic blowing-up
;s of w associated to ¢,. The symplectic form @; lies in the coho-
mology class

(5] = [@*w] — 10> (e; +--- +en) ,

where e, is the Poincaré dual to E,.

Note that by taking § to be small enough we can assume that
Zy, Zo C S remain ws-symplectic. The main result of this subsection
is the following lemma:

Lemma 3.1.A. Assume that deg(N) >0, genus(X) > 1 and let
A € Hy(S,Q) be a homology class which satisfies the following condi-
tions:

1.4-4>0, [,05>0,4-Z>0.

204-E;>0,4-(F—E;) >0 forevery1 <q<N.

Then, there exists an ws-tamed almost complex structure J which has
the following properties:

1. Zso C S is J-holomorphic.

2. The exceptional divisors ©7'(xy),...,0 '(xy) are J-holo-
morphic.

3. For large enough n, there exists a connected, smooth an reduced
J-holomorphic curve C C S which represents the class nA, and intersects
all of @ (x1),...,0 (xy) and Z, transversally and positively.

Proof. Denote by & C Hy(S,Z) the set of all classes which can be
represented by symplectic exceptional spheres. Since genus(Z) > 1 it
is not hard to see that

& =A{E,....,En,F —E,,...,F —Ey} (see[Bi 1] for more details) .

As ruled surfaces have SW non-simple type, it follows from Theo-
rem 2.2.C that for large enough n and generic J the class nd is
J-effective and simple in the sense of Definition 2.2.A. It follows from
our assumptions that by taking » to be large enough we can assume
that nd - Z, > K - Z,. Clearly we also have that n4 - E, > K - E, for
every 1 < g < N. The result now follows immediately from Lemma
2.2.B with the Z’s being the symplectic submanifolds: Z, ®_1(x1),

cey @71 (XN). ]
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3.2. Blowing down

In order to obtain symplectic embeddings of balls one needs to per-
form symplectic blowing-down. We refer the reader to [M-P] for more
information on this operation. We shall work in the following setting.
Let (M*,J) be a 4-dimensional almost complex manifold with J
integrable near xi,...,xy € M. We denote by ® : (M,J) — (M,J) the
complex blowing-up of (M,J) at xi,...,xy, and by X, = ®’1(xq),q
=1,..., N the exceptional divisors. Finally, we write E, for the ho-
mology classes of the X,’s and e, for their Poincaré duals. Recall that
a symplectic form Q which tames an almost complex structure J is
said to be J-standard near x € M if the pair (Q,J) is diffeomorphic to
the standard pair (wg4q,i) of C? near x.

In what follows we shall need to prove existence of symplectic
packing of an (open) symplectic manifold M\Z, where Z C M is a 2-
dimensional symplectic submanifold. The technical tool for obtaining
this is the following blowing down proposition which is an obvious
generalization of Proposition 2.1.C from [M-P].

Proposition 3.2.A. Let (M* Q) be a closed symplectic 4-manifold, and
Z C M be a 2-dimensional symplectic submanifold. Let J be an almost
complex structure which is tamed by Q and suppose that Q is
J-standard near x, . ..,xy € M\Z. Let u,, ..., uy be positive numbers
and

N
¢o: [[B(1) = (M\Z,Q)
q=1

be a symplectic embedding which is also (i,J)-holomorphic. Denote by
(M, Q) the symplectic blow-up of (M, Q) associated with ¢ and by 7=
@ Y(2) the proper transform of Z in M. Suppose_that Qq can be
included into a deformation of symplectic forms {Q},.,., with the
following properties: o

1. Q; lies in the cohomology class

N
Q] =[07Q] - nz,uq(t)zeq for every 0 <t <1,
q=1

where p (1), ..., uy(t) are smooth functions of t with u,(0) = p, for
every 1 <q<N.

2. Q, is non-degenerate on the exceptional divisors X1, ..., Xy and on
Z, for every 0 <t < 1.
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Then (M\Z,Q) admits a symplectic packing by N balls of radii
(1), (D).

The proof goes exactly along the same lines as the one of Prop-
osition 2.1.C of [M-P] except of the following modification of the last
step: when blowing down the family €, one obtains an isotopy of
symplectic forms Q; on M with Qy =Q and a smooth family of
symplectic embeddings

N

o [TB(1y(0) — (M) .

g=1

Since Z = ®’1(Z) is disjoint from X4,...,Xy and Q, is non-degen-
erate on X, ..., 2y and on Z it easily follows from the proof in [M-P]
that the ¢,’s can be chosen so that their images do not intersect
Z = O(Z) in M, and also that Q; is non-degenerate on Z for every .
The proof is concluded by Moser’s stability theorem for pairs rather
than the usual Moser argument, namely, it follows that there exists an
isotopy F; : M — M with

=1 FZ)=Z FQ=Q=Q forevery 0 <¢<1 .

As (M\Z,Q;) admits a symplectic packing by N balls of radii
Wi (1), ..., puy(1) so does also (M\Z,Q). ]

3.3. Proof of Theorem 3.4

Throughout the proof we shall assume that [w] € H*(S, Q). The case
of a non-rational cohomology class can be reduced to the rational
one using the same method as in the proof of Theorem 4.1.A of [Bi 1].

