PROPAGATION IN HAMILTONIAN DYNAMICS AND
RELATIVE SYMPLECTIC HOMOLOGY

PAUL BIRAN, LEONID POLTEROVICH, and DIETMAR SALAMON

Abstract

The main result asserts the existence of noncontractible periodic orbits for compac
supported time-dependent Hamiltonian systems on the unit cotangent bundle of
torus or of a negatively curved manifold whenever the generating Hamiltonian is su
ficiently large over the zero section. The proof is based on Floer homology and on t
notion of a relative symplectic capacity. Applications include results about propagze
tion properties of sequential Hamiltonian systems, periodic orbits on hypersurface
Hamiltonian circle actions, and smooth Lagrangian skeletons in Stein manifolds.

1. Introduction

1.1. Stable propagation

Let M := U*T" be the open unit cotangent bundle of tirelimensional Euclidean
torusT" = R"/Z". We express the elements i in terms of the canonical coordi-
nates(qy, ..., on, P1, ---, Pn), Whereg; = ¢ + 1. Thus we identifyM with T" x D",
whereD" = {|p| < 1} is the open unit ball ilR", and|v| stands for the Euclidean
norm of a vectow € R". Consider the spacg” of all smooth compactly supported
functions on0, 1] x M. Every functionH e 7 gives rise to the Hamiltonian system
onM:

=P p=-tap 1)
Q—ap , 4, P), p= 3q ,d, P).

The flow hy which sends any initial conditior(0) = (q(0), p(0)) to the solution
X(t) = (q(t), p(t)) at timet is called theHamiltonian flow(or isotopy generated by
H, and the time-1 maj; is called theHamiltonian diffeomorphisrgenerated byH.
The set of all Hamiltonian diffeomorphisms bf form a group denoted by .

Let f. = {fklk=1.2.. be an infinite sequence of Hamiltonian diffeomorphisms.
We considerf, as a dynamical system as follows. PLK) = fy-.- f1. This se-
guence is called thevolutionof f,. The orbit{xx}ken Of a pointx € M is defined by
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66 BIRAN, POLTEROVICH, and SALAMON

x« = f®x. Classical dynamical systems (iterations of a single rhjaporrespond
to constant sequencdg = f. Sequential systems arise naturally as perturbations o
the classical ones. In a number of interesting situations, stability has been observe
the sense that these perturbations inherit dynamical properties of the original syst
(see PR)). In this paper we present a new stability phenomenon of this type—stab
propagating behaviour—which we are going to describe next.

Every Hamiltonian diffeomorphist has acanonicallift h to the universal cover
M = R" x D" of M. Throughout we denote

Q:= }(q, p) e M ‘ Pl < 1, max|qi| < %}

this is a fundamental domain of the covering.

Definition
A sequential systenfi, propagates to infinity with speddt least) if for every vector
v € R" with |v| < cthere exists a sequence of poifise Q such that the sequence
(Pe. G) == f® (X satisfies
lim % —
k—>oo K
In other words, the projection " of f(Q) covers the Euclidean ball of radils
up to an error that is small with respectito

V.

Let us illustrate this notion in the following simple example. Consider a Hamiltoniat
function H € s which depends only on momenta variables:= H(p). The lift
of the corresponding Hamiltonian flow to the universal cover is givehtioy, p) =
(q+tVH(p), p). Therefore the projection & (Q) to R" coincides up to a bounded
error with the sekl, wherel denotes the image of the gradient map> VH(p).
Assume now thaH (0) > ¢ for somec > 0. We claim that contains the Euclidean
ball of radiusc centered at zero. Indeed, for every: R" with |v| < ¢ the function
F(p) := H(p) — pv satisfiesF (0) > candF < c neardD" = S"~1. ThereforeF
attains its maximum at a poiy € D". HenceV H (pg) = v, and the claim follows.
This shows that in our example we have propagation with speed

The groupZ carries a remarkablbi-invariant metric p called Hofer’'s metric
(see H]). The corresponding geometry provides us with a suitable language for t
study of various stable phenomena in Hamiltonian dynamics. Given a diffeomorphis
f € 9, write p(id, f) for inf(maxF — min F) where the infimum is taken over all
HamiltoniansF € 7 generatingf. Define Hofer’s distance( f, g) between two
elementsf, g € 2 asp(id, fg=1).

THEOREM A (Stable propagation)
Let0 < a < c, and suppose that h is a Hamiltonian diffeomorphism generated b
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a Hamiltonian H € 57 such that Ht,q,0) > c, for all t and g. Let f be any
sequential system such thatf;, h) < aforalli € N. Then { propagates t@o with
speed c- a.

Theorem A is proved in Section.3. Interestingly enough, such a propagating be-
haviour may be completely destroyed by an appropriate arbitr@fitysmall dissi-
pative perturbation even in the framework of classical dynamics. In Segtibwe
elaborate this in the case nf= 1. We show that every Hamiltonian diffeomorphism
h generated by the Hamiltoniad = H (p) admits an arbitrarily small smooth (non-
Hamiltonian!) perturbatiorf such that the imageEk(Q), k € N, of the setQ under
the iterates off remain in a compact part dfi.

Note that Theorem A does not provide any information about propagation of
dividual trajectories on the universal cover (and we doubt that such information
available at all in this generality). The situation improves when one considers s
qguencesf, = {fj}, which roughly speaking are uniformly distributed with respect to
some “nice” measure o whose support is close toin the sense of Hofer's metric.

It turns out that such sequential systems have trajectories that propagatevith
constant velocity. We refer the reader to Sectiohfor the details.

1.2. Noncontractible closed orbits

The main tool for studying stable propagation as described in Settiois an ex-
istence result for noncontractible periodic solutions of compactly supported Ham
tonian systems under quite robust assumptions on the Hamiltonian functions. Tl
result is based on Floer homology filtered by the symplectic action, and its proof
quite involved. A solutiorx(t) = (q(t), p(t)) of a Hamiltonian system generated by
a functionH e .Z is calledperiodicif p(1) = p(0) andq(1) = q(0) + e for some
integer vectore € Z". The latticeZ" is identified in a natural way with the funda-
mental group ofM; hence we refer t@ as thehomotopy classf the solution. An
important quantity associated to a periodic solution iadson

1 n
(0 = /o (H(t.a®. pm) = Y- pva o) dt
i=1
Denote byZ c M the zero sectiofip = 0}.

THEOREM B
For every compactly supported smooth Hamiltonian functioneHs# and every
e € Z" such that
lel <c:= inf H, 2
[0,11xZ
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the Hamiltonian systeni) has a periodic solution ¢) in the homotopy class e with
action.a7 (X) > c.

The result above isharpin the following sense. First, the inequalities in Theorem B
which guarantee the existence of periodic solutions in the elaaanot be improved.
For instance, for every > 0 it is easy to produce a Hamiltonian of the foth =

H (| p|) whose restriction tg0, 1] x Z equals 1 ¢ and such that all periodic solutions
are contractible (such a functid(| p|) can be obtained fromH| p| by an appropriate
smoothing). Second, the zero sectidin the inequality 2) cannot be replaced by an
arbitrary smooth section. Consider, for instance, an arbig&fysmall perturbation
S={p = u(q)} of Z such that the 1-form(g)dgonT" is notclosed. (In symplectic
terms this means that the secti@nis non-Lagrangian; this is possible only when
n>2)

THEOREM C
Given any c> 0, there exists a Hamiltonian function H 27 such that Ht, x) > ¢
for every te [0, 1] and every xe S and such that evefyperiodic solution of {) is
contractible.

If one takesS as the graph ofin exactl-form onT", the assertion of Theorem B re-
mains valid withZ replaced byS. Thus the existence mechanism for noncontractible
periodic solutions described in Theorem B is quite sensitive to the choice of a sub:
where the Hamiltonian is large enough. This phenomenon is studied below in tert
of arelative symplectic capacitigee Sec3).

On the other hand, the statement of Theorem Bokust from the following
viewpoint: if the restriction of a HamiltoniaHl to [0, 1] x Z is bigger than a certain
positive number, Theorem B guarantees that most of the periodic solutions pers
underCP-perturbations of the Hamiltonian. This robustness plays a crucial role in th
study of stable propagation.

In Section3 we prove Theorem B and its generalization where the torus is re
placed by a hyperbolic manifold. The proof uses Floer homology for the action fune
tional on the space of noncontractible loops. The main difficulty we have to go arour
is as follows. Since we deal with compactly supported Hamiltonians, noncontractib
solutions are “nonessential” from the viewpoint of Floer homology—they may no
persist under deformations of the Hamiltonian. In brief, the idea of the proof can t
described as follows. One can squeeze the Hamiltonian funitibetween two more
or less standard functionsl- < H < H,, whereH_ andH, depend only onp].
The filtered Floer homologies dfi_ and H., as well as the natural morphism be-
tween them, can be computed explicitly. This morphism turns out to be nontrivia
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and since it factors through the Floer homologytbfwe get nontrivial information
about the noncontractible periodic solutions correspondiridy.t®he calculations are
quite involved; hence we introduce a convenient algebraic tool—relative symplect
homology—which helps us perform them in a more organized way.
Noncontractible orbits of Hamiltonian systems were studied earlier in a nun
ber of interesting situations. In a beautiful papéil], D. Gatien and F. Lalonde
considered the following setting. Léty and L1 be two disjoint closed Lagrangian
submanifolds of a symplectic manifold. Assume thhis an autonomous Hamilto-
nian function that is “small” orL.g and “large” onL ;. It turns out that under certain
additional assumptions of a topological nature one can prove the existence of nonc
tractible periodic orbits for the Hamiltonian flow generatedHbyThis result was the
starting point for Theorem B. Another important idea of a symplectic capacity whic
is sensitive to the fundamental group is contained in M. Schwarz’s watgk YWe
develop it further in Sectiod. Noncontractible orbits of autonomous Hamiltonians
on cotangent bundles whose levels are starshaped were considered by a numb
authors (see, e.g.C[L]). In contrast to our case, these closed orbits are homologicall
essential in the sense of Floer homology. Let us mention finally that the interest
noncontractible periodic orbits on cotangent bundles comes from classical mech:
ics, where one considers HamiltoniaHst, g, p) which are convex with respect to
the momenta variablp. In this case, the existence of closed orbits in given homotopy
classes can be derived with methods from the classical calculus of variations.

2. Stable propagation in sequential Hamiltonian dynamics
In this section we study stable propagation along the lines mentioned in the introdt
tion. The main tool is Theorem B.

2.1. Preliminaries on Hamiltonian diffeomorphisms
Let M be an open manifold (i.eM is connected, noncompact, and has no boundary)
and denote by

7:M—> M

its universal cover. Let Diff(M) denote the group of compactly supported diffeo-
morphisms ofM which are isotopic to the identity by isotopies with compact sup-
port in [0, 1] x M. Then everyh € Diffg(M) has a canonical lith : M — M

to the universal cover. To see this, choose a compactly supported ig&ddy—
Diffg(M) : [0,1] — h; from hg = id to hy = h. GivenXy € M, lift the path
[0,1] = M :t — hi(7(Xo)) to a path[0, 1] — M : t > X(t) such thak(0) = Xo,
and defineﬁ(”)?o) := X(1). The following remark shows that this definition is indepen-
dent of the choice of the isotopy— hy.
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Remark 2.1.1

Lett — ¢y andt — ¥ be two compactly supported isotopies such that 1 =

h € Diffg(M). Given a pointx € M, consider the paths— ¢ (x) andt — ¥ (X)
connectingx to h(x). We claim that they are homotopic with fixed endpoints. To see
this, choose a patl®, 1] - M : s — y(s) such thaty (0) = x andy (1) lies outside
the support of the isotopies. Looking @t(y (s)) andy: (y(S)), it is easy to see that
pathst — ¢ (x) andt — i (X) are both homotopic with fixed endpoints to the path
I" obtained by going first fronx to y (1) alongy and then fromy (1) to h(x) along
h(y~1). Herey —1 stands for the reverse gf

Now suppose thaM is equipped with a symplectic form, and denote by? c

Diff (M) the group of Hamiltonian diffeomorphisms that are generated by compact
supported Hamiltonian functions ¢8, 1] x M. Given a compact subsé&tc M and

a real numbec, let us denote by. = Z:(M, A) C 2 the subset of Hamiltonian
diffeomorphisms that are generated by compactly supported Hamiltonian functio
H e C3°([0, 1] x M) withinfjg 1jx o H > c. As before, denote by the Hofer metric

on 9.

