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Abstract. We prove that for any closed symplectic 4-manifold �M ;X�
with �X� 2 H2�M ;Q� there exists a number N0 such that for every
N � N0, �M ;X� admits full symplectic packing by N equal balls. We
also indicate how to compute this N0. Our approach is based on
Donaldson's symplectic submanifold theorem and on tools from the
framework of Taubes theory of Gromov invariants.

1. Introduction and main results

Let �M ;X� be a closed symplectic 4-manifold and consider the fol-
lowing question:

Given an integer N , how much of the volume of �M ;X� can be
®lled by symplectic packing with N equal balls?

By a symplectic packing with N equal balls we mean a symplectic
embedding

u : B�k�
a
� � �
a

B�k� ! �M ;X�

of a disjoint union of N equal standard 4-dimensional balls of any
radius k. We say that �M ;X� admits full symplectic packing by N
equal balls if the volume that can be ®lled via such embeddings is
arbitrarily close to the volume of �M ;X�.

The present paper is devoted to proving the following stability
property of symplectic packing in dimension 4:
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Theorem 1.A. Let (M ;X) be a closed symplectic 4-manifold with
�X� 2 H2�M ;Q�. Then, there exists N0 such that for every N � N0,
�M ;X� admits full symplectic packing by N equal balls. In fact, if for
some k0 2 Q the PoincareÂ dual to k0�X� can be represented by a
symplectic submanifold of genus at least 1, then one can assume that
N0 � 2k20 Vol�M ;X�, where Vol�M ;X� � 1

2

R
M X ^ X.

We remark that the existence of k0 with the property mentioned in
the theorem is assured by a theorem due to Donaldson [Do].

Example. Consider �CP 2;rstd�, where rstd is the standard KaÈ hler
form of CP 2, normalized so that its integral over projective lines is 1.
Since the PoincareÂ dual to 3�rstd� can be represented by a smooth
algebraic cubic it follows that �CP 2; rstd� admits full symplectic
packing by N equal balls for every N � 9 (compare with [M-P]
and [Bi 1]).

More interesting examples appear in the following corollary of our
main theorem:

Corollary 1.B. In each of the following cases N0 is a number (not
necessarily minimal) for which the relevant symplectic manifold admits
full symplectic packing by N equal balls for every N � N0:

1. Let S � CP n be an irrational smooth complex projective surface
of degree d, and let X be the restriction of the standard KaÈhler form of
CP n to S. Then for �S;X� we have N0 � d.

2. For �T2 � T2; r� r� the 4-dimensional symplectic split-torus,
where r is an area form on T2, we have N0 � 2.

3. Let (C1, r1), (C2, r2) be (real) symplectic surfaces withR
C1

r1 �
R

C2
r2 � 1, and let a; b 2 N. Then, for �C1 � C2; ar1 � br2�

we have N0 � 8ab.

The proof of this corollary, more examples and sharper estimates
on N0 appear in Section 5 below.

1.1. The symplectic packing problem

Recall that a symplectic packing of a 2n-dimensional symplectic
manifold �M2n;X� is a symplectic embedding of a disjoint union of N
standard 2n-dimensional closed balls into �M ;X�

u : B�k1�
a
� � �
a

B�kN � ! �M ;X� :
Here, B�kq� denotes the standard 2n-dimensional closed ball of radius
kq in R2n, endowed with the standard symplectic structure of R2n,
xstd �

Pn
i�1 dxi ^ dyi.
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Symplectic packings were studied for the ®rst time by Gromov in
[Gr]. Gromov discovered that symplectic embeddings are much more
rigid than volume preserving ones. For example, in [Gr] he proved
that in contrast to volume preserving packings, it is impossible to ®ll
more than half of the volume of CP 2 via symplectic packing with two
equal balls. These rigidity phenomena are called packing obstructions.

This however was only the beginning of the story of symplectic
packing. In [M-P], McDu� and Polterovich extended Gromov's re-
sults for packing with more than two balls and gave a complete
description of all the possible packing obstructions for CP 2 with
N � 9 balls and for N � k2 equal balls. In the same paper they in-
troduced the following quantities associated to any symplectic man-
ifold of ®nite volume:

vN �M ;X� � sup
k

Vol�Image u
k
�

Vol�M ;X� :

Here, k passes over all the positive real numbers for which there exists
a symplectic packing u

k
of �M ;X� with N equal balls of radius k. Two

phenomena of di�erent nature can be distinguished in terms of the
quantities vN :
� vN �M ;X� � 1 full packing.
� vN �M ;X� < 1 packing obstruction.

In [Bi 1] we detected several symplectic 4-manifolds which have a
packing stability property in the sense that all packing obstructions
disappear for large enough number of balls, that is, vN �M ;X� � 1 for
large enough N 's. Our list of manifolds having this property consisted
of CP 2, ruled surfaces as well as several other KaÈ hler surfaces (see [Bi
1] for more details). The basic problem of whether or not this phe-
nomenon occurs for general symplectic manifolds remained open.
The main goal of this paper is to prove that essentially all symplectic
4-manifolds have the preceeding stability property.

1.2. Strategy of the proof

The geometric idea behind the proof is the following. By a theorem
due to Donaldson [Do] there exists k0 such that the PoincareÂ dual to
k0�X� can be represented by a connected 2-dimensional symplectic
submanifold R � �M ;X�. Taking k0 to be large enough we can also
assume that genus�R� � 1. Consider the following ruled surface over
R:
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S � P�NR=M �C� ! R :

Here, P stands for complex projectivization, NR=M is the (symplectic)
normal bundle of R in M , viewed as a complex line bundle, and C
denotes the trivial line bundle over R. Note that S ! R has two
distinguished sections, namely the ``zero section'' Z0 � P�0�C� and
the ``section at in®nity'' Z1 � P�NR=M � 0�.

Local considerations show that it is possible to endow S with a
symplectic form for which SnZ1 can be symplectically identi®ed with
a (small) tubular neighborhood of R in M . The next step is to ``in-
¯ate'' this tubular neighborhood, that is to enlarge it, until it essen-
tially ®lls the entire volume of the manifold. The main idea is that it is
possible to do so in such a way that this tubular neighborhood still
symplectically compacti®es into a ruled surface. Having done this, the
problem of symplectic packing of �M ;X� is reduced to symplectic
packing of ruled surfaces. The problem of packing irrational-ruled
surfaces is much more tractable and can be solved by similar methods
to [Bi 1]. Indeed, it turns out that for such ruled surfaces all packing
obstructions disappear for large enough number of balls. Putting all
together we conclude that the same must also hold for �M ;X�.

Here is a more elaborated, though still heuristic, argument which
explains how it is possible to enlarge the tubular neighborhood of R
in M and still compactify it into a symplectic ruled surface. Put
X0 � k0X and endow S with a smooth family of symplectic forms
fxtg0<t<1, which have the following properties:

� RZ1
xt � t�R � R�.

� RZ0
xt � R � R.

� RF xt � 1ÿ t, where F denotes the homology class of a ®ber of
S ! R.

Next, consider the following family of Gompf ®ber sums (see [Go]
and [Mc-Wo] for more details on ®ber sums):

�Mt;Xt� � �M ; tX0� #
R�Z1
�S;xt�; 0 < t < 1 : ���

It is not hard to see that topologically all the manifolds Mt are di�-
eomorphic to M . Moreover, it is possible to ®nd a smooth family of
di�eomorphisms ft : M ! Mt�0 < t < 1� which identify R with Z0 for
every t.

The ®rst important observation is that the family
X0t � f �t Xt�0 < t < 1� forms an isotopy of symplectic forms on M , all
lying in the cohomology class �X0�. Next, note that it is possible to
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choose the ft's in such a way that for t � t1 close enough to 1, �M ;X0t1�
is symplectomorphic to �M ;X0�. The reason is, roughly speaking, that
when t is very close to 1, the contribution to �Mt;Xt� coming from
�S;xt� becomes neglectable because it essentially consists of a disc
bundle over R with a section (Z0) having constant area and ®bers of
area which tends to 0 as t! 1. On the other hand, on the rest of Mt,
the form Xt equals to tX0 which becomes arbitrarily close to X0 as
t! 1.