Fix ¢ >0 and let N be an integer as in the statement of the
theorem, that is,

2Vol(S
R G N R (1)

(Jr )
Choose an w-tamed almost complex structure Jy which is integrable
near some N distinct points xj,...,xy € S\Z,, and let

®:(S,Jy) — (8,Jo) be the complex blow-up of S at x,...,xy.
Denote by E, = [@’l(xq)],q =1,...,N, the homology classes of the
exceptional divisors and by e, = PD(E,) their Poincaré duals.
Finally, write ¢; for the first Chern class of (7S,.Jy) and by ¢, for the
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one of (TS,Jy). Clearly we have ¢, = ¢; — Zgzl e, under the natural
decomposition H*(S,Z) = H>(S,Z) ® Ze, @ - - - ® Zey.

The next step is to endow S with an auxiliary symplectic form. For
this purpose note that we may assume without loss of generality that
w 1s Jyp-standard near the points xi,...,xy. Indeed, w is isotopic to
such a Jy-standard form via an isotopy which may be assumed to be
supported in any prescribed neighborhood of the x,’s (see [M-P]
or [Bi 2] for more details). Let @s be the symplectic blow-up of w,
associated to a symplectic and holomorphic embedding
@5 :BO)][---1IB(d) — (S, w) of a disjoint union of N equal balls of
radius 6 which sends the center of the g’th balls to x,. The form w; lies
in the cohomology class [@s] = [@ ] — 1 Z;\;l e,. By taking J to
be small enough we may assume that the following holds:

e Image ¢; is disjoint from Z,.

e ©®!(Z,) is a symplectic submanifold of (S, @s).

To simplify notations we shall write from now on Z, instead of
o' (Zx) since we have chosen x,...,xy not to lie on Z,, C S.
Let A, > 0 be the real positive number defined by the equality

2 \/2(1 — €)Vol(S,w) + s
s N )

where s > 0 is chosen so that:

o n)é < 4/2Vol(S,w)/N.

o i, € Q.

Note that there are arbitrarily small choices of s > 0 for which these
two conditions are satisfied.
Define now 4, € H>(S, Q) to be

N
A, =PD[®"w] — A} Y E, .
q=1

The main point is that the class A satisfies the conditions of Lemma
3.1.A provided that ¢ and s are small enough. Indeed, by our as-
sumptions and the choice of A, we have 4 - Z, = fzm o > 0 and

/ @5 = 2Vol(S, ») — B*6*N 1 > 2Vol(S, ) — nd*N w '

A
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Hence f n @s >0 whenever ¢ <Y ZVOI(S w. Finally, 4,-4,=

2Vol(S, w) — (nxlz) >0,and 4, - E, = n/lz 0. It remains to check
that when s is small enough, 4, - (F — E;) > 0 for every ¢. Indeed, by
inequality (1) we have:

A(F — E,) z/ -k — /w— \/2(1 _e)x"l(s’w) >0 .

F F

This proves that for J,s > 0 small enough the conditions of Lemma
3.1.A are satisfied for the class A;.

Fix s and 0 as above and write 4 = 4, A = A;. By Lemma 3.2 there
exists n € IN and an almost complex structure J, tamed by ws, and a
connected 2-dimensional submanifold C C § with [C] = n4, such that
C,Zs and ® ' (x1),...,® (xy) are all J-holomorphic and such that
C intersects Z,, and the @' (x4)’s transversally and positively. It now
follows from the inflation lemma (Lemma 2.1.A) that there exists a
closed 2—form p with the following properties:

« [p] = PD((C]) = PD(nA).

e, =(1- t)a)b + £ p is symplectic for all 0 < ¢ < 1.

e Z, and ® !(x),...,0® (xy) are symplectic with respect to Q,
for every 0 <t < 1.

Note that Qy = @; and that

Q] = @ 0] — =(t2> + (1 — 1)) Zeq ,
hence,

/fmfz, — 2Vol(S,0) = Na* (t2> + (1 — 1)&?)°
s

— 2Vol(S, ) — N(12?)* < 2e Vol(S, w) .

t—1-

Choose t=1 <1 close enough to 1 so that [; QA Q, <2
Vol(S, ). Applying Proposition 3.2.A to the family {fzt}oggl we see
that (S\Z«,®) admits a symplectic packing by N equal balls, say ¢,
such that

1 [ - .
Vol(S\Image ¢, ) :§/Qtl A Q.

§
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This implies that

TQ, A Q
S\Zoo ) > 1 2870 27T s
o8 ($\Zoc, @) 2 Vol(S,w) = ¢

The first statement of the theorem is proved.
The second statement follows immediately from the first one. []

4. Proof of the main theorem

As explained in the introduction the first step towards the proof is to
embed into (M,Q) a (small) symplectic disc-bundle which can be
symplectically compactified into a ruled surface.

Given a 2-dimensional symplectic submanifold X C (M, Q), the
normal bundle of £ in M, N5/ — Z, is a symplectic rank-2 vector
bundle and we can consider the ruled surface S = IP(Nx,), © C) over
2. Here and below we shall use the notations of Section 3.

Proposition 4.A. Let (M*, Q) be a symplectic 4-manifold and T C M be
a 2-dimensional symplectic submanifold with X-X > 0. Then
S =IP(Ns/y ® C) admits a symplectic form wo with the following
properties:

1. Zo,Zo C (S,m0) are symplectic submanifolds.

2. There exists a symplectic embedding

bo 1 (S\Zss, 0) — (M, Q) with y(Zy) =X .

We defer the proof of the proposition to Section 7, and turn to the
proof of the main theorem.