PROPOSITION2.1.2
Let c > a be positive numbers, and letd € 2 be Hamiltonian diffeomorphisms
with f € 2. andp(f, g) < a. Then ge Zc_a.

Proof

This is an immediate consequence of the following product formula. If the function
®; and¥; generate Hamiltonian flowg andv, respectively, then the product flow
¢t o Y is generated by the Hamiltoniam + W; o ¢ L. O

In what follows we also deal with time-periodic Hamiltonians, namely, functidns
satisfyingH (t, -) = H(t + 1, -). It is useful to think of these Hamiltonians as smooth
functionsH : St x M — R, where we identifyS' = R/Z. The following proposition
shows that everip € 2. can be generated by a periodic Hamiltonian bounded belov
by conSt x A.

PROPOSITION2.1.3 (Periodic Hamiltonians)

Let M be an open symplectic manifold, and leAM be a compact subset. Leth be a
Hamiltonian diffeomorphism of M generated by a HamiltoniareKC5° ([0, 1] x M)
with infio.1jxA H > c. Then there exists a Hamiltoniad e Cgo(Sl x M) with
infa, o H > c that generates h.
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Proof

Let hy denote the Hamiltonian isotopy generatedbyand letf; denote the Hamilto-
nian flow generated by a time-independent compactly supported furfetioM —

R. Lett : [0, 1] — [0, 1] be a smooth nondecreasing function that equals zero ne:
t = 0 and equals 1 near= 1. Then the Hamiltonian isotopy

ht == fi_z@) o hr)
is generated by the Hamiltonian function
ﬁt =F + ‘L'/(t)(H-[(t) —F)o ff(t),t.

The functionHt equalsF neart = 0 andt = 1 and hence defines a smooth Hamil-
tonian onS! x M. Moreover,h; = h; = h. If F is chosen to be equal oin a
neighbourhood oA, then f; is equal to the identity ol andH; ) — F is nonnega-
tive on A; hence ini H; > c for everyt. O

In the remainder of this section, we assume Mat= U*T" is the open unit cotan-
gent bundle andA = Z = T" c U*T" is the zero section. Givea € Z", we
denote byTe the deck transformatio¢q, p) — (g + e, p) of the covering. Note that
1-periodic solutions of the Hamiltonian system associatdd tore in one-to-one cor-
respondence with the fixed points tof The homotopy class of the periodic solution
x(t) corresponding to the fixed poiste M (or, in brief, thehomotopy class of the
fixed point 3 can be determined as follows. Pick a ljftof x. Thenh(y) = Te(y)

for somee € Z", and thise is the homotopy class in question. (We emphasize tha
the classe depends ot alone regardless of the Hamiltonian isotopy generating it;
see Rem2.1.1) In this terminology Theorem B asserts that every diffeomorphisr
h e 9. = 2.(U*T", T") has a fixed point in the homotopy classdsr everye such
that|e| < c. It turns out that the same result allows us to get information on the fixe:
points of the iteratek for k € N.

PROPOSITION2.1.4
If h € %, then KX € . for every c> 0 and every ke N. In particular, b has a
fixed point in every homotopy class€eZ" such thate| < kc.

Proof

We have seen in Propositichl.3that, for everyh € 2., one can find a function
H : R x M — R which is 1-periodic in time, satisfies igf o H > ¢, and generates
h as the time-1 map. It follows that ttkeh iteratehX is generated bigH (kt, x); hence
hk € %, and hence the result follows from Theorem B. O
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2.2. A lemma from ergodic theory
Let X be a compact metrizable topological space, and letX — X be a homeo-
morphism. Let# ( f) denote the subset df-invariant Borel probability measures.

LEMMA 2.2.1
Let f : X — X be a homeomorphism of a compact metric space, and:lé¢ s> R"
be a continuous function. Consider the linear projection

M(F) = R": = R(w) :=fud,u.

Let r be an extremal point of the compact convex se=KR(.#Z(f)) c R". Then
there exists an ergodic f-invariant Borel probability measures .# (f) such that

r=[udu.

Proof

The set#; (f) .= {u € .#(f)| R(uw) = r}is a nonempty weak-compact convex
subset of the dual space 6f(X). Hence, by the Krein-Milman theorem, it has an
extremal poinfu. We prove thap is an extremal point of#Z (). To see this, suppose
thatyu = (1 — t)uo + tug such thafuo, w1 € #(f) and O< t < 1. We must prove
thatg = 1. To see this, letg := R(up) andry := R(u1). Thenr = (1—t)ro+try
andro,r1 € K. Sincer is an extremal point oK, it follows thatro = r1 = r and
henceuo, u1 € 4 (). Sinceu is an extremal point of#; (f), this implies that
wo = n1. Thus we have proved thatis an extremal point of# (), and hence it is
an ergodicf -invariant Borel probability measure. O

2.3. Stable propagation revisited

Let us now return to the case wheave= U*T" is the open unit cotangent bundle of
then-torus and? is the group of compactly supported Hamiltonian diffeomorphisms
of M. Fora > 0 andh € &, denote by

B(h, a) :={f €9

p(f, h) < a}

the open ball of radiua in Hofer's metric. Recall that Theorem A states the following.
Letc > a > 0 be real numbers, lét € 2 be a Hamiltonian diffeomorphism, and let
f. be a sequential system such tliaEe B(h, a) for everyi € N. Thenf, propagates
to oo with speedc — a. We now prove Theorem A, assuming Theorem B.

Proof of Theorem A
Write fi = hy; with p(id, i) < a. Then the evolution off, can be written as
follows:

& = (hyxh™H (h®yx_1h2) - - (hyah)hK.
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Combining the fact that is bi-invariant with the triangle inequality, we get
o(f® hKy < ka.

Now letw € R" be any vector such thab| < ¢ — a, and choose a sequengec Z"
such that

w=lim % ol < k(c— a).
o K’

SincehX € % (see Prop2.1.4), we obtain from Propositio®.1.2 that f® ¢
Pkc—a)- Hence, by Theorem B, there exists a pdfat = (gk, px) € Q so that
f0 (%) = (gk + vk, pr). Since the sequencg is bounded, we have lign, oo (Ok +
vk)/ Kk = w, and hencd, propagates too with speecc — a. O

Now we turn to the study of the longtime behaviourindividual trajectories We
start with the following general definition. Consider the trajectary= f ®(x) of a
pointx € M under a sequential systefy. LetX € M be a lift of x, and consider the
lifted trajectoryX = f®(X) in the universal cover.

Definition
A trajectory xi of a sequential system with a li® = (gk, px) € M is said to
propagate with velocity vector € R" if

The Euclidean norm af is called thespeedof the trajectoryxy.

As an illustration, let us mention that evdpyperiodic orbit of a Hamiltonian diffeo-
morphismh in a nonzero homotopy classs Z" propagates with velocity vectey k.
Note also that propagation in the universal coﬁacorresponds to “rotation” ifM.
In classical dynamics the velocity vector of a propagating orbit is called the rotatic
vector.

Consider now thel-dimensional torug¥ = R9,7Z9 (which plays the role of the
“parameter space” of the sequential system). Fix a veeter (a1, ..., ag) whose
coordinates are independent over the rationalsgL:ef4 — 2 be a map that is con-
tinuous with respect to th&°-topology onZ. For a pointy € T9, define a sequential
system

f(y) :={9(y + k) }, -

Roughly speaking, the sequentgqy) is “random”—it is uniformly distributed on
the subseg(T9). The next result is an improvement of Theorem A for (almost all)
such sequences.
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THEOREM?2.3.1

LetO < a < ¢ be real numbers, and let B Z; be a Hamiltonian diffeomorphism.
Let g: T9 — 2 be a continuous map whose image is contained (h, B). Then,
for a set of Lebesgue measuref points ye T9, the sequential system (/) has at
least n+ 1 trajectories that propagate with speed at least @.

In fact, there exists a compact convex setdKR" containing the closed ball
of radius c— a in R" centered at the origin so that the following holds. For every
extremal point re K, there exists a subset Y= TY of Lebesgue measufiesuch
that, for every ye Y;, the system {y) has a trajectory that propagates with velocity
vectorr.

The basic feature of the irrational shift of the torus which is crucial for our purpose
is unique ergodicity, which means that it has a unique invariant Borel probabilit
measure (the Lebesgue measure). The assertion of Theogehtontinues to hold,
and the proof remains the same if one replaces the ffusy an arbitrary compact
metric spacéy, the Lebesgue measure by any Borel probability measuend the
irrational shift by any -preserving uniquely ergodic homeomorphisnirof

Proof

Let M denote the closed unit cotangent bundle, andvietenote its universal cover.
Write Y := T9 and¢(y) := y + «, and denote by the Lebesgue measure dn
Consider the skew-product map

MxY—>MxY:(Xy e SXy:=(gyX),e))

and its canonical lifSto M x Y. There exist functions, v : M x Y — R" so that

S@, p.y) = (@-+u@, p.y), v(@, p, y), 6(y)).

Here we slightly abuse notation and writéq, p, y) instead ofu(x, y) whenever
X = (q, p). The functionu which measures displacement along ¢hplane onM
plays an important role below. Note thahas compact support Ml x Y.

Let.# (S) denote the set of a-invariant Borel probability measures &h x Y.
This space is convex and weakeompact (see Se€.?2). For a measure. € .,
define itsrotation vector Ru) € R" by

R(u) := / udu e R".

The mapR : .Z(S) — R" is affine and continuous. Hence its image= R(.#Z(9S))
is a compact convex subset &f'. This set has all the properties formulated in the
theorem.
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We prove thatk contains a ball of radius — a. Pick a vectorv € R" with
lv] < ¢ — a, and pick a pointy € Y. Then, by Theorem A, there exists a sequence
Xk € M such that

k
Z u(s o, y)) =
i=0

Denote bys; x the Dirac measure oWl x Y concentrated a (x«, y), and consider
the sequence of measurgson M x Y defined by

S

i=0

Xll—‘

By Alaoglu’s theorem, this sequence has a limit pgin& lim,_, o 1k, With respect
to the weakx topology. Since

fim (/Fosmk—/Fde) = lim FE &M = FOY _ g

— 00 k

for every continuous functioff : M x Y — R, the limit point u is S-invariant.
Moreover, it satisfies

. 1
R(n) = /ud,u = vleOO/udeu k_ Z S(ka Y)
i=0

Hencev € K.

We prove that the extremal points Kf satisfy the requirements of the theorem.
Letr be an extremal point oK. Then, by Lemma2.2.], there exists an ergodic
measureu; € .#(S) such thatR(u,) = r. By Birkhoff's ergodic theorem, there
exists a Borel se¥, ¢ M x Y such thaf, (Z;) = 1 and

L=
Nlinooﬁgu(g(z)) =/udur =T

for everyz € Z;. Note thatZ, ¢ M x Y. LetY; C Y be the image o¥, under the
obvious projectiorM x Y — Y, and leto; be the pushforward of the measyre
(i.e.,0r (B) := ur (M x B) for every Borel seB c Y). Theno; is a¢-invariant Borel
probability measure ol and so, by unique ergodicity, equalsHence

oY) =or (r) = e (M x Yr) > wr (Zr) = 1.

Moreover, for everyy € Y; there exists a poink € M such that(x, y) € Z;. By
definition of the se¥, , the trajectory of the point under the systenf, (y) propagates
with velocity vectorr . O
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Let us mention that the idea of detecting propagating trajectories by looking at limi
of invariant measures sitting at noncontractible periodic orbits goes back to J. Mathe
work [M].

2.4. A dissipative counterexample

Assumen = 1 so thatM = S! x (—1,1) is the annulus. LeH : St x (-1,1) —

R be any compactly supported function that depends only on the momenta varial
and has an arbitrarily large value pt= 0. Then the corresponding Hamiltonian
diffeomorphismh has the form

h@. p) = (@ + H'(p). p).

whereH’ denotes the derivative ¢1. Recall thatQ denotes the fundamental domain
Q :=1[-1/2,1/2] x (—1,1) in the universal coveM = R x (=1, 1). We present
an example of an arbitrarily small smooth perturbationf h such that the images
f¥(Q) under the iterates of remain in a compact part d¥; thus the propagating
behaviour disappears. Assume, without loss of generality, that the suppidrt=of
H (p) is contained in the open interval-1/2, 1/2), and lety := max, |H'(p)|.