The ®nal and crucial point is that when t! 0 most of the con-
tribution to the volume of �Mt;Xt� comes from �S;xt�. Thus, in order
to prove that �M ;X� admits full symplectic packing by N equal balls
it is enough to show that the ``�S;xt� part of �M ;Xt�'' admits such a
packing for t's which are arbitrarily close to 0. In other words, the
problem of symplectic packing of �M ;X� can be reduced to
symplectic packing of �SnZ1;xt�. This can be done by essentially
similar methods to those of [Bi 1] and indeed it turns out that �S;xt�
admits full symplectic packing by N equal balls for every N � N0�t�,
where

N0�t� � 2Vol�S;xt�
�RF xt�2

:

A simple calculation shows that when t! 0, N0�t� ! Z0 � Z0 �
R � R � 2k20Vol�M ;X�.

The present case is somewhat more complicated, because we have
to prove that �SnZ1;xt� admits such packing rather than just �S;xt�.
This is a subtle point, mainly because Z1 � S usually does not occur
as a pseudo-holomorphic curve for generic almost complex struc-
tures. Nevertheless, there is a way to get around this di�culty and
still produce the needed symplectic packing of �SnZ1�.

This is a rough description of the geometric idea of the proof. In
practice, we shall not perform explicitly a Gompf ®ber sum con-
struction, mainly because it seems hard to ®nd a canonical identi®-
cation between the Mt's and M which will be suitable for our needs.
Instead, we shall always work on the same manifold M , and produce
the symplectic forms Xt using the in¯ation procedure which was in-
troduced by Lalonde and McDu� in [McD 5], [L-M], [La], [McD 3].
As suggested above, the idea is ®rst to embedd into M a ``small'' copy
of SnZ1 and then using in¯ation to increase the area of the ®bers
until its volume becomes arbitrarily close to that of �M ;X�. It turns
out that this procedure and Gompf ®ber sum of M with a ruled
surface in fact give the same result.
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The other steps of the proof will be carried out along the general
lines we have just described.

1.3. Organization of the paper

The rest of the paper is organized as follows. Section 2 is devoted to
various preparations towards proving our main theorem. We ®rst
extend the in¯ation procedure of Lalonde-McDu� to work in our
situation, and then turn to developing some tools from the frame-
work of pseudo-holomorphic curves which will be necessary in the
sequel. In particular we shall prove a criterion for existence of
pseudo-holomorphic curves for non-generic almost complex struc-
tures. Section 3 is central and is devoted to proving the existence of
full packings of a ruled surface which do not intersect the section at
in®nity. Finally, in Section 4 we give the proof of the main theorem
and present some examples in Section 5.

2. The in¯ation procedure and pseudo-holomorphic curves

This section is divided into two parts. In the ®rst we generalize the
in¯ation procedure of Lalonde-McDu� in order to deform a
symplectic form through a family of symplectic forms in a suitable
direction while keeping a given submanifold symplectic during the
deformation. In the second part we develop a criterion for existence
of pseudo-holomorphic curves representing several homology classes
simultaneously for the same almost complex structure.

2.1. The in¯ation procedure

The following lemma is an extension of the in¯ation procedure of
Lalonde and McDu� (see [McD 5, McD 3], [La], [L-M]). Here and in
what follows we shall write PD for PoincareÂ duality.

Lemma 2.1.A (In¯ation Lemma). Let Z;C � �M4;X� be two distinct 2-
dimensional symplectic submanifolds where Z is possibly disconnected
but then assumed to consists of pairwise disjoint components. Suppose
that C � C � 0 and that C intersects Z transversally and positively at a
®nite number of points. Then, there exists a closed 2-form q, supported
in an arbitrarily small neighborhood of C, with the following properties:
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1. �q� � PD�C�.
2. Xs;t � tX� sq is symplectic for every t > 0; s � 0.
3. Z is symplectic with respect to Xs;t for every t > 0; s � 0.

Remark. When Z � ; we obtain exactly the in¯ation lemma of
Lalonde and McDu�.

The proof of the in¯ation lemma is given in Section 6.1 below. We
turn now to developing some essential tools from the framework of
the theory of pseudo-holomorphic curves which will be needed later.

2.2. A pseudo holomorphic lemma

In order to make the in¯ation procedure work we have to assure that
the submanifolds Z and C intersect positively. The situation that we
shall encounter is the following: Z � M will be a given symplectic
submanifold, and A will be a given 2-homology class which we shall
need to represent by a symplectic submanifold, C, in such a way that
C intersects Z transversally and positively so that the in¯ation pro-
cedure would be applicable. One way to do this is to try to ®nd an
almost complex structure J for which Z is J -holomorphic and for
which there exists a J -holomorphic representative of the class A. The
purpose of this subsection is to establishing a general criterion for the
existence of such an almost complex structure J . This type of problem
can be easily handled when the homology classes �Z� and A are ``ge-
neric'' in the sense that they both admit J -holomorphic representa-
tives for generic J . However, the situation becomes more delicate if Z
is ``non-generic'' in that sense. A typical example is the case when
Z � Z < 0 and genus�Z� � 1. This is precisely the case which will ap-
pear in our applications.

We shall work in the following setting: �M4;x� will be a closed
symplectic 4-manifold and J � J�M ;x� will be the space of almost
complex structures, J , which are tamed by x, that is, x�X ; JX � > 0 for
every non-zero X 2 TM .

De®nition 2.2.A. Let A 2 H2�M ;Z� and J 2 J. We say that A is
J-e�ective and simple if for a generic choice of k�A� � A �A�c1�A�

2 � 0
distinct points in M , say Xk�A� � fp1; . . . ; pk�A�g � M , there exists a
smooth, connected and reduced (ie non-multiply covered) J -holomorphic
curve C � M which represents the class A and passes through all the
points of Xk�A�.

We are ready now to state our criterion.
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Lemma 2.2.B. Let �M4;x� be a closed symplectic 4-manifold and
Z1; . . . ; Zn � �M ;x� be pairwise disjoint 2-dimensional symplectic sub-
manifolds with Zi � Zi < 0 for every 1 � i � n. Suppose that
A 2 H2�M ;Z� satis®es the following conditions:

1. A � Zi � K � Zi for every 1 � i � n, where K is the canonical class
of �M ;x�.

2. A is J-e�ective and simple for generic J 2 J.
3. In case A2 � 0 and K � A � 0 assume also that A is not divisible in

H2�M ;Z�, that is, A cannot be written as A � kA0, with k � 2 and
A0 2 H2�M ;Z�.
Then, there exists an almost complex structure J 0 2 J with the fol-
lowing properties:

1. Z1; . . . ; Zn are all J 0-holomorphic.
2. There exists a smooth, connected and reduced J 0-holomorphic

curve C 2 M which represents the class A. Moreover, the curve C can be
assumed to intersect all the Zi's transversally, unless A � �Zj� for some j
in which case C � Zj.

Furthermore, one can assume A to be J 0 e�ective and simple.

Remarks. 1. If we assume in addition that g�A� < genus�Zi� for every
i, where g�A� � 1� A�Aÿc1�A�

2 , then condition 1 of the lemma can be
dropped. The reason for this will become clear throughout the proof.

2. There is no need to assume that A � Zi � 0, for if K � Zi < 0 then
the condition Zi � Zi < 0 implies that Zi is a sphere with self inter-
section ÿ1. It is well known that such spheres are J -holomorphic for
generic J , hence A � Zi � 0 or A � Zi.

The proof of Lemma 2.2.B is rather technical and therefore post-
poned to Section 6.2 below. Meanwhile, let us explain the main ideas
and techniques we shall use to prove it.

The idea is to choose an almost complex structure J0 for which all
the Zi's are J0-holomorphic, and restrict to working with the subspace
J0 � J � J�M ;x� consisting of the almost complex structures
which coincide with J0 near Z � Z1 [ � � � [ Zn, rather than work with
the entire space J. It turns out that the space J0 is still ``large''
enough for a smooth and connected J 0-holomorphic curve in the class
A to exist for some J 0 2 J0. Note that Z � Z1 [ � � � [ Zn will be au-
tomatically J 0-holomorphic.

In order to show the existence of such a curve, one has ®rst to
show that for generic J 2 J0 the moduli spaces of J -curves which
represent some homology classes related to A are still smooth man-
ifolds of the expected dimension. Next, we take a suitable sequence Jn
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of generic almost complex structures in J which converge to some
generic J 0 2 J0 and consider a sequence of smooth and connected Jn-
holomorphic curves Cn in the class A. The main point of the proof is
that it is possible to choose Jn and Cn so that the sequence Cn will
converge to a smooth and connected J 0-holomorphic curve. The main
tool here is Gromov's compactness theorem (the ``arbitrary'' genus
version). Indeed, a careful computation of the dimensions of the
spaces of all possible occurring cusp curves shows that these di-
mensions are lower than the dimension of the moduli space of
pseudo-holomorphic curves in the class A, and so curves in the class A
persist when we pass to the limit J 0 2 J0. Condition 1 in the state-
ment of the lemma is precisely what makes possible to ``lower'' the
dimensions of the moduli spaces of the relevant cusp curves.