Proof of the main theorem. By a theorem of Donaldson [Do] there
exists ky > 0 such that the Poincaré dual to [kQ] can be represented
by a connected 2-dimensional symplectic submanifold, say X C (M, Q),
of genus at least 1. Put Q' = kQ and Ny = £ - £ = 2k3Vol(M, Q).
Consider the ruled surface § = IP(Ng/) @ €) — X and let Zy, Z
be its zero section and the section at infinity. By Proposition 4.A
there exists a symplectic form wy on S for which Z,, Z,, are symplectic
submanifolds and for which there exists a symplectic embedding

b1 (S\Zso, m9) — (M,Q) with ¢y(Zy)) =X .

Since Z - Zy > 0, Lemma 2.1.A (this time with Z = ()) implies that there
exists a closed 2-form pf, on S such that [p;] = PD([Z)]) and twy + spy is
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symplectic for every r > 0,s > 0. Moreover, p;, can be assumed to have
support in an arbitrarily small neighborhood of Z; in S.

Put p, = %p() and define a (closed) 2-form p on M by pushing
forward p, via ¢, and extending by zero to the rest of M. More
precisely, put

B {0 on M\Image ¢,
P U(¢g')po  on Image ¢,

Clearly [p] = PD(;- [2]) = [Q)].
By construction, Q2+ sp is symplectic for every s> 0,7 > 0.
Consider now the following family of symplectic forms on M:

Q=(1-1)Q+1p 0<tr<1.

Clearly {Q;}(,., is an isotopy of symplectic forms, all lying in the
cohomology class [Q]. As Qy = Q, it is enough to prove the existence
of the wanted packing for one of the €;’s.

Writing o, = (1 —#t)wg +tp, we obtain that the embedding
¢o : S\Zs — M satisfies ¢y, = w, for every 0 << 1. Next, note
that

lirln Vol(Image ¢, ) = Vol(M,Q)
t—1-
because p is supported inside Image ¢,.

Fix € > 0. By Theorem 3.A we have

2Vol(S, ;)
(fF wt)z

Denoting by v, the right hand side of (1) we have

N (S\Zs, ;) > 1 —€ for every N >

(I—¢ . (1)

:fspOAPO

1 —€) = 2k5 Vol(M,Q)(1 —¢) = No(1 —¢) .
Jim (pro)z( ) (M, Q)(1 =€) = No(1 —¢)

Choose #; < 1 close enough to 1 so that the following holds:
e Vol(Image ¢, Q) > (1 —€)Vol(M, Q).
o Ny > vy.

Now we have that for every N > N,

Vol(S\Zx, @, )

> (1 —¢€) .
Vol(M, Q) > (-9

UN(M, Q) = UN(M, Qtl) Z UN(S\Zooawtl)
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This inequality holds for every N > N, and € > 0, hence vy (M, Q) = 1
for every N > N. L]

5. Examples
We begin with

Proof of Corollary 1.B. 1. This follows immediately from Theo-
rem 1.A.

2. Consider a Riemann surface C of genus 2 and Ilet
J(C) =Pic’(C) be its Jacobian. Let Q be the principle polarizing
Kihler form, induced by the cup product H'(C,Z) ® H'(C,Z) — Z.

Without loss of generality we may assume that [»¢ =1 and so
o @ ¢ also determines a principle polarization on T* = T* x T for
some complex structure. As the moduli space of principle polarized
tori of a given dimension is connected, it is not hard to see that
(T? x T?,6 @ ¢) is symplectomorphic to (J(C),Q). We shall show
now that (J(C), Q) admits full symplectic packing by N equal balls
for every N > 2.

To see this, fix pyp € C and consider the Abel map C3p
[p — po] € J(C). In our situation this map is a holomorphic embed-
ding and its image is homologous to the theta divisor of J(C) (see [G-
H] or [Sh]). Thus, the Poincaré dual to [Q] € H*>(J(C),Z) can be
represented by a genus 2 smooth holomorphic curve and so we can
take ko = 1 in Theorem 1.A. As Vol(J(C),Q) = 1, we have Ny = 2.

3. For each i = 1,2 choose a complex structure j; on C; with the
following properties:

° Jji is tamed by o;.

. There exists a meromorphic function f;: (C;, j;) — CP!
with exactly two (distinct) poles, say p;, q; € C;.

In other words, we choose j; so that (C;, j;) is hyperelliptic.
Denote by n; : C; x C; — C; the projection on C;, and let

D = ani(p1 + q1) + by (p2 + q2) € Div(Cy x C3) .

Consider the linear system |D|. It is not hard to see that the linear
system |D| has the following properties:

e |D| is free of base points.

e dim |D| > 2.

e The holomorphic map 1p : C; x C, — CPY™ Pl associated to the
linear system |D| has a 2-dimensional image (in fact, 1 is generically
one one-to-one).
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It follows from Bertini’s theorem that there exists an irreducible and
smooth curve X € |D|. Next we claim that genus(X) > 1. To see this
note that since the projection of X to both C; and C; consists of more
than a point, then X cannot be rational unless C; = C, = S°. In this
case however, it easily follows from the adjunction formula that
genus(X) = (2a—1)(2b—1) > 1.

Clearly PD([Z]) = 2[ag @ bas], hence by Theorem 1.A we obtain
that (C; x Cy, 0, @ 02) admits full symplectic packing by N equal
balls for every N > X - X = 8ab. O

Remark. Similar arguments to the above imply the following refine-
ment of the third statement of Corollary 1.B: Same notations and
assumptions as in 3 of Corollary 1.B, except that now assume that the
integers a,b are at least 2. Then we have Ny = 2ab.