Letu : [—1,1] — [—1, 1] be an orientation-preserving diffeomorphism such
thatu(s) > sfor —3/4 < s < 3/4 andu(s) = sfor |s| > 3/4. Note thatu can be
chosen arbitrarily close to the identity. Chodse= N such thauN (—2/3) > 2/3.

Defineamap : M — M by ¢(q, p) := (g, u(p)), and letf := ¢h. For a point
X = (Qo, po) € Q, consider its orbi{q;, p;) := ﬁ(x). We claim thatlgy — qo| <
(N + 1)y for all x € Q andi e Z. This universal estimate means the absence o
propagation.

To prove this, note thah preserves thg-coordinate andp preserves tha-
coordinate of each point. Moreover, the sequepcis nondecreasing. Ifpo| > 3/4,
then(pi, i) = (po, qo) foralli € Z. If |po|l < 3/4,then lim_ 1o pi = £3/4. In
this case, lefo € Z be the largest integer such that, < —2/3, and letj; > jo be
the smallest integer such thpf, > 2/3. Then|j1 — jo| < N + 2 andq; = qj, for
i < joandg = qj, fori > ji. Foreveryi € [jo, j1 — 1], we havelgi+1 — qi| =
I[H(pi)| < y. Hence, for allj, j’ € Z such thatj’ > |,

=il ji—1
g — gl < D lGir1— Gl < Y lgiqa—ail < (N+1yy.

= i=lo

3. Relative symplectic topology

Below we discuss existence and nonexistence results for noncontractible closed or
in a more general topological framework. The main player in this section is a relati
symplectic capacity—a symplectic invariant that provides a convenient language f
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thinking about these results. Using this language, we prove Theorems B and C
stated in the introduction.

3.1. Symplectic action
This is a preparatory section in which we set notation. (Mt ») be an open sym-
plectic manifold. We assume throughout that the symplectic tolimexact and fix a
1-form A € Q1(M) such that

dr = w.

Let S' := R/Z, and denote the free loop spaceMfby LM := C®(SL, M). We
denote the set of free homotopy classes of loogd iy 71 (M), and forx € LM we
write [X] € T1(M) for its free homotopy class. Given a subset 71(M), we write

LM :={x € LM|[X] € a}.

We mostly consider single elementse 71(M); however, for some of our applica-
tions it is useful to consider more general subsetg@M). We denote the space
of compactly supported time-dependent 1-periodic Hamiltonian functiongl doy
(M) = C{)"’(S1 x M). We do not distinguish in notation between the function
Hes#(M)anditsliftH : R x M — R. ForH € s#(M) andt € R, we define

Hi : M — R by Hi(x) := H(t, X). Every Hamiltonian functioH € 57 (M) deter-
mines a 1-periodic family of Hamiltonian vector fiel?s = X;11 € Vect(M, w) via
t(Xt)w = —d H;. The space of 1-periodic solutions of the corresponding Hamiltonial
differential equation representing a class in thenset 71 (M) is denoted by

P(H;a) = {x € LM | X(t) = X (x(1) }. (3)

The elements of?(H; o) can be interpreted as the critical points of the symplectic
actione/y : LM — R, defined by

1
A (X) 12/0 (Hi(x(®) — A(x(1)) dt 4

for x € LyM. The sole purpose of the 1-formis to fix a normalization of the
symplectic action (which otherwise is well defined only up to an additive constant
Some of the invariants discussed in this paper do not depend on this normalizati
and this is pointed out at the appropriate places. However, we do not indicate t
dependence of7y on A in the notation.

Remark 3.1.1
The notation in this section differs from the one used in Sectignwhere the Hamil-
tonian functions are not required to be periodic in theriable. Propositior2.1.3
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shows that this does not affect the class of Hamiltonian diffeomorphisms to which t
theory applies. It also does not affect the value of the symplectic action at the perioc
orbits. To see this, fix a compactly supported, but not necessarily periodic, Hamilt
nian functionH € C3°([0, 1] x M), and let[0, 1] x M — M : (t, X) = ht(X) be the
Hamiltonian isotopy generated by. Fix any pointxg € M, and consider the path
x : [0, 1] — M given by

X(t) == hy(xo).

Lety : [0,1] — M be a smooth path such that0) lies outside of the support ¢
andy (1) = Xxp. Differentiating the functiors — .o (Xs), wherexs(t) := hi(y(9)),
we find

1
A (X) =/O (h"a =) (y(s))ds

Thus the action ok depends only oo, h, andA.

3.2. A relative symplectic capacity
Let M be an open symplectic manifold with symplectic fogm= di, and letA c M
be a compact subset. In this section we define a relative symplectic capacity

C(M, A) : 21 [0, 00) — [0, 00]

for the pair(M, A). This capacity has the following feature: givenc 71(M) and

a e RU{—oo} suchthalC(M, A; o, a) < oo, everyH € (M) with infa, o H >
C(M, A; «, @) must have a 1-periodic orbit representing one of the homotopy class
in @ with symplectic actioney (X) > a. Moreover,C(M, A; «, @) is the optimal
bound for the existence of such an orbit. More preciselycferO let

M, A) = {H € (M) | SilanH > c}.

For a subsetr C 71(M) and a numbea > —oo, we define theelative symplectic
capacity M, A; o, a) > 0 by

C(M, A a,a)
:=inf{c> 0|VH € /&M, A), 3x € Z(H; a) such thatey (x) > a}.
We use the convention that ifif= oco. The infimum in the definition o€ (M, A; «, a)
is always achieved (see Prép3.4).

In order to relax the notation, we identify the single element sufoget 71(M)
with o € 71(M). Also, fora = —oco we abbreviate

CM, A;a)  =C(M, A; o, —00)
=inf{c> 0| Z(H;a) # 0 foreveryH € J&(M, A)}.



PROPAGATION IN HAMILTONIAN DYNAMICS 79

Note that the invarian€(M, A; «) is independent of the choice af It turns out
thatC(M, A; @) isfinite in some interesting cases. To begin, let us consider the cas
of A = pt. Then the invarian€(M, A; ), with @ = 71(M), is analogous to the
Hofer-Zehnder capacity ir{Z]. The difference is that H. Hofer and E. Zehnder con-
sidered nonnegative and time-independent Hamiltonian functions. Lalofded-
gested considering more general subgets

Here are some examples in which our capacity can be computed bet a
closed (i.e., compact without boundary) connected Riemannian manifold. Denote |

U*X:={veT*X|v] <1} c T*X

the open unit cotangent bundle. This manifold is equipped with the canonical syr
plectic formwean = dAcanOf T*X. We identify X with the zero section df) * X and
71(X) with 71 (U*X). Moreover, in the case of the standard toXus- T" = R"/Z",
there is a natural isomorphism

T (U*T") = 7(T™) = Z".

We denote the Euclidean norm of an integer vekter (ky, ..., kn) € Z" by

THEOREM3.2.1
0] LetT" = R"/Z" be the flat equilateral torus with the metric induced by the
standard metric oiR". Then, for every ke Z" = 71 (U*T") and every a R,

CU*T", T"; k, a) = max{|k|, a}.

(i) Let X be a closed Riemannian manifold with negative sectional curvature
Then, for every € 71(X) = 71(U*X) and every a R,

C(U*X, X; a, a) = maxlength(y,), a},

wherey, : S — X is the (unique up to time shift) closed geodesic that
represents the homotopy clags

3.3. Properties

In this section we establish some basic properties of the relative capacity and prc
Theorems B and C, assuming Theorara.1(i). The following proposition is an im-
mediate consequence of the definitions.
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PROPOSITION3.3.1 (Monotonicity)

Let A C Ay C M1 C My, where M is an open subset of MLett, : T3 (M1) —
71(M>) denote the map induced by the inclusiorM; C M». Then, for; C 71(Mj)
and g > —oo, we have

i) Car, & <@ = C(My, Ag; a1, a1) < C(Ma, Ag; ap, @).
In particular, if . is injective, then for every C 71(M1) and a < a, we have

C(My, Ag; o, &) < C(Mg, Ag; t(a), @).

Our next result provides a useful condition that guarantees that the relative capac
is trivial.

PROPOSITION3.3.2 (Displacement)

Suppose there exists a compactly supported Hamiltonian isotoppyM — M,
0 <t < 1 suchthat § = id, f1(A) N A = ¢, and all 1-periodic orbits of
fi are contractible. Then, for every constant 0, there exists a Hamiltonian
H e J&(M, A) such that#(H; ) = @ for every nontrivial classx € 71(M).
In particular, C(M, A; «) = oo for every nontrivial classr.

Proof

Let F € 27 be the Hamiltonian function generatinfg, and suppose thall is a
neighbourhood oA such thatf1(U)NU = @. Choose a smooth functidgh: M — R
such that

u, inf G inf F >c.
suppG C |r/1 +[0,Il?xM >cC

Let g; denote the Hamiltonian flow d&, and consider the Hamiltonian flol¢ :=
figr. Since f1(U) N U = ¢, the Hamiltonian diffeomorphismis; and f; have the
same fixed points. Hence all 1-periodic orbits of the flgvare contractible: they have
the formx(t) = x(t + 1) = h{(Xg) = fi(Xp) for somexg € M \ U. The same holds
for the conjugate isotopy; := f, *h; f1. Moreoverg: = g1 f1 = ¥1, wherey; =
o f. Hence, by Remark.1.1, all 1-periodic orbits of the isotopy: are contractible
as well. Finally, observe that the flowi; is generated by the Hamiltonian function
¥ =G+ Fo gt‘1 which satisfies inf W; > c for x € A. By Proposition2.1.3
there is a periodic Hamiltonian sz (M, A) with the same time-1 map dg, and, by
Remark2.1.], the 1-periodic orbits of this periodic Hamiltonian are also contractible
O

Let us now look at the relative capacity from the geometric viewpoint. The grou
2 of all compactly supported Hamiltonian diffeomorphismshbfcarries the Hofer
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metric (see Secl.1). Denote byZ. C 2 the subset consisting of all Hamiltonian
diffeomorphisms generated by functions fra#t(M, A). Recall that everh € 2
has a canonical lift to the universal cover, and hence the homotopy clagg fih)

of a fixed point is independent of the choice of the compactly supported Hamiltonie
generatingh (see Rem2.1.7J).

PROPOSITION3.3.3 (Stability)

0] Suppose that M, A; o) < ¢ < oo for some nontrivial clase € 71(M).
Let f € Zcya be a Hamiltonian diffeomorphism, where>a 0. Then every
compactly supported Hamiltonian diffeomorphismeh? with p(f, h) < a
has a fixed point in the class In particular, p(f, id) > a.

(i) Suppose that

22?) C(M, A;0,a) =0,

a—0

and let c> 0. Thenp(f,id) > c for every fe 2.

Proof

We prove (i). Letf € Zc1q andh € 2 such thato(f, h) < a. Then, by Propo-
sition2.1.2 h € %, and hence there exists a Hamiltonian isotbpwith hy = h
whose Hamiltonian function belongs #%(M, A). By definition of the relative ca-
pacity, this flow has a 1-periodic orbit in the clagsIn particular,h # id. This
proves (i).

We prove (ii). Suppose, by contradiction, thatf, id) < c for somef € Z.
Then, by Proposition®.1.2 and 2.1.3 there exists a Hamiltonian functiod ¢
2 (M) that generates the identity and satisfiesip H > 0. By assumption, there
exists a constard > 0 such thaC(M, A; 0,a) < infa, o H. Hence there exists a
contractible periodic orbix € £2(H; 0) with action.ezy (x) > a. On the other hand,
sinceH generates the identity, every orbit is a contractible periodic orbit with actiol
zero. This contradiction proves (ii). O

PROPOSITION3.3.4

Letae Cc 71(M) and a > —oo. Then every Hamiltonian He J#(M) with
infa, o H = C(M, A; o, a) must have dl-periodic orbit representing one of the
homotopy classes ia with symplectic actionzy (x) > a. In other words, the set
{c>0|VH € 54 (M, A),Ix € #(H; o) such thaty (X) > a} is either empty or
has a minimum.