A criterion for e�ectiveness. Lemma 2.2.B requires the class A to be
J -e�ective and simple. Usually it is not an easy matter to verify this
condition, however as we shall now see, for manifolds of SW non-
simple type the situation improves considerably. We refer the reader
to [Tau 1, Tau 2] and to [McD 4, McD 3] for more details about this
class of manifolds. For the time being let us just remark that ruled
surfaces as well as their blow-ups have SW non-simple type.

Let H2�M� be the torsion free part of H2�M ;Z�. We denote by
E � E�M ;x� the set of all 2-homology classes in M which can be
represented by exceptional spheres, that is, by symplectically embed-
ded spheres of self intersection ÿ1. The following criterion for a class
to be e�ective and simple is due to McDu� [McD 3].

Theorem 2.2.C (McDu�). Let �M4;x� be a closed symplectic 4-man-
ifold of SW non-simple type, and A 2 H2�M�. Suppose that:

1. A � A > 0 and that
R

A x > 0.
2. A � E � 0 for every E 2 E.

Then for large enough n and generic J 2 J the class nA is J -e�ective
and simple.

3. Symplectic packing of ruled surfaces

Let N ! R2 be a symplectic rank-2 vector bundle over an oriented
(real) surface R. By endowing N with a complex structure J , com-
patible with its symplectic structure, we obtain a complex line bundle,
still denoted by N , whose isomorphism class is independent of the
choice of J . Consider the manifold S � P�N �C�, where C is the
trivial complex line bundle over R. We have a ®bration S ! R with
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®bers di�eomorphic to CP 1, and henceforth we shall call S by abuse
of language a ruled surface over R. Note that S has a natural ori-
entation inherited from R and N . The ruled surface S ! R has two
distinguished disjoint sections, Z0 � P�0�C� and Z1 � P�N � 0�
which we shall refer to as the zero section and the section at in®nity.

The main result we shall need about packing of ruled surfaces is
the following:

Theorem 3.A. Let S � P�N �C� ! R be a ruled surface over a (real)
oriented surface R of genus � 1, and assume that deg�N� > 0. Let x be
a symplectic form on S for which Z0; Z1 � S are symplectic. Then for
every � > 0,

vN �SnZ1;x� � 1ÿ �; provided that N >
2Vol�S;x�
�RF x�2 �1ÿ �� ;

where F is the homology class of a ®ber of S ! R. In particular,

vN �SnZ1;x� � 1 for every N � 2Vol�S;x�
�RF x�2 :

The following two subsections are devoted to preparations needed
for the proof of this theorem. The proof itself appears in Subsection
3.3 below.

3.1. Pseudo-holomorphic curves on blow-ups of ruled surfaces

Let S � P�N �C� ! R be a ruled surface over R, where N ! R is a
complex line bundle, and ®x a symplectic form x on S for which
Z0; Z1 are symplectic. Let x1; . . . ; xN 2 Sn�Z0 [ Z1� be N distinct
points and choose an x-compatible almost complex structure J0
which is integrable near the xq's. Having ®xed this, we can consid-

er the complex blow-up H : �~S; ~J 0� ! �S; J0� of S at x1; . . . ; xN .
Denoting by F the homology class of a ®ber of S ! R and
by Eq � �Hÿ1�xq�� the homology classes of the exceptional divisors
over the xq's, we have

H2�~S;Z� � ZF � Z�Z0� � ZE1 � � � � � ZEN :

Note that �Z1� � �Z0� ÿ deg�N�F .
Consider now a symplectic embedding u0 : B�d� ` . . .

`
B�d�

! �S;x� of a disjoint union of N balls of radius d, which takes the
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center of the q'th ball to xq. Clearly, for d small enough such an
embedding exists, hence we can consider the symplectic blowing-up
~xd of x associated to u0. The symplectic form ~xd lies in the coho-
mology class

�~xd� � �H�x� ÿ pd2�e1 � � � � � eN � ;

where eq is the PoincareÂ dual to Eq.
Note that by taking d to be small enough we can assume that

Z0; Z1 � ~S remain ~xd-symplectic. The main result of this subsection
is the following lemma:

Lemma 3.1.A. Assume that deg�N� > 0; genus�R� � 1 and let
A 2 H2�~S;Q� be a homology class which satis®es the following condi-
tions:

1. A � A > 0;
R

A ~xd > 0; A � Z1 > 0.
2. A � Eq > 0; A � �F ÿ Eq� > 0 for every 1 � q � N .

Then, there exists an ~xd-tamed almost complex structure J which has
the following properties:

1. Z1 � ~S is J-holomorphic.
2. The exceptional divisors Hÿ1�x1�; . . . ;Hÿ1�xN � are J-holo-

morphic.
3. For large enough n, there exists a connected, smooth an reduced

J-holomorphic curve C � ~S which represents the class nA, and intersects
all of Hÿ1�x1�; . . . ;Hÿ1�xN � and Z1 transversally and positively.

Proof. Denote by E � H2�~S;Z� the set of all classes which can be
represented by symplectic exceptional spheres. Since genus�R� � 1 it
is not hard to see that

E � fE1; . . . ;EN ; F ÿ E1; . . . ; F ÿ ENg (see [Bi 1] for more details) :

As ruled surfaces have SW non-simple type, it follows from Theo-
rem 2.2.C that for large enough n and generic J the class nA is
J -e�ective and simple in the sense of De®nition 2.2.A. It follows from
our assumptions that by taking n to be large enough we can assume
that nA � Z1 > K � Z1. Clearly we also have that nA � Eq > K � Eq for
every 1 � q � N . The result now follows immediately from Lemma
2.2.B with the Zi's being the symplectic submanifolds: Z1;Hÿ1�x1�;
. . . ;Hÿ1�xN �. (
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3.2. Blowing down

In order to obtain symplectic embeddings of balls one needs to per-
form symplectic blowing-down. We refer the reader to [M-P] for more
information on this operation. We shall work in the following setting.
Let �M4; J� be a 4-dimensional almost complex manifold with J
integrable near x1; . . . ; xN 2 M . We denote by H : � ~M ; ~J� ! �M ; J� the
complex blowing-up of �M ; J� at x1; . . . ; xN , and by Rq � Hÿ1�xq�; q
� 1; . . . ;N the exceptional divisors. Finally, we write Eq for the ho-
mology classes of the Rq's and eq for their PoincareÂ duals. Recall that
a symplectic form X which tames an almost complex structure J is
said to be J -standard near x 2 M if the pair �X; J� is di�eomorphic to
the standard pair �xstd; i� of C2 near x.

In what follows we shall need to prove existence of symplectic
packing of an (open) symplectic manifold M\Z, where Z � M is a 2-
dimensional symplectic submanifold. The technical tool for obtaining
this is the following blowing down proposition which is an obvious
generalization of Proposition 2.1.C from [M-P].

Proposition 3.2.A. Let �M4;X� be a closed symplectic 4-manifold, and
Z � M be a 2-dimensional symplectic submanifold. Let J be an almost
complex structure which is tamed by X and suppose that X is
J -standard near x1; . . . ; xN 2 MnZ. Let l1; . . . ; lN be positive numbers
and

u :
aN
q�1

B�lq� ! �MnZ;X�

be a symplectic embedding which is also �i; J�-holomorphic. Denote by
� ~M ; ~X0� the symplectic blow-up of �M ;X� associated with u and by ~Z �
Hÿ1�Z� the proper transform of Z in ~M . Suppose that ~X0 can be
included into a deformation of symplectic forms f~Xtg0�t�1 with the
following properties:

1. ~Xt lies in the cohomology class

�~Xt� � �H�X� ÿ p
XN

q�1
lq�t�2eq for every 0 � t � 1 ;

where l1�t�; . . . ;lN �t� are smooth functions of t with lq�0� � lq for
every 1 � q � N .

2. ~Xt is non-degenerate on the exceptional divisors R1; . . . ;RN and on
~Z, for every 0 � t � 1.

134 P. Biran



Then �MnZ;X� admits a symplectic packing by N balls of radii
l1�1�; . . . ; lN�1�.