Manifolds which admit full packing by any number of balls. In [Bi 1] we
detected several symplectic 4-manifolds, such as hyperelliptic (Kdh-
ler) surfaces, which admit full symplectic packing by N equal balls for
every N > 1. This seems at first glance as a contradiction to a theorem
of Gromov [Gr] which implies that it is impossible to fill more than
half of the volume of the standard 4-dimensional ball via packing
with two equal balls. A more careful consideration shows that the
two results are not contradictory. In fact, the following interesting
phenomenon occurs. Let (M, Q) be a closed symplectic 4-manifold
which admits full symplectic packing by N equal balls for every
N > 1. Fix any 4y such that

3 Vol(M, Q) < 2Vol B(4y) < Vol(M,Q) .
By our assumption on (M, Q) there exists a symplectic packing
@0 B(ho) [[B(ho) — (M, Q) .

Next, consider an increasing sequence r, with lim, .
Vol B(r,) = Vol(M, Q). By our assumptions, for each n there exist a
symplectic embedding ¢, : B(r,) — (M, Q). However, despite the fact
that lim, ., Vol(Image ¢,) = Vol(M,Q), Gromov’s theorem implies
that for any choice of the ¢, we will always have

Image ¢, 2 Image ¢, |,

that is, the image of the two balls B(4o) [ [ B(4o) will always go out of
the images of all the balls B(r,) no matter how tight the packings ¢,
are.
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Our list of manifolds from [Bi 1] that admit this sort of behavior
consisted of hyperelliptic surfaces, and the surfaces of Enrigues, Do-
Igachev and Barlow, all viewed as Kéhler surfaces. Using the tech-
niques of the present paper one can easily produce more, even
simpler, examples. Here is a typical one.

Example. Let C C CP? be an algebraic smooth curve of degree n > 3
(hence, of genus at least 1). Choose n> — 1 distinct points py, ..., pe_;
€ C and let ® : (V,J) — CP? be the (algebraic) blow-up of CP* at
these points, where J denotes the (integrable) complex structure on
the blow-up, induced from CP?. Denote by L € Hy(V,Z) the ho-
mology class of (the proper transform of) a projective line which does
not pass through any of the p,’s and by Ej,...,E,»_; the homology
classes of the exceptional divisors over py,...,p,_1, respectively.
Consider C, the proper transform of C in V. Clearly

[Cl=nL—->_E, .

It follows from a Theorem of Nagata [N] and from the Nakai-Mo-
ishezon criterion that the cohomology class PD[C] € H*(V, Z) admits
a J-Kihler representative, say Q.

As C-C =1 and genus(C) > 1 it follows from Theorem 1.A that
(V, Q) admits full symplectic packing by N equal balls for every N > 1.

6. Proofs of the inflation and pseudo-holomorphic lemmas

We begin with proving the inflation lemma (Lemma 2.1.A)

6.1. Proof of the inflation lemma

The proof is a modification of the ones appearing in [McD 3, McD 5].

Suppose that CNZ = {py,...,p,}. Choose a smooth function
f: C — IR which has the following properties:

1./ >0.

2. f vanishes on (disjoint) neighborhoods, say B(p;), ..., B(p,), of
the points pi, ..., p,.

3. [ofoc=C-C, where ¢ = Q|.

Consider the normal symplectic bundle of C in M, nc : N — C. This
is a symplectic rank-2 vector bundle and so can be viewed as a
complex line bundle over C. Choose a Hermitian metric on N and let
7 be a connection on the unit circle bundle P C N, which satisfies
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dy = —(mclp) (foc)

Denote by  : N — R the radial distance function and for every d > 0
let U(d) be the sub disc-bundle of radius d, namely, U(d) = {x €
N|r(x) < d}. Consider now the following closed 2-form on N:

o = Thoc +d(nrty)

As in [McD 3, McD 3], it is not hard to see that w is well defined,
non-degenerate near the zero section and restricts to w¢ on the zero
section. Here and henceforth we shall identify C with the zero section
of N — C.

It follows from the symplectic neighborhood theorem that there
exist neighborhoods U, of C in M, and U, of C in N and a
symplectomorphism F : (U}, Q) — (U, ) which is the identity on C
(ie F takes C to C and F|. = 1). Thus, without loss of generality we
may replace Q by w and Z by F(Z N ;) and define the needed form p
on 1, in such a way that it is compactly supported inside a small
neighborhood of C in ;. To simplify notations, we continue to write
Z for F(ZNy).

The first step towards constructing the form p is the observation
that there exists a neighborhood !’ of C in U, such that for every
a,b > 0 the 2-form

w — ady + brdr Ny is non-degenerate on ' . (1)

Note that the form rdr Ay extends to the zero section. To prove
the existence of the neighborhood ', we use the following compu-
tation:

@ — ady + brdr Ny = (1 —nrzfonc+afonc)ﬂ:za)c
+ a4+ b)yrdr Ay . (%)

Now, choose a positive number ry which satisfies nré max,cc
f(x) < 1, and take W’ to be any neighborhood of C in U, which lies
within radial distance smaller than rg, say W' = U(r/2). It immedi-
ately follows that the forms in (x) are non-degenerate in I’ for every
a,b>0.