Proof
Without loss of generality, we may assume that eithgr@or a > 0, since otherwise



82 BIRAN, POLTEROVICH, and SALAMON

there is nothing to prove. (All points outside the support dfi are constant periodic
orbits in the class zero and with action zero.) Choose a compact slbse# such
that A c IntK andS! x K > suppH. Next, leto : M — R be a Hamiltonian func-
tion supported irkK and such that |5 > 0. Consider the sequence of Hamiltonians
Hn :== H + (1/n)o. Clearly, infqi, o Hh > C(M, A; , &); hence, for every, Hy
has a 1-periodic orbi, with [Xn] € o« and.a, (Xn) > a. Note thatx, C K for every
n due to the assumption that eithegZ@ ora > 0.

Now H, converges tdd in theC®°-topology, andK is compact. Hence, replacing
H, by a suitable subsequence if necessary, we obtain a sequence of periodigqorbit:
which converges to a periodic orbitof H. If follows that, forn sufficiently large, the
loopsx, all represent the same homotopy class. Hemg¢e= limn_, ~[Xn] € @ and
H (X) = lIMp_ 00 FH, (Xn) > a. O

Proof of Theorem B

Due to Propositior2.1.3and the discussion on homotopy classes following its proof
we may assume our Hamiltonians to be define®bi U*T" rather than o0, 1] x
U*T". Let H : St x U*T" — R be a compactly supported Hamiltonian function,
and letk € Z" be an integer vector such that

k| <c:= inf H.
StxTn

By Theorem3.2.1(i), C(U*T", T"; k, ¢) = c. It follows from the definition of our
capacity and Propositioh 3.4that there exists a periodic solutigre £2(H; k) of (1)
such thak represents the homotopy cldsand.e7y (X) > c. This proves the assertion
of Theorem B for periodic Hamiltonian functions. The assertion in the nonperiodi
case follows from the periodic case, Propositioh.3 and Remarld.1.1. O

Proof of Theorem C

Let S c U*T" be a non-Lagrangian section, anddet 0 be any real number. It is
shown in P] and [LS] that there exists a Hamiltonian functidth : U*T" — R such
that the vector field&K is nowhere tangent t8:

XeS = XyKX) ¢ TS

We may assume, without loss of generality, thhthas compact support. Now let
¢y : U*T" — U*T" denote the flow generated By . Then there exists an > 0
such that

O<t<e = H(SNS=0.

If § is sufficiently small, then the only possible 1-periodic solutions of the Hamilto:
nian flowt — ¢s are constant angs(S) N S = @. Hence, by Propositiof.3.2
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there exists, for everg > 0, a Hamiltonian functiorF € J4Z(U*T", S) such that
P (F; k) = ¢ for every nonzero integer vectlre Z". O

3.4. Existence of closed orbits on hypersurfaces
As a by-product of our study of the relative capacity, we obtain existence of close
orbits on hypersurfaces in various situations ($&ed for the proofs).

Definition

Let X be a smooth closed manifold. We say that a nontrivial free homotopy clas
a € m1(X) is symplectically essentidfl there exists a domaibd c T* X containing
the zero section such th&t(U, X; i.(a)) < oo. Heret, : 71(X) — 71(U) is the
map induced by the inclusian X — U of the zero section intt.

Example
Let X be eitherT" or a closed negatively curved manifold. It follows from Theo-
rem3.2.1that every nontrivial homotopy classe 71(X) is symplectically essential.

THEOREM3.4.1

Let X be a smooth closed manifold, and let Fi*X — R be a proper Hamiltonian
bounded from below. Suppose that the subleveltéet c} contains the zero section.
Then for every nontrivial symplectically essential class 71(X), there exists a
dense subset,SC (c, oo) with the property that for every s S, the level sefH = s}
contains a closed orbit whose projection to the zero section is in the elass

Let (M, w) be a symplectic manifold, and let ¢ M be a relatively compact domain

with smoothconvexboundaryQ = 9U. Recall that this means, by definition, that
there exists a Liouville vector field (namely, A v = ), defined on a neighbour-

hood of Q in M, such thatY points outside otJ along Q. Note that, in this caseQ

is a hypersurface of contact type since the vector fielgives rise to a contact form

Ao = ((Y)w)|tgonQwithdig = w|Tq.

Denote by.Zg = ker(w|tg) C T Q the characteristic line field d@. The Reeb
vector fieldR of Aqg is a nonvanishing section &fg and so defines an orientation on
Zq. We call this thecanonical orientatiorof .Zg. It induces an orientation on each
leaf of the characteristic foliation @& (namely, the foliation corresponding 1#g).

COROLLARY 3.4.2

Let X be a closed manifold, and let @ T*X be a relatively compact domain con-
taining the zero section and with smooth convex boundarg=QU. Let g be
equipped with its canonical orientation. Then for every nontrivial symplectically es
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sential homotopy class € 71(X), the characteristic foliation of Q has a closed leaf
X C Q with j,[X] = o, where j : T1(Q) — 71(X) is the map induced by the
composition j: Q € T*X — X.

Remark 3.4.3
We were informed by C. Viterbo that a similar result should also follow from the
variational techniques of{V].

3.5. Topological applications

Definition (Manifolds of type.%#)

Let X be a smooth closed manifold. We say tixais of type .7 if there exist two

nontrivial free homotopy classes, a € 71(X) such that

0] a1 anday are notpositively proportiongl namely, there exist nky, ko € N
with ozil<l = a|2<2;

(i) a1 andag are both symplectically essential; it is easy to see that this is equi\
alent to existence of one domdih c T*X containing the zero section and
such that botlC (U, X; t.(xq)) andC(U, X; t4(a2)) are finite; hera, is the
map induced by the inclusion of zero sectirinto U.

Examples
(i) Let X be a closed negatively curved manifold. Theéris of type #. To see this,
first note thatX is not simply connected because the universal cover is diffeomorphi
to Euclidean space. Now let € 71(X) be a nontrivial free homotopy class, and
denote byy the unique (up to parametrization) closed geodesic representing the cle
«. We claim thatx ande~1 are not positively proportional. Suppose otherwise that
there exist positive integeksand¢ such thatrk = «—¢. Then thekth and¢th iterates
yKandy ¢ of y andy 1, respectively, are two different geodesics representing th
same free homotopy class. This is impossible for negatively curved manifolds.

Now let a1, ap € 71(X) be two nontrivial positively nonproportional classes.
By Theorem3.2.1(ii), C(U*X, X; a1) andC(U*X, X; ap) are finite; henceX is of
type.#.

(i) It follows from Theorem3.2.1(i) that T" is also of type%#.

3.5.1. Applications to Hamiltonian circle actions

THEOREM3.5.1.1

Let (M,w) be a compact symplectic manifold (possibly with boundary) with
dimg M > 4, and let L C Int(M) be a compact connected Lagrangian submanifold.
Suppose that M L admits a Hamiltonian circle action with a surjective moment map
w: M\ L — [r, R) that is proper onto its image (R may possiblydsd. Then L
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cannot be of typeZ. In particular, L cannot be diffeomorphic 8", n > 2, or to any
negatively curved manifold.

Note that Theorer.5.1.1 as stated, is not true when difMl = 2. For example, take
M = U*S! and letL = S! be the zero section. Thdn*St \ St is diffeomorphic
to St x ((—1, 0) U (O, 1)) and has a circle action with moment mag, p) = —|p|
which satisfies all the assumptions of Theoram 1.1

The crucial difference between dimension two and higher ones is that in dime
sion two,M \ L might be disconnected, whereas in higher dimension this never ha|
pens. Indeed, the following 2-dimensional version of Theogeml.1lholds.

THEOREM3.5.1.2

Let (M, w) be a compact symplectmanifold (possibly with boundary), and let
St~ L ¢ Int(M) be an embedded circle. Suppose that M admits a Hamiltonian
circle action with a surjective moment map: M \ L — [r, R) that is proper onto
its image (R may possibly ke). Then M\ L is disconnected.

Let us remark that in Theoren®5.1.1and 3.5.1.2it is impossible to drop the as-
sumption thatu is proper onto its image and that its image is a half-open interval
Indeed, takeM = T? ~ St x StandL = pt x St. ThenM \ L is diffeomorphic to
S x (0, 1) and so is connected. It has an obvious circle action whose moment m:
w: Stx (0,1) — (0, 1) is the projection onto the second factor. However, there is
no Hamiltonian circle action oS8! x (0, 1) such that the image of the moment map
is a half-open interval and the moment map is proper. One can easily produce higl
dimension examples as well, for example, multiplylMgby anothefT2-factor andL
by St.

We prove only Theoren3.5.1.1 The proof of Theoren8.5.1.2can be found
in [BPS.

Proof of Theoren®.5.1.1
By Darboux’s theorem, there exist an open relatively compact neighboutigod
of L in T*L, an open neighbourhood/f of L in M, and a symplectomorphism
f : (Ug, wcan) — (Wp, w) takingL C Ug identically toL C Wp.

Note thatM \ Ug is compact, and let

= max u, U:=f1m < Uo.

Ro A (M\ {r = Ro}) C Uo
ThenU \ L carries a circle action as well, with momentmap f : U\L — (Ro, R)
which is proper onto its image. By reducibyg if necessary, we may assume thiais
connected. Note th&t \ L is also connected because the codimensidniofU is at
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least two. It follows that any tw&!-orbits inU \ L represent positively proportional
homotopy classes ifiy (U).

Now let Ry < R; < Ry < R, and choose a smooth functien: R — R with the
following properties:

. o(r) = 0foreveryr < Ry;
. o(r) = cforeveryr > Ry, wherec > 0 is a constant that is determined later;
. o’/(r) > OforeveryRy <r < Ro.

Let us now define a compactly supported Hamiltonldn: U — R by putting
H:=ocouo fonU\L,and extendindd to bec on L. Note that the vector field
Xy is everywhere tangent to the orbits of the circle actioriok L, and moreover
alongu~1(Ry, Rp), Xy points in the direction induced by the circle action (because
o’ > 0 there). Since any two orbits of the circle action represent positively propol
tional homotopy classes ity (U), it follows that any two nonconstant closed orbits
of Xy must also be positively proportional # (U).

Suppose now thdt is of type.#. We get a contradiction by showing that, once
the constant from the definition ofo is chosen to be large enoughy must carry
two closed orbits whose classes are positively nonproportional. Indeédisifof
type #, then there exist two positively nonproportional classesx, € 71(L) and
a domainU’ containing the zero section such that both capac@iéd’, L; ¢, (1))
andC(U’, L; ¢/, (a2)) are finite, where’, is the map induced by the inclusion of the
zero sectiornL into U’. By reducing the size of the Darboux neighbourhagl if
necessary, we may assume thatc U’. Denote by, : L — U andj : U — U’
the obvious inclusions, and denote hy: U — L the obvious projection. Then
ety = id and hencg, (¢, (@) C 77 (aj) fori = 1, 2. Hence, by monotonicity
(see Prop3.3.1), we have

C(U, L Haa)) < C(U1, L; y(e1)) < oo,
C(U, L; . (a2)) < C(Uz, L; () < o0.

Now choose the constart in the definition of o to be larger than both of
C(U, L; 7. (1)) andC (U, L; . 1(a2)). SinceH |, = c, the HamiltoniarH must
have two periodic orbitg;, xo € U with 7,[X1] = @1 andm,[X2] = a2. ASa1 anda
are not positively proportional, neither are the clagsebsand[x2]. This contradicts
the fact, established above, that any two periodic orbit&@frepresent proportional
homotopy classes ifiy (U). O

3.5.2. Applications to Stein manifolds
Let (W, J) be a Stein manifold. Recall that a smooth function W — R is called
plurisubharmonidaf the 2-form

wy = —d(dg o J)
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is a J-positive symplectic form, that is, iby (v, Jv) > O for every nonzero tangent
vectorv € TW. We denote byg, (-, -) = w,(-, J-) the associated &hler metric.
Lety : W — R be anexhausting plurisubharmonic functipnamely, in addition

to being plurisubharmonig is also proper, bounded from below, and has no critical
points outside some compact subset\hfL et

Xy i= gradgw 1)

be the gradient vector field gf with respect to the metrig,,. Then a simple compu-
tation shows that?x,ws = wy, and hence the rovab : W — W of X, satisfies
(Xfp)*a)qj = elw,. Denote byA,, the union of all the stable submanifolds of the flow
of X,:
Api= | WXy (5)
peCrit(ep)

We call A, theassociated skeletaof ¢. Wheng is Morse, each stable submanifold
in the union p) is isotropic with respect ta, (see EG]); in particular, dima, <
(1/2) dimg W. It is known that, for a generic exhausting plurisubharmonic function
¢, A, has the structure of an isotropic CW-complex (sBp.[In rare situations it
may even happen that somis (Morse or not) have smooth skeletons.