The proof goes exactly along the same lines as the one of Prop-
osition 2.1.C of [M-P] except of the following modi®cation of the last
step: when blowing down the family ~Xt one obtains an isotopy of
symplectic forms Xt on M with X0 � X and a smooth family of
symplectic embeddings

ut :
aN
q�1

B
ÿ
lq�t�

�! �M ;Xt� :

Since ~Z � Hÿ1�Z� is disjoint from R1; . . . ;RN and ~Xt is non-degen-
erate on R1; . . . ;RN and on ~Z it easily follows from the proof in [M-P]
that the ut's can be chosen so that their images do not intersect
Z � H�~Z� in M , and also that Xt is non-degenerate on Z for every t.
The proof is concluded by Moser's stability theorem for pairs rather
than the usual Moser argument, namely, it follows that there exists an
isotopy Ft : M ! M with

F0 � 1; Ft�Z� � Z; F �t Xt � X0 � X for every 0 � t � 1 :

As �MnZ;X1� admits a symplectic packing by N balls of radii
l1�1�; . . . ; lN�1� so does also �MnZ;X�. (

3.3. Proof of Theorem 3.A

Throughout the proof we shall assume that �x� 2 H2�S;Q�. The case
of a non-rational cohomology class can be reduced to the rational
one using the same method as in the proof of Theorem 4.1.A of [Bi 1].

Fix � > 0 and let N be an integer as in the statement of the
theorem, that is,

N >
2Vol�S;x�
�RF x�2 �1ÿ �� : �1�

Choose an x-tamed almost complex structure J0 which is integrable
near some N distinct points x1; . . . ; xN 2 SnZ1 and let
H : �~S; ~J 0� ! �S; J0� be the complex blow-up of S at x1; . . . ; xN .
Denote by Eq � �Hÿ1�xq��; q � 1; . . . ;N , the homology classes of the
exceptional divisors and by eq � PD�Eq� their PoincareÂ duals.
Finally, write c1 for the ®rst Chern class of �TS; J0� and by ~c1 for the
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one of �T ~S; ~J0�. Clearly we have ~c1 � c1 ÿ
PN

q�1 eq under the natural
decomposition H2�~S;Z� � H2�S;Z� � Ze1 � � � � � ZeN .

The next step is to endow ~S with an auxiliary symplectic form. For
this purpose note that we may assume without loss of generality that
x is J0-standard near the points x1; . . . ; xN . Indeed, x is isotopic to
such a J0-standard form via an isotopy which may be assumed to be
supported in any prescribed neighborhood of the xq's (see [M-P]
or [Bi 2] for more details). Let ~xd be the symplectic blow-up of x,
associated to a symplectic and holomorphic embedding
ud : B�d�` � � �`B�d� ! �S;x� of a disjoint union of N equal balls of
radius d which sends the center of the q'th balls to xq. The form ~xd lies
in the cohomology class �~xd� � �H�x� ÿ pd2

PN
q�1 eq. By taking d to

be small enough we may assume that the following holds:
� Image ud is disjoint from Z1.
� Hÿ1�Z1� is a symplectic submanifold of �~S; ~xd�.

To simplify notations we shall write from now on Z1 instead of
Hÿ1�Z1� since we have chosen x1; . . . ; xN not to lie on Z1 � S.

Let ks > 0 be the real positive number de®ned by the equality

pk2s �
��������������������������������������������
2�1ÿ ��Vol�S;x� � s

N

r
;

where s > 0 is chosen so that:
� pk2s <

����������������������������
2Vol�S;x�=N

p
.

� pk2s 2 Q.

Note that there are arbitrarily small choices of s > 0 for which these
two conditions are satis®ed.

De®ne now As 2 H2�~S;Q� to be

As � PD�H�x� ÿ pk2s
XN

q�1
Eq :

The main point is that the class As satis®es the conditions of Lemma
3.1.A provided that d and s are small enough. Indeed, by our as-
sumptions and the choice of ks we have As � Z1 �

R
Z1

x > 0 and

Z
As

~xd � 2Vol�S;x� ÿ p2d2Nk2s > 2Vol�S;x� ÿ pd2N

����������������������
2Vol�S;x�

N

r
:
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Hence
R

As
~xd > 0 whenever d2 <

���������������
2Vol�S;x�
p

p
���
N
p . Finally, As � As �

2Vol�S;x� ÿN�pk2s �
2
> 0, and As � Eq � pk2s > 0. It remains to check

that when s is small enough, As � �F ÿ Eq� � 0 for every q. Indeed, by
inequality �1� we have:

As�F ÿ Eq� �
Z
F

xÿ pk2s ÿ!s!0�

Z
F

xÿ
������������������������������������
2�1ÿ ��Vol�S;x�

N

r
> 0 :

This proves that for d; s > 0 small enough the conditions of Lemma
3.1.A are satis®ed for the class As.

Fix s and d as above and write A � As; k � ks. By Lemma 3.2 there
exists n 2 N and an almost complex structure J , tamed by ~xd, and a
connected 2-dimensional submanifold C � ~S with �C� � nA, such that
C;Z1 and Hÿ1�x1�; . . . ;Hÿ1�xN � are all J -holomorphic and such that
C intersects Z1 and the Hÿ1�xq�'s transversally and positively. It now
follows from the in¯ation lemma (Lemma 2.1.A) that there exists a
closed 2-form q with the following properties:
� �q� � PD��C�� � PD�nA�.
� ~Xt � �1ÿ t�~xd � t

n q is symplectic for all 0 � t < 1.
� Z1 and Hÿ1�x1�; . . . ;Hÿ1�xN � are symplectic with respect to ~Xt

for every 0 � t < 1.

Note that ~X0 � ~xd and that

�~Xt� � �H�x� ÿ p
ÿ
tk2 � �1ÿ t�d2�XN

q�1
eq ;

hence, Z
~S

~Xt ^ ~Xt � 2Vol�S;x� ÿ Np2
ÿ
tk2 � �1ÿ t�d2�2

ÿ!
t!1ÿ

2Vol�S;x� ÿ N�pk2�2 < 2�Vol�S;x� :

Choose t � t1 < 1 close enough to 1 so that
R

~S
~Xt1 ^ ~Xt1 < 2�

Vol�S;x�. Applying Proposition 3.2.A to the family f~Xtg0�t�t1 we see
that �SnZ1;x� admits a symplectic packing by N equal balls, say u,
such that

Vol�SnImage u;x� � 1

2

Z
~S

~Xt1 ^ ~Xt1 :
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This implies that

vN �SnZ1;x� � 1ÿ
1
2

R
~S

~Xt1 ^ ~Xt1

Vol�S;x� � 1ÿ � :

The ®rst statement of the theorem is proved.
The second statement follows immediately from the ®rst one. (

4. Proof of the main theorem

As explained in the introduction the ®rst step towards the proof is to
embed into �M ;X� a (small) symplectic disc-bundle which can be
symplectically compacti®ed into a ruled surface.

Given a 2-dimensional symplectic submanifold R � �M ;X�, the
normal bundle of R in M , NR=M ! R, is a symplectic rank-2 vector
bundle and we can consider the ruled surface S � P�NR=M �C� over
R. Here and below we shall use the notations of Section 3.

Proposition 4.A. Let �M4;X� be a symplectic 4-manifold and R � M be
a 2-dimensional symplectic submanifold with R � R � 0. Then
S � P�NR=M �C� admits a symplectic form x0 with the following
properties:

1. Z0; Z1 � �S;x0� are symplectic submanifolds.
2. There exists a symplectic embedding

/0 : �SnZ1;x0� ! �M ;X� with /0�Z0� � R :

We defer the proof of the proposition to Section 7, and turn to the
proof of the main theorem.

Proof of the main theorem. By a theorem of Donaldson [Do] there
exists k0 > 0 such that the PoincareÂ dual to �k0X� can be represented
by a connected 2-dimensional symplectic submanifold, sayR ��M ;X�,
of genus at least 1. Put X0 � k0X and N0 � R � R � 2k20Vol�M ;X�.

Consider the ruled surface S � P�NR=M �C� ! R and let Z0;Z1
be its zero section and the section at in®nity. By Proposition 4.A
there exists a symplectic form x0 on S for which Z0; Z1 are symplectic
submanifolds and for which there exists a symplectic embedding

/0 : �SnZ1;x0� ! �M ;X� with /0�Z0� � R :

Since Z0 � Z0 > 0, Lemma2.1.A (this timewith Z � ;) implies that there
exists a closed 2-form q00 on S such that �q00� � PD��Z0�� and tx0 � sq00 is
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symplectic for every t > 0; s � 0.Moreover, q00 can be assumed to have
support in an arbitrarily small neighborhood of Z0 in S.