Next, consider the 2-form n = rdr A y. We claim that there exist
neighborhoods Wy, ..., W, C Z of py,...,p, in Z such that for every
1 <i<n, ’ﬂrm is an area form which gives the same orientation on
T; as |y -
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Indeed, it is enough to check this for the points py, ..., p,, namely
to show that 11|T z is non-degenerate and gives the same orientation
on T,Z as a)|T z "To see this, first note that 7,2’ = T,,C @& N,,, where

. 1S the fiber of N over pi. Let pr be the prOJectlon T lI — N,,. Each
of the three spaces 7,,C, N,, and T, Z, being symplectlc with respect to
w, inherits an orientation. Since N,, intersects positively 7,,C and, by
assumption, 7, Z intersects positively and transversally 7, C it is not
hard to see that prig 7 TnZ — Ny, is an orientation preserving is-
omorphism. It edsﬂy follows now that 7] 1,z 18 non-degenerate and
that the orientation induced by it on 7, Z agrees with the one induced
by ol ;.

Now we are ready to construct the form p. Choose ¢ > 0 small
enough so that:

LUNZCWU---UW,.

2. 1. (U(e)NZ) C B(p)) U---UB(py).

3. U(e) C .

Let g(r) be a non-negative and non-increasing smooth function of r

which equals to 1 — 72 near » = 0 and vanishes for » > ¢/2. Finally,
let p be the form

p=—d(g(r)y) .

Notice that p is compactly supported in U(e) C ,.

Let us check now that p indeed has the needed properties. The first
property is that for ¢ > 0,5 > 0 the forms w,, = tw + sp are non-
degenerate. This follows from (1) above and from our choices of (e)
and 2, because

W5 = t(a) —; g (r)dr Ay —; g(r)dy), g <o,

and g is supported inside U(e) C ',

It remains to show that Z remains symplectic with respect to w,.
To see this it suffices to show that p restricts to an w-semi-positive
form on Z, namely that there exists a non-negative function 2 on Z
with p|,, = ho|;,. Indeed we have p = —¢'(r)dr Ay — g(r)dy. Now
dy=—n’(foc) and by construction this identically vanishes on
ZNU(e). Thus,

g'(r)

7

Pliz = (=g P)dr Ay) |y = —=—Znly, .

As ¢'(r) <0, our claim follows from what we have just proved re-
garding the orientations induced by 7|, and w|,,, and the fact that
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(supp p)NZ CUe)NZ C Wy U--- UW,.

6.2. Proof of the pseudo-holomorphic lemma (2.2.B)

In order to simplify notations we shall give the proof for the case
n = 1, that is, assume that we have only one submanifold Z = Z;. The
proof of the general case is essentially the same.

Fix an almost complex structure Jy € ¢ for which Z is Jy-holo-
morphic and let ¢’ C ¢ be the space of all J € _# which coincide with
Jo near Z. Finally, let 1l C M be a tubular neighborhood of Z in M.

Step 1. We claim that if § C M is a J-holomorphic curve for some
J € ¢' then either S =Z or § ¢ .

Indeed, suppose that S C 2 and let [S], [Z], € H>(N,Z) be the
homology classes of S and Z, respectively. As Ho(Q,Z) = Hy(Z,Z)
and the latter is 1-dimensional, [S],, and [Z],, must be proportional,
say [S]y = a[Z], for some a. Since Z, S are both symplectic we must
have a > 0. This implies that [S]y - [Z]y = a[Z]y - [Z]y =aZ-Z <0,
hence by positivity of intersections S = Z.

Step 2. We now consider moduli spaces of J-holomorphic curves for
J’s in #'. Fix ¢ >0, and B € Hy(M,Z), B # [Z] and consider for
J € ¢' the space .4 (B,J, g) of all somewhere injective J-holomorphic
curves which represent the class B and are parameterized by all
possible Riemann surfaces of genus g. More precisely, .#(B,J,g)
consists of all pairs (u, /), where j € 7, the Teichmiiller space of a
closed oriented surface X, of genus g, and u: (X,,j) — (M,J) is a
somewhere injective (j,J)-holomorphic map with u,[Z,] = B. Since
B # Z, step 1 shows that for J € ¢’ any J-holomorphic curve in the
class B must go out of U and so the transversality argument from
[M-S 2] extend to prove that for generic J € ¢’ the spaces .#(B,J,g)
are smooth manifolds of dimension 2(c;(B) + g — 1) + dim G, (pro-
vided that they are not empty). Here, G, stands for the reparame-
terization group (of a generic (X, j)), and ¢ for the first Chern class
of (TM,J).

Step 3. Given a homology class B € Hy(M,Z) let us write

__ B-B+c¢((B)

K(B) ==



146 P. Biran

We claim that there exists a second category subset ¢’
that for every J € ¢/
figuration

wen C ' such

een the following holds: for every A-cusp con-

/
Z o 1>2m>1 or I=1,m >2

the set of all points (xi,...,x ) € M*“ which lie on a J-holo-
morphic 4-cusp curve of this conﬁguratlon has at least codimension 2
in M¥®. In particular, for every J € ¢, there exists a second cat-
egory subset G; C M*“) such that for every (x,. .. ,Xk(1)) € G there
are no J-holomorphic A-cusp curves, of any configuration, which
pass through all of xi,...,x;4). Notice that we regard multiply
covered curves as cusp curves too by allowing [ = 1,m; > 2.

Let us defer the proof of this claim for a while and show first how
the statement of the lemma follows from it.