We now turn to a special class of Stein manifolds, namely, those obtained from r
moving an ample divisor from a smooth algebraic variety. More preciselgMet))
be a closed algebraic manifold, and ¥®tc M be a smooth ample divisor. It is well
known that(M \ X, J) is an affine variety and, in particular, Stein. The following the-
orem deals with topological restrictions on the possible smooth manifolds that m:
arise as skeletons of Stein manifolds of the type just mentioned.

THEOREM3.5.2.1

Let(M, J) be a closed algebraic manifold, and lBtCc M be a smooth ample divisor.
If the Stein manifoldM \ X, J) admits an exhausting plurisubharmonic function
¢ : M\ ¥ — Rwhose skeleton, is a smooth connected Lagrangian submanifold,
thenA, cannot be of typeZ. In particular, A, cannot be diffeomorphic @®", n > 2,

or to any closed negatively curved manifold.

Outline of the proof
PutW := M\ ¥, and endowW with the complex structurd. The proof has two
steps.

Step 1For every exhausting plurisubharmonic functipn W — R, there exists an
open relatively compact domailp € W with the following properties:
() WoD Ay
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(i) the boundaryp := W, is smooth, connected, and convex with respeetp
(i) the leaves of the characteristic foliation (with respeesgd on P are all orbits
of a free circle action.

We present here only the main ideas of the proof of this statement. Full details can
found in BPY. The idea is the following. Sinc®/ is the complement of a smooth
ample divisor, it is possible to endoW with an exhausting plurisubharmonic func-
tion ¢o for which the above statement holds (sB§[In order to pass fronpg to any
given plurisubharmonic functiop, we modifygg andg at oo to obtain new plurisub-
harmonic functiong, andg for which the vector fields<z, and Xz are complete.
Then by the theory of Y. Eliashberg and M. Grom&4], the symplectic formsvg,
andwg are diffeomorphic. Hence the statement being truepfas true also fokp.

Step 2Assume on the contrary that: W — R is an exhausting plurisubharmonic
function with skeletom\, which is a connected smooth manifold of tyge

By Darboux’s theorem, there exist a neighbourhao@\,) of A, and a sym-
plectic embeddingy : (V(Ay), w,) — (T*Ay, wcan) Which takesA, C V(Ay)
identically onto the zero sectioh, C T*A,.

Let X, := grad, ¢, denote byX|, the flow of X,, and recall thatX{)*», =
€'w,. LetWyg C W be the domain defined by step 1, andWét C W be a relatively
compact domain containing/o. From the definition ofA,,, it follows that forT > 0
large enough we hava, c X, T(Wy) C V(A,).

Denote byY = p(d/ap) the standard Liouville vector field oh*A,. Then its
flow Y! satisfieY!)*wean = € wean Hence

YTo go X(;T 1 (Wi, wg) = (T*Ay, wcan)
is a symplectic embedding. It follows that
U:=YTogoX, (W) C T*A,

is an open relatively compact domain containing the zero section and with conv
boundaryQ := YT o go X, T (P). Moreover, by property (iii) in step 1, the leaves
of the characteristic foliation o® coincide with the orbits of a free circle action
on Q. SinceQ is connected, it follows that any two leaves of the characteristic fo
liation on Q represent positively proportional homotopy classes. On the other han
A, is of type.# and so, by Corollary.4.2 the characteristic foliation o contains
two closed leaves whose homotopy classes are positively nonproportional. This i
contradiction. O
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4. A homological capacity

In order to study and compute the relative capa€tM, A; «), we define another
quantity C(M, A; &) > C(M, A; ) which captures the existence lmdmologically
essentiaperiodic orbits in given homotopy classes. Here the term “homologically es
sential” refers to Floer homology. The homological capaGitM, A; «) is defined in
purely Floer-homological terms. It is easier to compute and enjoy some nice functor
properties. We begin with a brief discussion of convex boundaries.

4.1. Convex boundaries

Let (M, w) be a compact connected symplectic manifold with convex boundary, ar
denoteM := M\ M. Recall (seeffG]; see also Se®.4above) that the boundary is
calledconvexf there exist a vector fielk € Vect(M) and a neighbourhodd of M
such thatX points out on the boundary and is dilating@nnamely,?x® = w onU.

Let ¢y denote the flow o, suppose thdtl = {¢t(X) |[Xx € IM, —¢ <t < 0}, and
denote by = ker(L(X)a)|Tm) the contact structure on the boundary determined by
X andw. Under these hypotheses (the existenc¥ ahdU), there is arv-compatible
almost complex structuré on M such that

JE=&  o(XX),IXXX) =1, Dt (x) I(x) = (¢t (X)) Depr(X)

for all x € 8M andt e (—e, 0]. Such an almost complex structure is caltehvex
near the boundary
Consider the functiorf : U — R given by

f (1 (%) =€

forx € 9M and—e < t < 0. A simple computation shows that its gradient with
respect to the metrie (-, J-) is X, and hence-d(df o J) = w, which implies thatf

is plurisubharmonic otJ. Letu : @ — U be a nonconstani-holomorphic curve,
defined on a connected open sulBet C. Then the functionf ou : 2 — R is sub-
harmonic and, by the mean-value inequality, cannot have a strict interior maximui
Hence a nonconstamdt-holomorphic curve inVl cannot interseciM at an interior
point of its domaire2.

Remark 4.1.1

The space of almost complex structuresMrwhich are convex near the boundary
is connected. To see this, fix first the dilating vector fidldon a neighbourhood
of 9M. Then the space @f-compatible almost complex structures on the symplectic
bundles = ker(t(X)w|_ ) is connected (se@/S]); hence the space af-compatible
almost complex structure® as above is also connected. Finally, we may alkwo
vary since the space of vector fields that are dilating ad&rand point out ordM is
convex and hence connected.
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4.2. The setting

From now on, our standing hypotheses are thét w) is a compact connected sym-
plectic manifold with convex boundagM andA ¢ M := M \ M is a compact
subset. We assume that the symplectic form is exact and fix a 1-foem2t(M)
such thatdlA = w. We callx anw-primitive.

As in Section3.1, we denote byZ = (M) = CgO(Sl x M) the space
of smooth compactly supported Hamiltonian functionsSInx M, and we denote
by 2 c Diffg(M) the group of Hamiltonian diffeomorphisms & generated by
functions from.J#. Forc > 0 we denote by = 4 (M, A) the subspace of all
Hamiltonian functiondH e J# which satisfy ink, pn > ¢, and we denote by =
Z:(M, A) the set of all Hamiltonian diffeomorphisms that are generated by function
from J4&.

4.3. Floer homology

Floer homology is an essential ingredient in the definition of our invariants. The pu
pose of this section is to summarize the main building blocks of this theory needed
our applications. The reader is referred kg [FHZ2], [CFH], and [V] for a detailed
foundation of the subject (see alsg for a general exposition).

Fix anontrivial free homotopy clase € 71(M), and recall from Sectiof..1that
Z(H; @) C LyM denotes the set of 1-periodic solutions of the Hamiltonian systen
associated tdd € 7 which represents the claas These periodic solutions are the
critical points of the symplectic action functionat; : L,M — R defined by {).
The set of critical values of¢y is called theaction spectrunand is denoted by

F(H;a) == a4 (2(H; @) = {ah(X) | X € LaM, X(t) = Xn, (X(1)}.

Here Xy, € Vect(M) is given byt (Xn,)w = —dH. Now let—oo < a < b < oo,
and denote by?!2P) (H; «) the set of 1-periodic solutions of the Hamiltonian system
associated tdd which represents the classand whose action lies in the interval
[a, b):

PO H; o) = P°(H; ) \ #2(H; o),
PqH;a) = {x € Z(H;a) | 74 (X) < a}.

Suppose thad € 57 is a Hamiltonian function that satisfies the following hypothe-
Sis:

a,b ¢ ¥ (H; o) and everyl-periodic orbit xe Z(H; «) is nondegenerate (H)

Then the Floer homology group M) (H: ) is defined as the homology of a chain
complex overZ, generated by the 1-periodic orbits i#A2? (H; o).* It is useful to

*We use the convention that the complex generated by the empty set is zero.
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think of this chain complex as the quotient

CH2P(H: @) := CP(H: )/ CF(H; ), CP(H:im):= P Zox.

Xe Z3(H;a)

The Floer boundary operator is defined as follows. ket J11 € 7 (M, 0) be
at-dependent smooth family ef-compatible almost complex structures Bhsuch
that J; is convex and independentbhear the boundaryM (see Sec4.1). Consider
the Floer differential equation

dsU + J(u)(3u — Xp, () = 0. (6)

For a smooth solution : R x St — M of (6), define its energy to be

1 o]
E(u) :=/ / |asul?ds dt
0 —00

Thenifu: R x St — M is a smooth solution off) with finite energy, then the limits

S—Ilq:]oo ues, t) = x= (1), S—llr:]i;]oo osu(s,t) =0 (7
exist and are uniform in thevariable. Moreovenx®™ € 2(H), and we have
EU) = @ (X7) — @ (xH). 8)

The following observations allow us to define Floer homology groups in the prese

situation.

0] Since every periodic solutiorn € £(M; «) is nonconstant (the classis
nontrivial) andJ is convex near the boundary, there exists an opeld setM
such thatM \ U is compact andi(R x St) NU = ¢ for every finite-energy
solution of ©).

(i) By (i) and the energy identityd], the space of finite-energy solutions @) (
is compact with respect t6°°-convergence on compact sets; that is, only the
splitting into a finite sequence of adjacent Floer connecting orbits can occi
in the limit. We use here the fact that solutions 6f &re genuinely pseudo-
holomorphic near the boundary M due to the compact support &f and
our assumptions od. Therefore solutions cannot touch the boundary in view
of the maximum principle.

(iiiy  For ageneric family of almost complex structues- {J;} (which are convex
and independent dfon U), the linearized operator for equatios) {s surjec-
tive for every finite-energy solution of) in the homotopy class (see FHS)).
Such a family of almost complex structures is callegular, and the space of
regular families of almost complex structures is denotedfyy(H; o).
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For everyJ e _“eg(H;a) and every pairxt e Z2(H;a), the space
A (x~, xt; H, J) of solutions of ) and (/) is a smooth manifold whose dimen-
sion near a solution of (6) and (7) is given by the difference of the Conley-Zehnder
indices (see$7]) of x~ andx™ (relative tou). The subspace of solutions of index 1
is denoted by#1(x~, x™; H, J). ForJ € #req(H; @), it follows from (i) and (i)
that the quotientz1(x—, x*; H, J)/R (modulo time shift) is a finite set for every
pairx* € 2(H; ). The Floer boundary operatéF-J on CP(H; «) is defined by

oM Ix:= Y #Mxy;H D/R)Y
yeZP(H:a)

for everyx € 2°(H: ). That this is indeed a boundary operator is proved as ir
A. Floer’s original work [F4]. The energy identity shows that &H; «) is a sub-
complex; namely, it is invariant under the Floer boundary operator. We thus get
induced boundary operatp?t-7] on the quotient C-? (H:; «). We denote the ho-
mology of the quotient complex by

_ ker([a"9]: CHAP (H; a) — CH2P/(H; )
~im(["3]: CH2P (H; ) — CA2P(H; )
These Floer homology groups are independent of the choice of the almost co

plex structure] = {J};c in the sense that for any two almost complex structures
Jo, J1 € Zreg(H; ) there is a natural isomorphism

HFED(H, J; ) :

T3 - HFRP(H, Jo; @) — HFRP(H, J;; o).