Put q0 � 1
k0

q00 and de®ne a (closed) 2-form q on M by pushing
forward q0 via /0 and extending by zero to the rest of M . More
precisely, put

q � 0 on MnImage /0

�/ÿ10 ��q0 on Image /0

�
Clearly �q� � PD� 1k0 �R�� � �X�.

By construction, tX� sq is symplectic for every s � 0; t > 0.
Consider now the following family of symplectic forms on M:

Xt � �1ÿ t�X� tq 0 � t < 1 :

Clearly fXtg0�t<1 is an isotopy of symplectic forms, all lying in the
cohomology class �X�. As X0 � X, it is enough to prove the existence
of the wanted packing for one of the Xt's.

Writing xt � �1ÿ t�x0 � tq0 we obtain that the embedding
/0 : SnZ1 ! M satis®es /�0Xt � xt for every 0 � t < 1. Next, note
that

lim
t!1ÿ

Vol�Image /0;Xt� � Vol�M ;X�

because q is supported inside Image /0.
Fix � > 0. By Theorem 3.A we have

vN �SnZ1;xt� � 1ÿ � for every N >
2Vol�S;xt�
�RF xt�2

�1ÿ �� : �1�

Denoting by mt the right hand side of �1� we have

lim
t!1ÿ

mt �
R

S q0 ^ q0

�RF q0�2
�1ÿ �� � 2k20 Vol�M ;X��1ÿ �� � N0�1ÿ �� :

Choose t1 < 1 close enough to 1 so that the following holds:
� Vol�Image /0;Xt1� � �1ÿ ��Vol�M ;X�.
� N0 > mt1 .

Now we have that for every N � N0,

vN �M ;X� � vN�M ;Xt1� � vN �SnZ1;xt1�
Vol�SnZ1;xt1�
Vol�M ;Xt1�

� �1ÿ ��2 :
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This inequality holds for every N � N0 and � > 0, hence vN �M ;X� � 1
for every N � N0. (

5. Examples

We begin with

Proof of Corollary 1.B. 1. This follows immediately from Theo-
rem 1.A.

2. Consider a Riemann surface C of genus 2 and let
J�C� � Pic0�C� be its Jacobian. Let X be the principle polarizing
KaÈ hler form, induced by the cup product H1�C;Z� 
 H1�C;Z� ! Z.

Without loss of generality we may assume that
R
T2 r � 1 and so

r� r also determines a principle polarization on T4 � T2 � T2 for
some complex structure. As the moduli space of principle polarized
tori of a given dimension is connected, it is not hard to see that
�T2 � T2;r� r� is symplectomorphic to �J�C�;X�. We shall show
now that �J�C�;X� admits full symplectic packing by N equal balls
for every N � 2.

To see this, ®x p0 2 C and consider the Abel map C 3 p #
�p ÿ p0� 2 J�C�. In our situation this map is a holomorphic embed-
ding and its image is homologous to the theta divisor of J�C� (see [G-
H] or [Sh]). Thus, the PoincareÂ dual to �X� 2 H2�J�C�;Z� can be
represented by a genus 2 smooth holomorphic curve and so we can
take k0 � 1 in Theorem 1.A. As Vol�J�C�;X� � 1, we have N0 � 2.

3. For each i � 1; 2 choose a complex structure ji on Ci with the
following properties:
� ji is tamed by ri.
� There exists a meromorphic function fi : �Ci; ji� ! CP 1

with exactly two (distinct) poles, say pi; qi 2 Ci.

In other words, we choose ji so that �Ci; ji� is hyperelliptic.
Denote by pi : C1 � C2 ! Ci the projection on Ci, and let

D � ap�1�p1 � q1� � bp�2�p2 � q2� 2 Div�C1 � C2� :

Consider the linear system jDj. It is not hard to see that the linear
system jDj has the following properties:
� jDj is free of base points.
� dim jDj � 2.
� The holomorphic map iD : C1 � C2 ! CPdim jDj associated to the

linear system jDj has a 2-dimensional image (in fact, iD is generically
one one-to-one).

140 P. Biran



It follows from Bertini's theorem that there exists an irreducible and
smooth curve R 2 jDj. Next we claim that genus�R� � 1. To see this
note that since the projection of R to both C1 and C2 consists of more
than a point, then R cannot be rational unless C1 � C2 � S2. In this
case however, it easily follows from the adjunction formula that
genus�R� � �2aÿ 1��2bÿ 1� � 1.

Clearly PD��R�� � 2�ar1 � br2�, hence by Theorem 1.A we obtain
that �C1 � C2;r1 � r2� admits full symplectic packing by N equal
balls for every N � R � R � 8ab. (

Remark. Similar arguments to the above imply the following re®ne-
ment of the third statement of Corollary 1.B: Same notations and
assumptions as in 3 of Corollary 1.B, except that now assume that the
integers a; b are at least 2. Then we have N0 � 2ab.

Manifolds which admit full packing by any number of balls. In [Bi 1] we
detected several symplectic 4-manifolds, such as hyperelliptic (KaÈ h-
ler) surfaces, which admit full symplectic packing by N equal balls for
every N � 1. This seems at ®rst glance as a contradiction to a theorem
of Gromov [Gr] which implies that it is impossible to ®ll more than
half of the volume of the standard 4-dimensional ball via packing
with two equal balls. A more careful consideration shows that the
two results are not contradictory. In fact, the following interesting
phenomenon occurs. Let �M ;X� be a closed symplectic 4-manifold
which admits full symplectic packing by N equal balls for every
N � 1. Fix any k0 such that

1
2 Vol�M ;X� < 2VolB�k0� < Vol�M ;X� :

By our assumption on �M ;X� there exists a symplectic packing

u0 : B�k0�
a

B�k0� ! �M ;X� :
Next, consider an increasing sequence rn with limn!1
Vol B�rn� � Vol�M ;X�. By our assumptions, for each n there exist a
symplectic embedding /n : B�rn� ! �M ;X�. However, despite the fact
that limn!1Vol�Image /n� � Vol�M ;X�, Gromov's theorem implies
that for any choice of the /n we will always have

Image /n 6� Image u0 ;

that is, the image of the two balls B�k0�
`

B�k0� will always go out of
the images of all the balls B�rn� no matter how tight the packings /n
are.
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Our list of manifolds from [Bi 1] that admit this sort of behavior
consisted of hyperelliptic surfaces, and the surfaces of Enriques, Do-
lgachev and Barlow, all viewed as KaÈ hler surfaces. Using the tech-
niques of the present paper one can easily produce more, even
simpler, examples. Here is a typical one.

Example. Let C � CP 2 be an algebraic smooth curve of degree n � 3
(hence, of genus at least 1). Choose n2 ÿ 1 distinct points p1; . . . ; pn2ÿ1
2 C and let H : �V ; J� ! CP 2 be the (algebraic) blow-up of CP 2 at
these points, where J denotes the (integrable) complex structure on
the blow-up, induced from CP 2. Denote by L 2 H2�V ;Z� the ho-
mology class of (the proper transform of) a projective line which does
not pass through any of the pq's and by E1; . . . ;En2ÿ1 the homology
classes of the exceptional divisors over p1; . . . ; pn2ÿ1, respectively.

Consider �C, the proper transform of C in V . Clearly

� �C� � nLÿ
Xn2ÿ1
q�1

Eq :

It follows from a Theorem of Nagata [N] and from the Nakai-Mo-
ishezon criterion that the cohomology class PD� �C� 2 H2�V ;Z� admits
a J -KaÈ hler representative, say X.

As �C � �C � 1 and genus� �C� � 1 it follows from Theorem 1.A that
�V ;X� admits full symplectic packing by N equal balls for every N � 1.

6. Proofs of the in¯ation and pseudo-holomorphic lemmas

We begin with proving the in¯ation lemma (Lemma 2.1.A)

6.1. Proof of the in¯ation lemma

The proof is a modi®cation of the ones appearing in [McD 3, McD 5].
Suppose that C \ Z � fp1; . . . ; png. Choose a smooth function

f : C ! R which has the following properties:
1. f � 0.
2. f vanishes on (disjoint) neighborhoods, say V�p1�; . . . ;V�pn�, of

the points p1; . . . ; pn.
3.
R

C f xC � C � C, where xC � XjTC.