Step 4. By assumption there exists a second category subset 7., C ¥
such that for every J € 7, the class 4 is J-effective and simple. It
follows that we can choose J' € /gen, a sequence J, € f4, and a
k(A)-tuple of distinct points (yi,. .., ) € Gy such that:

o J, —J.

e For every n there exists a smooth, connected and reduced J,-
holomorphic curve C, C M with [C,] = A, which passes through

Y1y Vi(4)-

Note that by the adjunction formula, the genus of C,, say g, is in-
dependent of n.

By our construction, the sequence C, cannot have any subse-
quence which converges to a cusp curve (this includes multiply cov-
ered curves, as remarked in Step 3 above). It follows from Gromov
compactness theorem that C, must have a subsequence which con-
verges to a J'-holomorphic curve C C M of the same genus, g, and in
the homology class A. Clearly C is connected and, by construction,
non-multiply covered. Finally, the adjunction formula implies that C
is smooth.

In order to obtain transversality between C and Z one needs to
perform a local arbitrarily C!-small perturbation of C around each
non-transversal intersection point of C with Z, and then alter J’ in a
spherical shell around each of these points. This is all possible by the
methods of [McD 2], (see also [McD 1] and [Mi-Wh]). Roughly
speaking, this is done as follows: let x € C N Z be a point in which C
does not intersect Z transversally. Fix a neighborhood 28 of x in M so
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that WN C N Z = {x}. It follows from [McD 2] that arbitrarily C'-
close to the identity, lgp : I — W, there exists a diffeomorphism
F W — W and an open subset Br C W (which depends on F) with
the following properties:

1. F has compact support in 2.

2.F(CNW)h A

3. F(CﬂﬁB)ﬂZC Br.

4. F(CNW) is J'-holomorphic in V.

Thus, by taking F to be C'-close enough to 1, F(C) will still be a
symplectic submanifold and the only thing we have to do is to alter J’
appropriately in a neighborhood of F(C) inside 2\ B . Note that we
need not change J' neither outside 2B nor in a small enough neigh-
borhood of Z. Finally, remark that since F can be assumed to be
arbitrarily C'-close to 1, the perturbed J' may be assumed to be
arbitrarily C°-close to the original J'.

Proof of Step 3. To complete the proof it remains to prove the claim
stated in Step 3. For this end, we begin by observing that for any
exceptional sphere class £ € & we must have 4 - £ > —1. Indeed, let
E € &. It is well known that for generic J € ¢ there exists a J-ho-
lomorphic sphere in the class £ (see [M-P] or [Bi 1, Bi 2]). As A4 is
assumed to be J-effective and simple we may realize both 4 and E by
smooth, connected and reduced J-holomorphic representatives for
some J € #. By positivity of intersections we obtain 4 - £ > —1 with
equality if and only if 4 = E.

Next, notice that it is enough to prove that for each possible
configuration of 4-cusp curves there exists a second category subset
of ¢' for which no J-holomorphic cusp curve of that configuration
can pass through k(4) generic points in M. The reason is that there
are only countable number of possible A-cusp configurations and the
intersection of a countable number of second category subsets of ¢’
will still be of second category. This intersection will be our needed
j/gen'

Henceforth we fix an 4-cusp configuration, say
!
A= "md; (%)
=1

and assume that for generic J € ¢’ it can be realized by a J-holo-
morphic cusp curve. There are two cases to consider:

1. None of the 4,’s is equal to [Z] or a multiple of it.

2. One of the 4,’s equals to [Z] or a multiple of it.
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Consider the first case. In view of Step 1,if D = (D), ... D) isa
J-holomorphic cusp curve with [DY)] = 4; then for every j, DY) must
go out of the neighborhood Il of Z. Noting that outside Ul no re-
strictions were put on ¢’ it follows that all the arguments from [McD
4] extend essentially without any change to prove that the maximal
number of points through which a cusp curve of type D may pass is
strictly smaller than k(4). More precisely, since 4 - E > —1 for every
E € &, Lemma 2.10 of [McD 4] extends to case of generic J € ¢’ to
show that the class 4 is good in the sense of Taubes, ie any J-holo-
morphic curve (possibly reducible or disconnected) in the class 4
which passes through k(4) generic points does not have multiply
covered components of negative self intersection. Then, the proof of
Theorem 1.2 of [McD 4] extends to the case of generic J € ¢’ to
prove that a J-holomorphic curve in the class 4 (again, possibly re-
ducible or disconnected) which passes through k(4) generic points
must in fact consist of disjoint components and so it cannot be a cusp
curve, unless / = 1,m; > 2 and DU is a torus of self intersection zero.
This cannot occur in our situation because it implies that
A=m[DW],4-4=0 and c;(4) = 0 (by adjunction), which contra-
dicts our assumptions on A. This concludes the first case.

Let us consider now the second case in which we assume that one
of the 4,’s is [Z] itself or a multiple of [Z]. As Z-Z < 0, for generic
J € ¢' any J-holomorphic cusp curve can have at most one com-
ponent with homology class [Z] and this component must coincide,
set-theoretically, with Z itself (of course, it might be a multiple cover
of Z). Furthermore, all the other components must go outside of the
neighborhood U of Z. Thus, we can represent the A-cusp configura-
tion (*) as

h
A :ZriBi+m[Z], mri>1, h>1,
i=1

where none of the B;’s is a multiple of [Z]. Note that we may assume
that # > 1 since otherwise 4 = m[Z] with m > 2. But then because
Z-Z<0 and A-Z> —c(|Z]) we have A-A=mAd-Z > — mc,
([Z]) = —ci(4d) and so —2>24-4A>A4-A—c1(4) > —2, where the
very last inequality follows from the adjunction formula for 4. It
follows that 4 -4 = —1 and so m = 1; contradiction. Thus we may
assume that 2 > 1.