If the two almost complex structure agree near the boundary, then this follows fro
the standard arguments, as in Floer’s original papé}. [Choose a homotopy of al-
most complex structurgsls t} from Jp to J1, independent of andt near the bound-
ary, and use the solutions of equatié@hith Hst = Hi to construct the isomorphism
between the two Floer homology groups; see a§p[[5Z].) To show that the Floer
homology groups are also independent of the choice ottmyexalmost complex
structure near the boundary, one can use the fact that the space of convex almost c
plex structures near the boundary is connected (see Remi) and that the Floer
chain complex associated to a regular almost complex structure remains unchan
under sufficiently small perturbations df The upshot is that the Floer homology
groups are independent dfup to natural isomorphisms. For this reason we some:
times drop the argumenit and refer to HE-P)(H; «) := HF@PD(H, J; &) as the
Floer homology associated to.H

4.4. Homotopy invariance
Following the work of Floer and HofeiHHZ], K. Cieliebak, Floer, and Hofei(GFH],
and Viterbo /], we describe the local isomorphisms of Floer homology in a giver
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interval of the action spectrum. Consider the space
HPM; ) :={H e (M) |a,b ¢ Z(H; )}

of all HamiltoniansH € . which do not contaira andb in their action spectrum.
We consider the spac#’ with the strong WhitneyC*°-topology. Note that the action
spectrum¥(H; «) is compact for evenH and is lower semicontinuous as a multi-
valued function ofH (i.e., for every open neighbourho® c R of .#(H; «), there
exists a neighbourhoo# c 7 of H such that¥(H’; ) C V for everyH’ € %).
Hence the set#2P(M: «) is open ins#. We now explain why the Floer homology
groups HE®D) (H; o) are independent dfl in every component of#22(M; ).

Fix a Hamiltonian functiortH € ##2(M: «), and choose a (convex) neighbour-
hood% of H such thatZ c #2P(M:; «). Now suppose thatlt, H~ € % satisfy
(H), that is, suppose that all periodic solutionse Z(H*; «) are nondegenerate.
ConnectH ™~ andH ™ by a smooth homotopR — % : s+ Hs = {Hst} such that
Hst = Hy fors < —T andHs; = Hﬁ for s > T. Consider the equation

dsU + J,t (U) (U — Xng, (U)) =0, )

wheres — {Jst} is aregular homotopyof families of almost complex structures.
This means thads; satisfies the following conditions.

. Js .t is convex and independent ®andt near the boundary av.

. Jst = J isregular forH;” fors < —T.

. Jst = J" isregular forH" fors > T.

. The finite-energy solutions o) are transverse (i.e., the associated Fredholrr

operators are surjective) and hence form finite-dimensional moduli spaces.
The key observation is the energy identity

1 roo
E(U) = oy-(X7) — o+ (xT) +/ / (3sH) (s, t, u(s, b)) ds dt (10)
0 J—©

for every solution of §) and (7). It follows from (10) that

o0
i+ (XT) < - (X7) +/ max dsHs ds.
—o0o Stx
In particular, if the homotopy has the foris: := Hot + ,B(S)(Ht+ — H{) for a
nondecreasing functiof : R — [0, 1], we obtaindsHs = B(s)(HJr — H7) and
hence

A+ (XT) < y-(x7) + max(HT — H™). (11)
StxM

Now choose > 0 such that

FHE, a)N[a—4e,a+4e] =0, F(HE, o) N [b—4e, b+ 4e] =0,
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and suppose that sgp v |[H* — H| < &. Then sugi, y |[HY — H™| < 2¢, and
hence, by {1), the Floer chain map (se&4], [FHZ], [CFH], [V], [S], [SZ]) from
CHH™;a) to CRH™; ) defined by the solutions oB) preserves the subcom-
plexes CB and CP. The same applies to the Floer chain map from I€E; «) to
CF(H~; @) and to the chain homotopy equivalence associated to a suitable homotc
of homotopies. Hence the solutions 8§ (lefine a homomorphism EPH ) >
CH2b (H+; &) which induces an isomorphism of Floer homology whené¥érare
sufficiently close to a given Hamiltonian functi¢h € s#2°(M; o).

Remark 4.4.1Local isomorphisms)

The above discussion shows that every Hamiltonian funchiore #2°(M; )

has a neighbourhoo@ such that the Floer homology groups BP (H’, J’; a),

for every H' € % that satisfies (H) and every regular almost complex struc:
ture J' € _freg(H'; @), are naturally isomorphic. We can use these local isomor
phisms to define the Floer homology groups™E(H; «) for every Hamiltonian

H e s#2P(M; o) whether or not it satisfies (H).

Remark 4.4.ZContractible loops)

Whena € 71(M) is the homotopy class of the constant loops, we are not allowed t
work with intervals[a, b) which contain zero since the Hamiltonians we work with
always have degenerate periodic orbits with action zero as they vanish latthis
case, we are forced to work with eithex0a < b < ccor—co <a < b < 0.

Remark 4.4.3Composition)
We emphasize that the canonical isomorphism

HFD (H=, 37 a) - HFAD(H+ 37 o)

exists locally only whenH* are sufficiently close to a given Hamiltonian func-
tion H € #2b(M; ). It is easy to construct Hamiltonian functiomdy, H; €
A2P(M; o) such that HE-P) (Ho; ) is not isomorphic to HE-P)(Hy; ). If Ho
and H; belong to the same component 6#2-P(M; «), then there is a smooth
path[0, 1] — HEOM; a) ;s > Hs connectingHp to Hi. Hence, in this case,
HF2b) (Hy: &) is isomorphic to HE*? (H1; o). However, in general, the isomor-
phism cannot be defined directly in terms of the solution®pfl{ can be constructed
only as a composition of isomorphisms

HF2P) (Hg ;@) — HFED(Hg s )

for a regular homotopy, where each of these isomorphisms is defined in terms of 1
solutions of 0). Moreover, it is an open question if this composition along a loop
s — Hs with Hg = Hj is always the identity.
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4.5. Monotone homotopies
Suppose thatg, H1 € #2P(M; «) satisfy

Ho(t, x) > Ha(t, X)

forall (t, x) € Rx M aswell as (H). Then there exists a homotspy Hs from Hg to
H; such thabsHs < 0. We call such a homotopy of Hamiltonian functiamenotone
In the monotone case, it follows from. (@) that the Floer chain map CHg; @) —
CF(Hy; o), defined in terms of the solutions df)( preserves the subcomplexes?CF
and CP. Hence every monotone homotopy-> Hsinduces a natural homomorphism

OHiHo : HFAP) (Ho; &) — HF2D (Hy; ).

We call such a homomorphismonotoneThe standard arguments in Floer homology
(see F4], [FHZ], [CFH], [V], [S], [SZ]) show that this homomorphism is independent
of the choice of the monotone homotopy of Hamiltonians, used to define it, and the

OHzH; © OHiHo = OHzHo

wheneverHg, Hi, Hy € #2P(M; «) satisfyHp > Hi > Hp, andoyy = id for
everyH € #2°(M; ).

The homomorphismy, 1, IS, in general, neither injective nor surjective. For ex-
ample, it may happen that during the homotopy the action of some periodic orbit
Hs leaves or enters the intenv, b). It turns out that this is the only possible reason
for on, H, NOt to be an isomorphism. More precisely, we have the following proposi
tion, which is an easy consequence of the theory developdeHd][and [CFH] (as
outlined above) and appears in an explicit form\ifj.[

PROPOSITION4A.5.1

Let—oo < a < b < o0, € T1(M) be a nontrivial homotopy class, and lepH1 €
#2D(M; ) be such that g > H;. Suppose that there exists a monotone homotop
{Hs}o<s<1 from Hp to H; such that H € AP (M: «) for every se [0, 1]. Then
OHHo © HF®P (Ho: o) — HF2P) (Hy; @) is an isomorphism. This continues to hold
for the trivial homotopy clase = 0 provided that0 ¢ [a, b].

Proof

The monotone homomorphism.Ls1 Hy, agrees with the local isomorphism of Sec-
tion 4.4 wheneversy ands; are both sufficiently close to a numbegre [0, 1] such
that 7 € #2P(Hs; «). By assumption, we havels € #2P(Hg; a) for every

s € [0, 1]. Hence we can writen, 1, as a composition of finitely many isomorphisms
of the formaHSHHs ,wWhere0=5 <5s1 <--- <SNy-1 < SN = 1. O
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4.6. Direct and inverse limits

The next step towards defining the relative capacity is to define two kinsiswgblec-

tic homologiesespecially suited for our purposes. The definitions of these invariant
require the algebraic notions of direct and inverse limits. In this section we recall tf
basic definitions. (For more details, s&&\]]; but note that below we use somewhat
different conventions from theirs.)

Let (I, <) be a partially ordered set. Think dfas a category with precisely one
morphism fromi to j whenever =< j. Let R be a commutative ring. Avartially
ordered systenof R-modules ovend is a functor from(l, <) into the category of
R-modules. We write this functor as a pd(e, o) where G assigns to eache |
an R-module G ando assigns to each pairj € | withi < j a homomorphism
gji : Gi — Gj such thabyj o oji = ok fori < j < kandgjj = id is the identity
map on G.

The partially ordered sét, <) is calledupward directedf for every pairi, j € |
there exists af € | such thai < ¢ andj < ¢. In this case, the functdiG, o) is
called adirected system of R-moduléghedirect limit of such a directed system is
defined as the quotient

lim G :=lim G := {(, ) [i eI, xeGi}/ ~

iel

where(i, X) ~ (j,y) if and only if there exists ai € | suchthat < ¢, ] < ¢,
andoyj (X) = oyj(y). Sincel is upward directed, this is an equivalence relation. The
direct limit is anR-module with the operatiors, X] + [, y] := [, 04i (X) + 0¢j (Y)]
for ¢ € 1 suchthat < ¢ andj < ¢ andr[i, x] := [i, rx] for everyr € R. For
i € | we denote by; : Gi — lim G the homomorphism given hy(x) := [i, X].
Thenij = ¢j o oji fori < j. Despite the notation; need not be injective. Up to
isomorphism, the direct limit is characterized by the following universal property. |
H is anyR-module and;; : G; — H is a family of homomorphisms, indexed by
I, such thatj = 7j o ojj wheneveii < j, then there exists a unique homomorphism
T: I|_>m G — H such thatrj = t o for everyi € |I. (The homomorphism is given
by [i, X] = 7 (X).)

The partially ordered setl, <) is calleddownward directedf for every pair
i, ] €l thereexists & € | suchthak < i andk < j. In this case, the functdfs, o)
is called aninverse system of R-modul@$einverse limitof such an inverse system
is defined as
IMG:=limG; := {{Xi}iel € l_[Gi ‘i <] = 0ji(Xi) = X; }

<

iel iel

Forj e | we denote byr; : I(imG — G;j the obvious projection to thgth compo-
nent. Thenr; = ojj o 7j fori < j. Despite the notationzj need not be surjective.
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In most of our applications the partially ordered skt=) is bidirected that
is, both upward and downward directed. In this case, we call the fuiGar) a
bidirected system of R-modul@he next lemma follows directly from the definitions.

LEMMA 4.6.1

Let (I, <) be a downward directed partially ordered set, and létd | be an up-
ward directed subset (with respect to the restriction of the partial ordéo 1'). Let

(G, o) be a partially ordered system of R-modules over |. Then there exists a uniq
homomorphism

T:limG; — limG;/
—
iel i’el’

such that the following diagram commutes for dlll’ € 1" with j* < k'

lim G T lim G/
< —_— >
iel i‘el’
JTJ,\L Ttk/
0, ,.
k/J/
Gj/ Gk/

In Lemma4.6.1we do notassume that for eveliy € | there exists ain’ € |’ such
thati < i’ (and indeed this condition is not satisfied in our application). If this holds
then the maf¥ factors throughr; for everyi € | and not just foii € |I’. However,
there are examples wherg & {0} for somei € | andT # 0.

4.7. Exhausting sequences

To compute direct and inverse limits, we introduce the notion of exhausting s
guences. Le(G, o) be a partially ordered system &-modules over(l, <), and
denoteZ* := {v € Z| + v > 0}. A sequencdi, },z+ is calledupward exhausting
for (G, o) if and only if the following holds:

. for everyv € Z* we havei, <i,,1, andoj i, : Gj, — Gj,,, is anisomor-
phism;
. for everyi e | there exists @ € Z* such that < i,.