Consider the normal symplectic bundle of C in M , pC : N ! C. This
is a symplectic rank-2 vector bundle and so can be viewed as a
complex line bundle over C. Choose a Hermitian metric on N and let
c be a connection on the unit circle bundle P � N , which satis®es
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dc � ÿ�pCjP ���f xC� :

Denote by r : N ! R the radial distance function and for every d � 0
let U�d� be the sub disc-bundle of radius d, namely, U�d� � fx 2
N jr�x� < dg. Consider now the following closed 2-form on N :

x � p�CxC � d�pr2c� :

As in [McD 3, McD 5], it is not hard to see that x is well de®ned,
non-degenerate near the zero section and restricts to xC on the zero
section. Here and henceforth we shall identify C with the zero section
of N ! C.

It follows from the symplectic neighborhood theorem that there
exist neighborhoods U1 of C in M , and U2 of C in N and a
symplectomorphism F : �U1;X� ! �U2;x� which is the identity on C
(ie F takes C to C and F jC � `). Thus, without loss of generality we
may replace X by x and Z by F �Z \ U1� and de®ne the needed form q
on U2 in such a way that it is compactly supported inside a small
neighborhood of C in U2. To simplify notations, we continue to write
Z for F �Z \ U1�.

The ®rst step towards constructing the form q is the observation
that there exists a neighborhood U0 of C in U2 such that for every
a; b � 0 the 2-form

xÿ adc� brdr ^ c is non-degenerate on U0 : �1�

Note that the form rdr ^ c extends to the zero section. To prove
the existence of the neighborhood U0, we use the following compu-
tation:

xÿ adc� brdr ^ c � �1ÿ pr2f � pC � af � pC�p�CxC

� �2p� b�rdr ^ c : ���

Now, choose a positive number r0 which satis®es pr20 maxx2C

f �x� < 1, and take U0 to be any neighborhood of C in U2 which lies
within radial distance smaller than r0, say U0 � U�r0=2�. It immedi-
ately follows that the forms in ��� are non-degenerate in U0 for every
a; b � 0.

Next, consider the 2-form g � rdr ^ c. We claim that there exist
neighborhoods W1; . . . ;Wn � Z of p1; . . . ; pn in Z such that for every
1 � i � n, gjTWi

is an area form which gives the same orientation on
T Wi as xjT Wi

.
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Indeed, it is enough to check this for the points p1; . . . ; pn, namely
to show that gjTpi Z

is non-degenerate and gives the same orientation
on TpiZ as xjTpi Z

. To see this, ®rst note that TpiU
0 � TpiC � Npi , where

Npi is the ®ber of N over pi. Let pr be the projection TpiU
0 ! Npi . Each

of the three spaces TpiC;Npi and TpiZ, being symplectic with respect to
x, inherits an orientation. Since Npi intersects positively TpiC and, by
assumption, TpiZ intersects positively and transversally TpiC it is not
hard to see that prjTpi Z

: TpiZ ! Npi is an orientation preserving is-
omorphism. It easily follows now that gjTpi Z

is non-degenerate and
that the orientation induced by it on TpiZ agrees with the one induced
by xjTpi Z

.
Now we are ready to construct the form q. Choose � > 0 small

enough so that:
1. U��� \ Z �W1 [ � � � [Wn.
2. pC�U��� \ Z� � V�p1� [ � � � [V�pn�.
3. U��� � U0.

Let g�r� be a non-negative and non-increasing smooth function of r
which equals to 1ÿ pr2 near r � 0 and vanishes for r � �=2. Finally,
let q be the form

q � ÿd
ÿ
g�r�c� :

Notice that q is compactly supported in U��� � U2.
Let us check now that q indeed has the needed properties. The ®rst

property is that for t > 0; s � 0 the forms xs;t � tx� sq are non-
degenerate. This follows from �1� above and from our choices of U���
and U0, because

xs;t � t xÿ s
t

g0�r�dr ^ cÿ s
t

g�r�dc
� �

; g0 � 0 ;

and g is supported inside U��� � U0.
It remains to show that Z remains symplectic with respect to xs;t.

To see this it su�ces to show that q restricts to an x-semi-positive
form on Z, namely that there exists a non-negative function h on Z
with qjTZ � hxjTZ . Indeed we have q � ÿg0�r�dr ^ cÿ g�r�dc. Now
dc � ÿp�

C
�f xC� and by construction this identically vanishes on

Z \ U���. Thus,

qjTZ �
ÿÿ g0�r�dr ^ c

�jTZ � ÿ
g0�r�

r
gjTZ :

As g0�r� � 0, our claim follows from what we have just proved re-
garding the orientations induced by gjTZ and xjTZ , and the fact that
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�supp q� \ Z � U��� \ Z �W1 [ � � � [Wn:
(

6.2. Proof of the pseudo-holomorphic lemma (2.2.B)

In order to simplify notations we shall give the proof for the case
n � 1, that is, assume that we have only one submanifold Z � Z1. The
proof of the general case is essentially the same.

Fix an almost complex structure J0 2 J for which Z is J0-holo-
morphic and letJ0 � J be the space of all J 2 J which coincide with
J0 near Z. Finally, let U � M be a tubular neighborhood of Z in M .

Step 1. We claim that if S � M is a J -holomorphic curve for some
J 2 J0 then either S � Z or S 6� U.

Indeed, suppose that S � U and let �S�U; �Z�U 2 H2�U;Z� be the
homology classes of S and Z, respectively. As H2�U;Z� � H2�Z;Z�
and the latter is 1-dimensional, �S�U and �Z�U must be proportional,
say �S�U � a�Z�U for some a. Since Z; S are both symplectic we must
have a > 0. This implies that �S�U � �Z�U � a�Z�U � �Z�U � aZ � Z < 0,
hence by positivity of intersections S � Z.

Step 2. We now consider moduli spaces of J -holomorphic curves for
J 's in J0. Fix g � 0, and B 2 H2�M ;Z�, B 6� �Z� and consider for
J 2 J0 the spaceM�B; J ; g� of all somewhere injective J -holomorphic
curves which represent the class B and are parameterized by all
possible Riemann surfaces of genus g. More precisely, M�B; J ; g�
consists of all pairs �u; j�, where j 2Tg, the TeichmuÈ ller space of a
closed oriented surface Rg of genus g, and u : �Rg; j� ! �M ; J� is a
somewhere injective �j; J�-holomorphic map with u��Rg� � B. Since
B 6� Z, step 1 shows that for J 2 J0 any J -holomorphic curve in the
class B must go out of U and so the transversality argument from
[M-S 2] extend to prove that for generic J 2 J0 the spaces M�B; J ; g�
are smooth manifolds of dimension 2�c1�B� � gÿ 1� � dimGg (pro-
vided that they are not empty). Here, Gg stands for the reparame-
terization group (of a generic �Rg; j�), and c1 for the ®rst Chern class
of �TM ; J�.

Step 3. Given a homology class B 2 H2�M ;Z� let us write

k�B� � B � B� c1�B�
2

:
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We claim that there exists a second category subset J0gen � J0 such
that for every J 2 J0gen the following holds: for every A-cusp con-
®guration

A �
Xl

j�1
mjAj; l � 2;mj � 1 or l � 1;m1 � 2

the set of all points �x1; . . . ; xk�A�� 2 Mk�A� which lie on a J -holo-
morphic A-cusp curve of this con®guration has at least codimension 2
in Mk�A�. In particular, for every J 2 J0gen there exists a second cat-
egory subset GJ � Mk�A� such that for every �x1; . . . ; xk�A�� 2 GJ there
are no J -holomorphic A-cusp curves, of any con®guration, which
pass through all of x1; . . . ; xk�A�. Notice that we regard multiply
covered curves as cusp curves too by allowing l � 1;m1 � 2.

Let us defer the proof of this claim for a while and show ®rst how
the statement of the lemma follows from it.

Step 4. By assumption there exists a second category subsetJgen � J
such that for every J 2 Jgen the class A is J -e�ective and simple. It
follows that we can choose J 0 2 J0gen, a sequence Jn 2 Jgen and a
k�A�-tuple of distinct points �y1; . . . ; yk�A�� 2 GJ 0 such that:
� Jn ! J 0.
� For every n there exists a smooth, connected and reduced Jn-

holomorphic curve Cn � M with �Cn� � A, which passes through
y1; . . . ; yk�A�.

Note that by the adjunction formula, the genus of Cn, say g, is in-
dependent of n.

By our construction, the sequence Cn cannot have any subse-
quence which converges to a cusp curve (this includes multiply cov-
ered curves, as remarked in Step 3 above). It follows from Gromov
compactness theorem that Cn must have a subsequence which con-
verges to a J 0-holomorphic curve C � M of the same genus, g, and in
the homology class A. Clearly C is connected and, by construction,
non-multiply covered. Finally, the adjunction formula implies that C
is smooth.