The component m[Z] of 4 cannot move (Z - Z < 0), and so in order
to prove our assertion we have to show that for generic J € ¢’ the
maximal number of generic points through which a J-holomorphic
cusp curve of the configuration 4 —m[Z] = S, ;B; can pass is
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strictly less than k(A4). For this purpose we write 4 = ZLI r:B; and let
us divide the set of indices {1,...,4} into three disjoint types:

1. I, € {1,...,h} consisting of i’s such that B; is an exceptional
sphere class and »; > 2.
2. b, C{l,...,h} consisting of s such that B; is an exceptional

sphere class and r; = 1.
3. s C {1,...,h} consisting of all the other i’s.

With this partition we have

/I: ZriBi+ZBi+ZriBi . (**)

iel ich i€l

Note that it might happen that some of the above indices sets are
empty.

We claim that if for generic J € ¢’ there exists a J-holomorphic
curve in one of the classes B; with i € I3, then

This will imply that by taking J € #’ to be generic we may, from now
on, assume that (1) holds for every i € I5. Indeed, suppose that
B; - B; <0 for some i € I3, and that there exists a J-holomorphic
curve in the class B; for generic J € #'. Since B; is not [Z] itself or a
multiple of it, we have by Steps 1 and 2 that for generic J € ¢’ the
moduli space of non-parameterized J-holomorphic curves in the class
B, has dimension dim .#(B;,J, g;)/G, = 2(c1(B;) + g; — 1), where g; is
the genus of the parameterizing Riemann surface. As B;-B; <0,
we obtain by adjunction that ¢;(B;))<2—2¢; and so
dim .#(B;,J,9i)/ Gy < —2g;. For this number to be non-negative, we
must assume that g; = 0. But then dim .#(B;,J, g;)/ Gy, = 2(c1(B;) — 1)
and again for this to be non-negative we have to assume that
c1(B;) > 1. In total we have: g; = 0,B; - B; < 0 and ¢;(B;) > 1 and so
by adjunction B; - B; = —1. In other words, B; is an exceptional sphere
class and so i € I; U, rather than i € I5. This contradiction shows
that B; - B; > 0. Finally, £(B;) > 0, because

Zk(Bl) > 2(01(3[) +9g— 1) = dim %(Bi,.], gi)/Gg[ > 0.

Now we are ready to compare the maximal number of generic points
through which a pseudo-holomorphic A-cusp curve can pass, with
k(A). Clearly, for generic J € ¢’ a cusp A-curve of the above con-
figuration cannot pass through more than _,_; k(B;) points (recall
that Z-Z < 0 and that B; - B; = —1 for i € I; UL, and so these com-
ponents cannot move). Now,
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2Zk <2Zr, <Z clr,,+rB B)

ielz iel; i€ely

¢l (Z riB; + ZBl) + (Z riB; + ZBl) : (Z riB; + ZB,)

iels il i€ls iceh i€l ich

=2k (Z B+ B,-) : (2)

icly ieh

Here we have used the inequality B; - B; > 0 for i # j (by positivity of
intersections), and the fact that for i € I, B; is an exceptional sphere
class and so B; - B; = —1 = —¢(B)).

Following McDuff (see [McD 4] Section 1.3) let us define the
following number:

K(A) = K(A) 5D (g (4 — my (),

iel)

where mp (4) = max(—4 - B;,0).

In the proof of Proposition 3.1 of [McD 4] McDuff proves that if
for some almost complex structure J there exists a J-holomorphic
cusp curve of the configuration (*x*) then

(ZB +) rB > <K (3)

i€eh i€l;

We remark that our definition of k'(4) is slightly different from
McDuff’s. We sum over all exceptional sphere classes which appear
as components of 4 while McDuff sums over all possible exceptional
sphere classes. Nevertheless, this difference turns out to be irrelevant
with respect to (3), and it is easy to see that McDuff’s proof from
Proposition 3.1 of [McD 4] applies word by word to prove (3). Note
also that no genericity assumptions on J are needed in order to prove
this inequality.
Combining inequality (2) with (3) we obtain

Zk ) < K'(A

i€l
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Our proof will be complete if we show that k'(4) < k(4). To prove
this, suppose that £y, ..., E are all the classes in {B;},.; ,, for which
A-E; <0, andforevery1<]<sputnj —A - E; > 0. Note that s
mlght be 0. We claim that for every 1 < j <s, 4 -Ej > 0. Indeed, we
have already proved that 4 -E; > —1 with equality if and only if
A =E;. But 4 = E; is impossible since 4 — E; must be J-effective for it
contains m[Z] as a component. Here (unlike in Definition 2.2A) by
J-effective we just mean that the relevant class can be represented by
a J-holomorphic cusp curve. Thus, 4 - E; > 0 for every 1 < j < s and
we immediately obtain that

0<n;<m(Z-Ej) . (4)

Next, observe that 4 — > =1 1niE; must be J-effective because any
J-representative of a J-holomorphic A-cusp curve of configuration
(*+) must contain E; with multiplicity at least n;. Thus, for generic
J € ¢' we have