A sequencei,},cz- is calleddownward exhaustindor (G, o) if and only if the
following holds:

. for everyv € Z~ we havel,_1 < i,, andog; ;,_, : Gi, ;, = Gj, is an isomor-
phism;
. for everyi e | there exists @ € Z~ such that, <.

The importance of such sequences is that they can be used to simplify computatit
of direct and inverse limits.
The proof of the next lemma is straightforward.
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LEMMA 4.7.1

Let (G, o) be a partially ordered system of R-modules oier<).

0] If {i,},ez+ IS an upward exhausting sequence {&, o), then(l, <) is up-
ward directed and the homomorphism : G, — lim G is an isomorphism
for everyv € Z.

(i) If {i,},cz— is a downward exhausting sequence @, o), then (I, x) is
downward directed and the homomorphism) : I(imG — Gj, is an iso-
morphism for every € Z~.

4.8. Symplectic homology
The set#’(M) of Hamiltonian functions oi$! x M with compact support is partially
ordered by

Ho < Hi < Ho(t,X) > Hi(t,Xx), V(t,x) € St x M.

This defines a bidirected partial order 6#f(M). Let « € 71(M) be a nontrivial
homotopy class, and let, b € R U {00} such thata < b. As in Section4.4, we
denote by#2P(M; «) the subset of all Hamiltonian functiom$ € (M) such that
a,b ¢ “(H; «). In Sectiond.5we have seen that there is a natural homomorphism

OHyHo : HFRP) (Ho; @) — HFAP) (Hy; o)

wheneveHg, Hi € #2P(M; «) satisfyHog < Hi. These homomorphisms define an
inverse (in fact, bidirected) system of Floer homology groups 0¥&#-°(M; ), <).
The inverse limit of this system is called tegmplectic homologgf M in the ho-
motopy classy for the action intervala, b). A version of this homology group was
introduced in FHZ], [CFH] for the homotopy class of contractible loops and later on
for general homotopy classes iif]. We denote it by

SHED(M;a):=  lim  HF2P(H; ).
<« <—
Hes#ab(M;a)
Now fix a compact subseA C M and a constant € R. Consider the set
jfca’b(M, A; ) of all Hamiltonian functiondH e #2P(M; «) which satisfyH > ¢
on St x A, namely,

AZPM, A a) = [H € #2°(M; )| inf H >c].
Stx A

This gives rise to a directed (in fact, bidirected) system of Floer homology groups ov
(%fga*b(M, A; «), <). The direct limit of this system is called thelative symplectic
homologyof the pair(M, A) at thelevel cin the homotopy clasa for the action
interval[a, b). We denote it by

SHED:C(M, A; o) := lim HF2D) (H; ).
RN =

He 2P (M, Aser)
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Remark 4.8.1

Since we have chosen to work wity-coefficients, all the Floer homology groups
HF2b)(H; «) are, in fact,Z,-vector spaces. Consequently, the symplectic homolo
gies (S_I-qa’b)(M;oz) and il-[la’b);c(M, A; @) also have the structure d,-vector
spaces.

An important feature of absolute and relative symplectic homologies is the existen
of a homomorphism between them which factors through Floer homology.

PROPOSITION4.8.2
Leta € 71(M) be a nontrivial homotopy class, and suppose thad < a < b < co.
Then, for every & R, there exists a unique homomorphism

T[aD:C . SHAD (M; o) - SHEDIC(M, A; )
<« —

such that for any two Hamiltonian functiongH; € j%a’b(M, A; o) with Hy > H;
the following diagram commutes:

T(Ea‘ b);c

SHaD(M;a) 12 SHaDC(M, A o)
<«— —

nHoi Tml
g

Hy, H
HF2D) (Hg: ) ——————= HFaD) (Hy; a)

Here 7, : SH®®(M;a) — HFAP(Hp o) and ¢, : HF®P(Hpa) —
<

SHI2D:¢(M | A: &) are the canonical homomorphisms introduced in SecfidnIn

—_

particular, sinceony = id for every He 22°(M, A; «), we have

TDEa, b);c

SHaD(M; o) SHaD:C(M, A; )
<« —
HFD (H; )

The statements above continue to hold also for the trivial alassO0, provided that
0 ¢ [a, b].

Proof
The proof follows at once from Lemma6.1 O
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4.9. The homological relative capacity
For every nontrivial homotopy class € 71(M) and every real number > 0, we
define the set

Ac(M, A; a) := {a € R | the homomorphisriT[2>?:¢ does not vanish

whereT 2% € . gHa.) (M; @) — SHa)C(M, A; &) is the homomorphism from
Proposition4.8.2<_ -

For the trivial homotopy clase = 0 € 71(M), we defineAc(M, A; 0) by
the same formula except that we consider only real numbaers 0 (for which
To[a’o");C # 0). Thehomological relative capacitgf the pair(M, A) is the function

C(M, A) : #1(M) x [~00, 00) — [0, o0]
which assigns to the classe 71(M) and the numbea > —oo the number
6(M, A; a,a) := inf {C > 0} SUpA:(M, A; o) > a}.

Here we use the convention that ihf= co and suy = —oo. Roughly speaking,
the quantityC(M, A; o, a) measures the minimalfor which the following is guar-
anteed: every Hamiltonian that is bigger thamn St x A has a “homologically
essential” 1-periodic orbit in the claaswith action greater than or equal &

Fora = —oo we abbreviate

C(M, A; @) := C(M, A &, —00) = inf {c > 0] Ac(M, A; @) # 7).

The latter quantity is independent of taeprimitive A, while C(M, A; «, a) does
depend on this choice: the sdt(M, A; @) =: Aé(M, A; ) depends on, but for
two w-primitives, A’ we haveA? (M, A; a) = AX(M, A; a) — L0 = ).

PROPOSITION4.9.1

Leta € 71(M), and let a€ R. If 6(M, A; o, a) < oo, then every compactly sup-
ported Hamiltonian H on 5x M with Hlgi, a > G(M, A; o, a) has al-periodic
orbit in the homotopy class with action.a (x) > a. In particular,

C(M, A;a,a) > C(M, A: , 3).

Proof
Assume first that infi, o H > é(M, A; «, a). Then, by definition of:(M, A; a,a),
there exist two real numbebsandc such that

O<c< inf H, a<b, be A:(M, A; a).
Stx A
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Hence, by definition of the set.(M, A; «), the homomorphism
T[Poo)iC ;. GHP-OI(M; o) — SHPC(M, A; )
<« —

is nonzero. Now choose a sequence of Hamiltonian functldns 2 (M) such
that H; converges tdH in the C*-topology,b ¢ .(Hi; «), and infa, A Hi > ¢

for everyi. ThenH; € ,%%b’OO(M, A; @) and so, by Propositiod.8.2 the nonzero
homomorphismTo[b’O");c factors through the Floer homology group PR (Hi; o)

for everyi. Hence there exists a sequence of periodic orhite 2?(H;; @) such
that <7y, (xj) > b. Passing to a converging subsequence, we get a periodic ork
X € Z(H;a) with o4(xX) > b > a. This proves the assertion in the case of
infaa, o H > C(M, A; o, a). If infsi, ,H = C(M, A; «, @), the result follows by
another approximation argument. O

5. Computation of the capacities

We are now in a position to compute, in certain cases, the relative symplectic hom:
ogy of the unit cotangent bundlg* X of a compact connected Riemannian manifold
X without boundary. We always work with the Liouville forian, as a primitive of
the canonical symplectic formcan We consider the following two cases:

(T X =T"=R"/Z"is the flat torus;

(N) X has negative sectional curvature.

In either case, we identifyr;(U*X) with 71(X), and in the case of the torus we
identify 771 (T™) with Z". More precisely, we identifix ¢ Z" with the homotopy class

of the loop[0, 1] — T" : t > tk + Z".

5.1. The main results

In this section we state the main results about the (relative) symplectic homolot
of open subsets of cotangent bundles and show how they can be used to estat
Theorem3.2.1(i) and (ii).

THEOREMS5.1.1
Assume (T) or (N), and consider the trivial class= 0 € 71(X). Then, forac > 0,
we have
SH2(U*X; 0) = Hy(X; Zp)
<«
and
. H.(X;Zp) ifa<c,
SH[a’Oo)’C(U*X, X; 0) ~ x( 2) . =
i 0 ifc <a.

Moreover, the homomorphism

Te&%: SHA) (U *X; 0) — SHA®iCU*X, X; 0)
<«— —
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is an isomorphism fob < a < c. In particular, for every a R,

C(U*X, X;0,a) = max0, a}.

THEOREMS5.1.2

Assume (T) or (N), and consider a nontrivial homotopy clagse € 71(X). Denote
by ¢ > 0the (unique) length of the geodesics in the clasket P := T" in the case
of (T), and let P:= Sl in the case of (N). Then, for everyaR and c¢> 0, we have

0 ifa<é,

SH2)(U*X; o) = _
= H.(P;Zy) ifa=¢

and
: H.(P; Z if0 <ac<c,
SH[a,OO),C(U*X’ X, a) g *( 2) . < =
- 0 ifa>c.

Moreover, the homomorphism
T[2005¢ s SHaX) (U*X; o) — SHEX:C(U*X, X; o)
<«— —
is an isomorphism fof < a < c. In particular, for every ae R,

C(U*X, X; a, @) = max¢, a}.

Theorem5.1.2is proved in Sectiorb.4. The proof of Theoren®.1.1is similar and
hence omitted (se®P g for the details).
We are now in a position to prove Theoren?2. 1

Proof of Theoren3.2.1

Assume thakX satisfies (T) or (N). I&x = 0, we must prove thaE(U*X, X; 0,a) =
max{0, a}. To see this, note that every compactly supported Hamiltonian functio
H e s#(U*X) has a contractible periodic orbitwith action.«4 (x) = 0 and hence
C(U*X, X;0,a) = 0 whenevera < 0. If a > 0, then Theoren®.1.1asserts that
C(U*X, X: 0,a) = a and hence

a=C(U*X, X;0,a) > C(U*X, X;0,a) > a.

Here the middle inequality follows from Propositiegn9.1 To prove the right-hand
inequality, let 0< § < a, and choose any Hamiltonian functidth = H(p) that
depends only on the momenta variables and satisfiesHnaxa — §. Then every
contractible periodic orbik € Z?(H; 0) is (up to parametrization) a contractible
geodesic and hence, singesatisfies (T) or (N), is constant and has actign(x) =
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H(x) = a — 8. This shows tha€C(U*X, X; 0,a) > a — & for everys > 0. Thus we
have proved thaC (U *X, X; 0, a) = maxQ0, a}, as claimed.

Now assumer # 0, and abbreviaté := £(y,) in the case of (N) and := |k| in
the case of (T) witle = k € Z". Then Theorens.1.2asserts thal (U*X, X; o, @) =
max{¢, a} and hence

max¢, a} = C(U*X, X; &, @) > C(U*X, X; o, @) > max¢, a}

for every real numbea. Again, the middle inequality follows from Propositiégno.1
and the rightmost inequality from an explicit construction of a Hamiltonian function
Namely, for anyd > 0 choose a compactly supported functibn [0, 1) — R such
that

m—48 forr near Q
f(r)=
0 for r near 1

wherem := max¢, a}, and
f(ry<@—r)m, —-m< f'(r)<0

for everyr. Now consider the compactly supported Hamiltonian functibn:=
f(Ip)) on U*X. Its 1-periodic solutions are reparametrized closed geodesics. Tt
sphere bundlgp| = r contains a periodic orbik in the classx if and only if
f’(r) = —¢, and the action of this periodic orbit is

(X)) =f@)—=rf'(t)y < f(r)+rm<m

(see Lem5.3.9. If a < ¢, then f'(r) > —¢ for all r; hence there is no 1-periodic
solution of length¢ and hence none in the clagsIf ¢ < a, then every 1-periodic
solution has actionzy (X) < a. In either case, there is no 1-periodic orbit in the class
o with action at least, and hence&C(U* X, X; 0,a) > m — §. Since this holds for
everys > 0, we obtainC(U*X, X; 0,a) > m, as claimed. O

5.2. Morse-Bott theory in Floer homology
Let us return to the general setting of Sectibfi, where(M, w) is a compact con-
nected symplectic manifold with convex boundaby—= dx is an exact symplectic
form, M = M \ M, 2# = (M) denotes the space of compactly supported func-
tions onStx M, and_# denotes the space of 1-periodiccompatible almost complex
structures) = J+1 on M.