In order to obtain transversality between C and Z one needs to
perform a local arbitrarily C1-small perturbation of C around each
non-transversal intersection point of C with Z, and then alter J 0 in a
spherical shell around each of these points. This is all possible by the
methods of [McD 2], (see also [McD 1] and [Mi-Wh]). Roughly
speaking, this is done as follows: let x 2 C \ Z be a point in which C
does not intersect Z transversally. Fix a neighborhood W of x in M so
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that W \ C \ Z � fxg. It follows from [McD 2] that arbitrarily C1-
close to the identity, 1W : W!W, there exists a di�eomorphism
F : W!W and an open subset VF �W (which depends on F ) with
the following properties:

1. F has compact support in W.
2. F �C \W�t Z.
3. F �C \W� \ Z � VF .
4. F �C \W� is J 0-holomorphic in VF .

Thus, by taking F to be C1-close enough to `, F �C� will still be a
symplectic submanifold and the only thing we have to do is to alter J 0

appropriately in a neighborhood of F �C� inside WnVF . Note that we
need not change J 0 neither outside W nor in a small enough neigh-
borhood of Z. Finally, remark that since F can be assumed to be
arbitrarily C1-close to `, the perturbed J 0 may be assumed to be
arbitrarily C0-close to the original J 0.

Proof of Step 3. To complete the proof it remains to prove the claim
stated in Step 3. For this end, we begin by observing that for any
exceptional sphere class E 2 E we must have A � E � ÿ1. Indeed, let
E 2 E. It is well known that for generic J 2 J there exists a J -ho-
lomorphic sphere in the class E (see [M-P] or [Bi 1, Bi 2]). As A is
assumed to be J -e�ective and simple we may realize both A and E by
smooth, connected and reduced J -holomorphic representatives for
some J 2 J. By positivity of intersections we obtain A � E � ÿ1 with
equality if and only if A � E.

Next, notice that it is enough to prove that for each possible
con®guration of A-cusp curves there exists a second category subset
of J0 for which no J -holomorphic cusp curve of that con®guration
can pass through k�A� generic points in M . The reason is that there
are only countable number of possible A-cusp con®gurations and the
intersection of a countable number of second category subsets of J0

will still be of second category. This intersection will be our needed
J0gen.

Henceforth we ®x an A-cusp con®guration, say

A �
Xl

j�1
mjAj ; ���

and assume that for generic J 2 J0 it can be realized by a J -holo-
morphic cusp curve. There are two cases to consider:

1. None of the Aj's is equal to �Z� or a multiple of it.
2. One of the Aj's equals to �Z� or a multiple of it.
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Consider the ®rst case. In view of Step 1, if D � �D�1�; . . . ;D�l�� is a
J -holomorphic cusp curve with �D�j�� � Aj then for every j, D�j� must
go out of the neighborhood U of Z. Noting that outside U no re-
strictions were put on J0 it follows that all the arguments from [McD
4] extend essentially without any change to prove that the maximal
number of points through which a cusp curve of type D may pass is
strictly smaller than k�A�. More precisely, since A � E � ÿ1 for every
E 2 E, Lemma 2.10 of [McD 4] extends to case of generic J 2 J0 to
show that the class A is good in the sense of Taubes, ie any J -holo-
morphic curve (possibly reducible or disconnected) in the class A
which passes through k�A� generic points does not have multiply
covered components of negative self intersection. Then, the proof of
Theorem 1.2 of [McD 4] extends to the case of generic J 2 J0 to
prove that a J -holomorphic curve in the class A (again, possibly re-
ducible or disconnected) which passes through k�A� generic points
must in fact consist of disjoint components and so it cannot be a cusp
curve, unless l � 1;m1 � 2 and D�1� is a torus of self intersection zero.
This cannot occur in our situation because it implies that
A � m1�D�1��;A � A � 0 and c1�A� � 0 (by adjunction), which contra-
dicts our assumptions on A. This concludes the ®rst case.

Let us consider now the second case in which we assume that one
of the Aj's is �Z� itself or a multiple of �Z�. As Z � Z < 0, for generic
J 2 J0 any J -holomorphic cusp curve can have at most one com-
ponent with homology class �Z� and this component must coincide,
set-theoretically, with Z itself (of course, it might be a multiple cover
of Z). Furthermore, all the other components must go outside of the
neighborhood U of Z. Thus, we can represent the A-cusp con®gura-
tion ��� as

A �
Xh

i�1
riBi � m�Z�; m; ri � 1; h � 1 ;

where none of the Bi's is a multiple of �Z�. Note that we may assume
that h � 1 since otherwise A � m�Z� with m � 2. But then because
Z � Z < 0 and A � Z � ÿc1��Z�� we have A � A � mA � Z � ÿ mc1
��Z�� � ÿc1�A� and so ÿ 2 � 2A � A � A � Aÿ c1�A� � ÿ2, where the
very last inequality follows from the adjunction formula for A. It
follows that A � A � ÿ1 and so m � 1; contradiction. Thus we may
assume that h � 1.

The component m�Z� of A cannot move (Z � Z < 0), and so in order
to prove our assertion we have to show that for generic J 2 J0 the
maximal number of generic points through which a J -holomorphic
cusp curve of the con®guration Aÿ m�Z� �Ph

i�1 riBi can pass is
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strictly less than k�A�. For this purpose we write �A �Ph
i�1 riBi and let

us divide the set of indices f1; . . . ; hg into three disjoint types:
1. I1 � f1; . . . ; hg consisting of i's such that Bi is an exceptional

sphere class and ri � 2.
2. I2 � f1; . . . ; hg consisting of i's such that Bi is an exceptional

sphere class and ri � 1.
3. I3 � f1; . . . ; hg consisting of all the other i's.

With this partition we have

�A �
X
i2I1

riBi �
X
i2I2

Bi �
X
i2I3

riBi : ����

Note that it might happen that some of the above indices sets are
empty.

We claim that if for generic J 2 J0 there exists a J -holomorphic
curve in one of the classes Bi with i 2 I3, then

Bi � Bi � 0 and k�Bi� � 0 : �1�
This will imply that by taking J 2 J0 to be generic we may, from now
on, assume that (1) holds for every i 2 I3. Indeed, suppose that
Bi � Bi < 0 for some i 2 I3, and that there exists a J -holomorphic
curve in the class Bi for generic J 2 J0. Since Bi is not �Z� itself or a
multiple of it, we have by Steps 1 and 2 that for generic J 2 J0 the
moduli space of non-parameterized J -holomorphic curves in the class
Bi has dimension dimM�Bi; J ; gi�=Gg � 2�c1�Bi� � gi ÿ 1�, where gi is
the genus of the parameterizing Riemann surface. As Bi � Bi < 0,
we obtain by adjunction that c1�Bi� < 2ÿ 2gi and so
dimM�Bi; J ; gi�=Ggi � ÿ2gi. For this number to be non-negative, we
must assume that gi � 0. But then dimM�Bi; J ; gi�=Ggi � 2�c1�Bi� ÿ 1�
and again for this to be non-negative we have to assume that
c1�Bi� � 1. In total we have: gi � 0;Bi � Bi < 0 and c1�Bi� � 1 and so
by adjunction Bi � Bi � ÿ1. In other words, Bi is an exceptional sphere
class and so i 2 I1 [ I2 rather than i 2 I3. This contradiction shows
that Bi � Bi � 0. Finally, k�Bi� � 0, because

2k�Bi� � 2�c1�Bi� � gÿ 1� � dimM�Bi; J ; gi�=Ggi � 0 :

Now we are ready to compare the maximal number of generic points
through which a pseudo-holomorphic A-cusp curve can pass, with
k�A�. Clearly, for generic J 2 J0 a cusp A-curve of the above con-
®guration cannot pass through more than

P
i2I3 k�Bi� points (recall

that Z � Z < 0 and that Bi � Bi � ÿ1 for i 2 I1 [ I2 and so these com-
ponents cannot move). Now,
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2
X
i2I3

k�Bi� � 2
X
i2I3

rik�Bi� �
X
i2I3

c1�riBi� � r2i Bi � Bi
ÿ �

� c1
X
i2I3

riBi

 !
�

X
i2I3

riBi

 !
�
X
i2I3

riBi

 !

� c1
X
i2I3

riBi �
X
i2I2

Bi

 !
�

X
i2I3

riBi �
X
i2I2

Bi

 !
�
X
i2I3

riBi �
X
i2I2

Bi

 !