A straightforward computation leads to

2k(A) — 2k'(A) =mA - Z — Zn2+mA Z+c(Z Z

m(A-Z—an(Ej-Z)> +m(A-Z+ci1(2)) —i—an

j=1

:m<A—2S:n]-E]~> -Z+m(A‘Z+cl(Z))+an :

J=1

Condition 1 of the lemma and inequalities (4), (5) imply that the last
three summands are non-negative and so either 2k(4) > 2k’(4) which
is what we want to prove, or 2k(4) = 2k’(A) which might happen only
if s=0 and 4-Z = 0. But obviously 4 -Z > 0 because cusp curves
are assumed to be connected and we explicitly assumed the existence
of a cusp curve of the configuration 4 = 4 +m[Z],4 # 0, and with
the components of 4 being distinct from Z. This rules out the case
2k(A) = 2k'(A). The proof of the lemma is finally complete. ]
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7. Proof of Proposition 4.A
The proof is based on the following lemma:

Lemma 7.A. Let N—X be a complex line bundle of non-
negative degree over a symplectic (real) surface (£*,t). Then, there
exists a smooth family of S'-invariant symplectic  forms
{a)()')}k;~< Js T/ qegn 00 S =P(N @© ), with the following properties

for every 0 < 4 < d{;;: 1

1. Zy, Zy, C (S, D) are symplectic.

2. (pr;r)‘ﬁo = a)(})| Where prs : S — X is the obvious projection.

3. [, o= [i1 fz = [y 1 — Zdeg(N), [ ¥ = 4, where F
denotes the homology clasv ofaﬁber of the projection pry : S — Z.

4. For every neighborhood W of Zy in S there exists 0 < )/ < /. and
a symplectic embedding @ : (S\Zss, ")) — (U, @A) which takes Z to
itself identically (ie ¢|, = 1).

Before proving this lemma, let us see how it implies Proposition
4.A.

Proof of Proposition 4. A Put 7= Q|;5. Fix 4 between 0 and g‘(sz/M)

and consider the form w* on § = IP(Ns /u @ C€) as defined by Lemma
7.A. Since Zy-Zy=X-X and | 75 T= J+ Q, then by the symplectic
neighborhood theorem there exists a neighborhood U of Z; in S and a
symplectic embedding

¢ (U, 0W) - (M,Q)

which takes Zy to . By Lemma 7.A there exists 0 < /' < A and a
symplectic embedding

@ (S\Zs, 0"y = AL w?)  with ¢(Z) = Z

The form wy = w*) and the embedding ¢, = ¢ o ¢ are what we need.
[

We now turn to the

Proof of Lemma 7.A. Let P C N be the principle S'-bundle associated
to N (with respect to some Hermitian metric on N). The group S! acts
diagonally on P x CP! by

Tn case deg N = 0 the family of forms will just be parameterized as {w(”}OQ.
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t-(p,[z0 s z1]) = (7™ - p, [e*Mizg : z1]), teS'=R/Z .

Let n:P x CP' — P xgu CP' be the quotient map. Note that
P xq CP' still fibers over X. It is easy to see that the map

PxCP' 5 (p,[z0:21]) = [zop:21] €S =P(N @ C)

descends to a diffeomorphism P xg CP! — S which preserves the
fibers and takes (P x [0 : 1]) to Zy and =(P x [1 : 0]) to Zs. In view
of this, we shall identify for the rest of the proof P x g CP! with S and
denote n(P x [0 : 1]),n(P x [1 : 0]) by Zy, Z respectively

Let 1 be a positive real number such that Adeg(N) < [; 7, and
consider the following form on P x CP':

o) — pryt+ 2d(ho) + 2pr? oga

where h:CP' — [0,1] is the Hamiltonian function 4([zg :z]) =

z0|*/(|z0]* + |z1|?), 0gia is the standard Kihler form of CP' normalized
so that fcpl osd = 1, and o is a connection 1-form on P which satisfies

a(X)=1, do=-— deg(N) prit .

s

Here, X is the vector field on P generated by the S! action, namely
Xp) = dt\ ().

A stralghtforward computation shows that @ descends to a
symplectic form, w*), on P x g CP' which has properties 1-3 claimed
in the statement of lemma. We refer the reader to Chapter 5 of [M-S
1] for more details on the model forms @, however note that our
convention of signs is somewhat opposite to theirs.

Let us prove now the fourth property claimed by the lemma. For
this end denote by D(r) = {w € (E||w| < r} the open 2-disc of radius
r> 0 and let S' act on P x D(r) by - (p,w) = (e~ *p, e*™*w). Con-
sider the map

Jjoy 1 Pxsi D(VA) = (P xg CP')\Zs

induced by

D(\/I) BWH[W: \//1—|w|2} cCP' .
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A simple calculation shows that the following closed 2-form on

P x D(V/7)
% 1 *
prit+ d(\w\za) + PO

descends to the form ja)w()') on P Xg D(\//_l) Here, pr, is the pro-
jection P x D(v/1) — D(v/2) and wgq stands for the standard
symplectic form on D(v/2) € € ~ R,

Now, given a neighborhood i of Z; in S, choose 0 < A’ < A small
enough so that

Jjoy (P D(VZ)) c
Take ¢ to be:
](}) Ojil(;b/) : ((P Xl (EPI)\ZOO,U)(?’)) (SN (u’ CO(A)) . ]
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