� 2k
X
i2I3

riBi �
X
i2I2

Bi

 !
: �2�

Here we have used the inequality Bi � Bj � 0 for i 6� j (by positivity of
intersections), and the fact that for i 2 I2, Bi is an exceptional sphere
class and so Bi � Bi � ÿ1 � ÿc1�Bi�.

Following McDu� (see [McD 4] Section 1.3) let us de®ne the
following number:

k0� �A� � k� �A� � 1

2

X
i2I1

ÿ
mBi� �A�2 ÿ mBi� �A��;

where mBi� �A� � max�ÿ �A � Bi; 0�:
In the proof of Proposition 3.1 of [McD 4] McDu� proves that if

for some almost complex structure J there exists a J -holomorphic
cusp curve of the con®guration ���� then

k
X
i2I2

Bi �
X
i2I3

riBi

 !
� k0� �A� : �3�

We remark that our de®nition of k0� �A� is slightly di�erent from
McDu�'s. We sum over all exceptional sphere classes which appear
as components of �A while McDu� sums over all possible exceptional
sphere classes. Nevertheless, this di�erence turns out to be irrelevant
with respect to �3�, and it is easy to see that McDu�'s proof from
Proposition 3.1 of [McD 4] applies word by word to prove �3�. Note
also that no genericity assumptions on J are needed in order to prove
this inequality.

Combining inequality �2� with �3� we obtainX
i2I3

k�Bi� � k0� �A� :
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Our proof will be complete if we show that k0� �A� < k�A�. To prove
this, suppose that E1; . . . ;Es are all the classes in fBigi2I1[I2 for which
�A � Ej < 0, and for every 1 � j � s put nj � ÿ �A � Ej > 0. Note that s
might be 0. We claim that for every 1 � j � s, A � Ej � 0. Indeed, we
have already proved that A � Ej � ÿ1 with equality if and only if
A � Ej. But A � Ej is impossible since Aÿ Ej must be J -e�ective for it
contains m�Z� as a component. Here (unlike in De®nition 2.2A) by
J -e�ective we just mean that the relevant class can be represented by
a J -holomorphic cusp curve. Thus, A � Ej � 0 for every 1 � j � s and
we immediately obtain that

0 < nj � m�Z � Ej� : �4�

Next, observe that �AÿPs
j�1 njEj must be J -e�ective because any

J -representative of a J -holomorphic �A-cusp curve of con®guration
���� must contain Ej with multiplicity at least nj. Thus, for generic
J 2 J0 we have

�Aÿ
Xs

j�1
njEj

 !
� Z � 0 : �5�

A straightforward computation leads to

2k�A� ÿ 2k0� �A� � m �A � Z ÿ
Xs

j�1
n2

j � m A � Z � c1�Z�� � �
Xs

j�1
nj �

m �A � Z ÿ
Xs

j�1
nj�Ej � Z�

 !
� m A � Z � c1�Z�� � �

Xs

j�1
nj

� m �Aÿ
Xs

j�1
njEj

 !
� Z � m A � Z � c1�Z�� � �

Xs

j�1
nj :

Condition 1 of the lemma and inequalities �4�; �5� imply that the last
three summands are non-negative and so either 2k�A� > 2k0� �A� which
is what we want to prove, or 2k�A� � 2k0� �A� which might happen only
if s � 0 and �A � Z � 0. But obviously �A � Z > 0 because cusp curves
are assumed to be connected and we explicitly assumed the existence
of a cusp curve of the con®guration A � �A� m�Z�; �A 6� 0, and with
the components of �A being distinct from Z. This rules out the case
2k�A� � 2k0� �A�. The proof of the lemma is ®nally complete. (
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7. Proof of Proposition 4.A

The proof is based on the following lemma:

Lemma 7.A. Let N ! R be a complex line bundle of non-
negative degree over a symplectic (real) surface �R2; s�. Then, there
exists a smooth family of S1-invariant symplectic forms
x�k�
� 	

0<k<

R
R s=deg N on S � P�N � C�, with the following properties

for every 0 < k <

R
R

s

deg N : 1

1. Z0; Z1 � �S;x�k�� are symplectic.
2. �pr�

R
s�jTZ0

� x�k�jTZ0
, where prR : S ! R is the obvious projection.

3.
R

Z0
x�k� � RR s;

R
Z1

x�k� � RR sÿ kdeg�N�; RF x�k� � k, where F
denotes the homology class of a ®ber of the projection prR : S ! R.

4. For every neighborhood U of Z0 in S there exists 0 < k0 < k and
a symplectic embedding u : �SnZ1;x�k0�� ! �U;x�k�� which takes Z0 to
itself identically (ie ujZ0

� `).

Before proving this lemma, let us see how it implies Proposition
4.A.

Proof of Proposition 4.A. Put s � XjT R. Fix k between 0 and

R
R

s

deg�NR=M �
and consider the form x�k� on S � P�NR=M �C� as de®ned by Lemma
7.A. Since Z0 � Z0 � R � R and

R
Z0

s � RR X, then by the symplectic
neighborhood theorem there exists a neighborhood U of Z0 in S and a
symplectic embedding

/ : �U;x�k�� ! �M ;X�

which takes Z0 to R. By Lemma 7.A there exists 0 < k0 < k and a
symplectic embedding

u : �SnZ1;x�k0�� ! �U;x�k�� with u�Z0� � Z0 :

The form x0 � x�k
0� and the embedding /0 � / � u are what we need.

(
We now turn to the

Proof of Lemma 7.A. Let P � N be the principle S1-bundle associated
to N (with respect to some Hermitian metric on N). The group S1 acts
diagonally on P �CP 1 by

1In case deg N � 0 the family of forms will just be parameterized as !���
� 	

0<�
.
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t � �p; �z0 : z1�� � �eÿ2pit � p; �e2pitz0 : z1��; t 2 S1 � R=Z :

Let p : P �CP 1 ! P �S1 CP 1 be the quotient map. Note that
P �S1 CP 1 still ®bers over R. It is easy to see that the map

P �CP 1 3 �p; �z0 : z1�� # �z0p : z1� 2 S � P�N �C�

descends to a di�eomorphism P �S1 CP 1 ! S which preserves the
®bers and takes p�P � �0 : 1�� to Z0 and p�P � �1 : 0�� to Z1. In view
of this, we shall identify for the rest of the proof P �S1 CP 1 with S and
denote p�P � �0 : 1��;p�P � �1 : 0�� by Z0; Z1 respectively.

Let k be a positive real number such that k deg�N� < RR s, and
consider the following form on P �CP 1:

~x�k� � pr�
R
s� kd�ha� � kpr�

CP1
rstd ;

where h : CP 1 ! �0; 1� is the Hamiltonian function h��z0 : z1�� �
jz0j2=�jz0j2 � jz1j2�, rstd is the standard KaÈ hler form ofCP 1 normalized
so that

R
CP 1 rstd � 1, and a is a connection 1-form on P which satis®es

a�X � � 1; da � ÿ deg�N�R
R s

pr�
R
s :

Here, X is the vector ®eld on P generated by the S1 action, namely
X�p� � d

dtjt�0�e
2pit � p�.

A straightforward computation shows that ~x�k� descends to a
symplectic form, x�k�, on P �S1 CP 1 which has properties 1±3 claimed
in the statement of lemma. We refer the reader to Chapter 5 of [M-S
1] for more details on the model forms ~x�k�, however note that our
convention of signs is somewhat opposite to theirs.

Let us prove now the fourth property claimed by the lemma. For
this end denote by D�r� � fw 2 C

��jwj < rg the open 2-disc of radius
r > 0 and let S1 act on P � D�r� by t � �p;w� � �eÿ2pitp; e2pitw�. Con-
sider the map

j�k� : P �S1 D
ÿ ���

k
p �! ÿ

P �S1 CP 1
�nZ1 ;

induced by

D
ÿ ���

k
p � 3 w #

h
w :

����������������
kÿ jwj2

q i
2 CP 1 :
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A simple calculation shows that the following closed 2-form on
P � D� ���kp �

pr�
R
s� d�jwj2a� � 1

p
pr�

D
xstd

descends to the form j��k�x
�k� on P �S1 D� ���kp �. Here, prD is the pro-

jection P � D� ���kp � ! D� ���kp � and xstd stands for the standard
symplectic form on D� ���kp � � C � R2.

Now, given a neighborhood U of Z0 in S, choose 0 < k0 < k small
enough so that

j�k�
ÿ
P �S1 D

ÿ ����
k0

p �� � U :

Take u to be:

j�k� � jÿ1�k0� :
ÿ

P �S1 CP 1
ÿ �nZ1;x�k0�� ,! ÿ

U;x�k�
�
: (
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