A subsetP ¢ #(H) is called aMorse-Bott manifold of periodic orbiiéthe set
Co := {x(0) | x € P} is acompact submanifold &fi andTy,Co = ker(Dy1(xg) — 1)
for everyxg € Cp.
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Remark 5.2.1

The Morse-Bott condition can be reformulated as follows. First, a subset#(H)

is a compact submanifold of the loop spadd if and only if the setCy = {x(0) | x €

P} is a compact submanifold &fl. Second, for everx € P the kernel of the linear
mapDr1(x(0)) — 1 on Ty o) M is isomorphic to the space of periodic solutions of the
following linearized Hamiltonian differential equatidor vector fieldst (t) € Ty M
alongx:

Vi = Ve Xn (X), E+1) =&, (12)
whereV stands for the Levi-Civita connection of the meti¢, J-). To see this, just
note that¢ satisfies {2) if and only if £(t) = D (x(0))£(0) for all t. Note that
every tangent vector d® is a solution of {2). The Morse-Bott condition can now be
expressed in the form th&t is a compact submanifold &fM and

T«P = {£ € C®(S', x*T M) | & satisfieg(12)}.

We emphasize that the Hessian of the symplectic action functiepal LM — R

at a critical pointx is the linear operatof — V:(gradH) — (V)X — IV%é =
J(Vk X — V&) onC®(St, x*T M) (equipped with thé-2-inner product). Hence the
space of solutions ofl@) is the kernel of the Hessian efyy atx, and the Morse-Bott
condition asserts that the kernel of the Hessian agrees with the tangent space of
critical manifold P.

THEOREMb5.2.2

Let—co < a < b < 00,0 € T1(M), and H € #2P(M; a). Suppose that the
set P:= {xe Z(H;a)|a < o4 (X) < b} is a connected Morse-Bott manifold of
periodic orbits. TherHFI2P) (H; o) = H,(P; Zy).

This is a version of M. Pmiak’s theorem infPd], which was originally proved in the
context of Floer homology for Lagrangian intersections. In this section we explain tt
reduction of this theorem to Rniak’s original one.

In order to reformulate Floer homology in the Lagrangian setting, let us consids
the symplectic manifold

M:=M x M, &:=w®d(—w) =dr, *i= A D (=A).

Since is exact, there are no nonconstant holomorphic spher&! for any w-
compatible almost complex structuee _# (M, @). Sincex vanishes on the diag-
onalA ¢ M x M, there are also no nonconstant holomorphic disks with boundar
in A. Hence the standard theory of Floer homology for Lagrangian intersections a
plies as in Floer’s original workH1], [F2], and [F3]. Given H € 57 (M), define
ﬁt 3 |\7i — R by

Fit (0, x1) := Ht(X0) + H1-t(x0).
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The Hamiltonian isotopy generated bl with respect tds is given by (xo, X1) =
(Y1(X0), Y1-t o Y1 *(x1)). GivenJ € _# (M), defined; € _# (M, @) by

J =9k x (= Wamt o ¥y H*ht) = G)* (% x (—d-v) (13)
for0 <t <1/2. Givenu: R x St — M, defineli : R x [0, 1/2] — M by

(s, 1) = (wt‘l(u(s, t)), Y1 0 w;_lt(u(s, 1-1)) = (Jt)‘l(u(s, t), ues, 1—t)).

Thenu satisfies §) if and only if U satisfies the Lagrangian boundary value problem

- 1
3+ Z(MaT=0 UGS 0 €A, ﬁ(s, §> c graphiyy).  (14)
It satisfies {) if and only if U satisfies

S—Ilq:]oo u(s, t) =X, S—Ilq:]oo ost(s, 1) =0, (15)

whereX* := (x*(0), x*(0)) € A N graphy1). The solutions of {4) can be inter-
preted as the gradient flow lines of the action functional

~ z_
(%) = —/ A(X(t)) dt
0

on the space@|7 of pathsX : [0,1/2] — M with endpointsX(0) € A and
%(1/2) € graphy1) (with respect to the_2-metric determined byd). Note that
the composition of,;a7 with the mapLM — & : x — X, given by X(t) =
(wt_l(x(t)) Y10y (x(l —t))), agrees withezi4. Note also that this map induces
a bijection

F1(M) = 19(LM) = 710(P) 1 o > @&.

Hence the solutions of.f) can be used to define the Floer homology groups of the
pair (A, graphir1)) of Lagrangian submanifolds cjﬂ, ). Moreover, the Floer ho-
mology groups defined by the solutions af) are independent of the choice of the
(regular) almost complex structuk used to define them. More precisely, denote
by / the space of smooth funct|om9 1/2] — /(M @)t J~t such that
Jt = J x (—J) near the boundarydf/l whereJ € # (M, w) is convex. Given a
HamiltonianH e 7 that satisfies (H), denote byreg(H) the set of all almost com-
plex structures) € fsuch that every finite-energy soluti@rof (14) is regular in the
sense that the linearized operator al@iig surjective. Then the solutions df4) give

rise to Lagrangian Floer homology groups!®P (A, graph(y); J, &@). Moreover, it
follows as in 1], [FZ], and [F3] (and as outlined above) that these Floer homology
groups are independent of the almost complex strucTLEejTeg(H) used to define
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them. Note that if] € _#ieg(H) and J is given by (13), thenJ € fZreg(H). Hence
there is a natural isomorphism

HFD (H; @) = HF2D (A, graphys); @)

for everya € 71(M) and every Hamiltoniai e 3D (M; o), whered is the image
of « under the above homomorphista(M) = 7o(LM) — no(ﬁ). The advantage
of the Lagrangian approach in the present context is that we can use any (regu
family of w-compatible almost complex structurei}oftfl/z to define the Floer
homology groups, and we are not restricted to those arising from periodic families
almost complex structures dv via (13). Hence we can apply the results ofZh@k.

Let J e /?Vand H e s#, and denote byR — Diff(M,w) : t — 4y the
Hamiltonian isotopy generated ty. Thegraphof aloopx € LM is the set

oo = {(t ¥ ), va oy hxa-m) [0 <t < %} clo, %] x M.

For a subseP C LM, we writeI'(P) := (J,.p I'(X), and for a mafdl : R x
[0,1/2] — M, we write

WO {(t,ﬁ(s,t))‘se R O<t< %}

A subsetP ¢ 2 (H) is called aJ-isolated periodic sef there exists an open neigh-

bourhoodU C [0, 1/2] x M of I'(P) such that the following hold:

(P1) the closurdJ is a compact subset ¢, 1/2] x M;

(P2) ifU:R x[0,1/2] — M is a finite-energy solution ofl¢) with I'(T@) c U,
then there exists an € P such thau(s, t) = x(t) for every(s, t) € R2.

An open neighbourhood c [0, 1/2] x M of I'(P) which satisfies (P1) and (P2) is

called J-isolating Note that eveny-isolated periodic set is compact.

LEMMA 5.2.3
Let H € s#(M). Then every Morse-Bott manifold ;@(H) of perlodlc orbitsis a
J-isolated periodic set for every almost complex structiie /

Proof
We may assume, without loss of generality, tRats connected. Leti; denote the
distance function of the metrig, -); := @(-, J-), and consider the open set

U:= {(t,?))Of t < % KeM, supat(i, (y(% —t),y(% +t>)> < s}

yeP
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Lete > 0 be sufficiently small. Then sindgy is an isolated fixed point set faf,

it follows that everyx € 2(H) with I'(x) c U is an element oP. Now the set
satisfies (P2) because every finite-energy soltfiofR x [0, 1/2] — M of (14) with
I'(@) c U is asymptotic to the se? ass — +oo. Sincee/y = o7 is constant along
P, it follows that every such solutioii has energye (i) = 0 and hence has the form
U(s, t) =X(t) = (x(1/2—1), x(1/2+t) for somex € Z(H). O

LEMMA 5.2.4

LetHe s and Je f Suppose that = Z(H) is a J-isolated periodic set, and
suppose that Uc [0, 1/2] x M is aJ~—isoIating neighbourhood of (P). Then there
exist a compact neighbourhood & U of I'(P) and a constang > O such that the
following holds. IfR — #(M) : s+ HsandR — ¢ (M) : s~ Js are smooth
homotopies such that

IHs — Hllcz + 1 Js — Jlict + 18sHsllcz + 18s sl < 6,

dsHs = 0, and BSJNS = 0 for |s| > 1, then every finite-energy solutidh: R x
[0, 1/2] — M of (14) with (H, J) replaced by(Hs, Js) satisfies

r@cU = I'@cV.

Proof
Suppose, by contradiction, that there exist sequences

R— #:s—H, R— Z:s—~3", W:Rx[0,1/2]—> M,

and(s’,t") € R x [0, 1/2] such that the following hold:

() limyoo SURCR (IHE — Hsllcz + 19sHY llcz + 138 — Jlicr + 11853 llcr) = 0;
(ii) dsHY = 0 anddsJg = O for |s| > 1;

@iy U is a finite-energy solution ofi¢) with (H, J) replaced by HY, 32);

(iv) T(@,) cUandlim_ . 0"(s", t") € dU.

Since there are no nonconstaktholomorphic spheres iM and no nonconstark-
holomorphic disks with boundary in, the first derivatives of the functions, are
uniformly bounded. Hence, by Floer-Gromov compactness {s@¢[[G], [MS], [T]),
there exists a subsequence, still denotet*hysuch that the shifted sequene&s’ +
s, t) converges in th€1-topology on compact sets to a finite-energy solufiarR x
[0,1/2] — M of (14) such thaf" (@) c U. By taking a further subsequence, we may
assume that” — t, and henc&i(0, t) = lim,_  U"(s", t") satisfies(t, U(0, t)) €
oU c [0, 1/2] x (M \ U). This contradicts (P2). O

Lemma5.2.4 enables us to define tHecal Floer homologyHF°¢(H; P) of a J-
isolated periodic seP c 2 (H) as follows. Choose d-isolating neighbourhood
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U c Sx M of I'(P), lets > 0 be as in Lemm&.2.4 choose a Hamiltonian
function H’ such that all periodic solutionse ?(H’) are nondegenerate aftl’ —
Hlc2 < /4, and choose a regular almost complex structlire j?eg(H’) such
that |3’ — J|lc1 < 8/4. Then, by Lemm&.2.4 all the Floer connecting orbits of
(H’, 3" (i.e., solutiondY of (14) with (H, J) replaced by H’, 7)) in U are actually
contained inv. Denote the set of local periodic orbits Hf nearP by

ZH;U) =X e Z(H)|TX) cU},
and consider the local Floer chain complex

CF®H:U):= P 2zox.

x'eZ(H";U)

The boundary operatat- 33V : CHC(H’; U) — CF°(H’; U) is defined by count-
ing the index-1 solutiond’ of (14), with (H, J) replaced by(H’, 3’), such that
(@) c U. Since these solutions can never converge to the boundauy iffol-
lows thata™"9"Y is indeed a boundary operator and the local Floer homology i
defined by 5

HFS(H’, 3, U) := H,(CF°°(H’; U), 8" %Y.
The same arguments as in Floer’s original theory (8ég [F2], [F3]) now show that
this local Floer homology is independent (up to natural isomorphisms) of the isolatir
neighbourhood) and of the perturbationid’ andJ’ used to define it. We write

HF(H; P) := HF°(H’, J’; U)

for the local Floer homology in d-isolating neighbourhoot) of I'(P). Strictly
speaking, this is @onnected simple systamthe sense of Conley, namely, a small
category whose objects are the triplé$’, J’; U) of local perturbations and whose
morphisms are the canonical (unique) isomorphisms between the local Floer homa
gies HR°°(H{, 33, Uo) and HR°®(H;, J/, Uy). The details of this construction were
carried out by Poniak [P in the context of Lagrangian intersections.

THEOREM5.2.5 (Paniak [Pd))
Let H € #(M), and suppose that = #2(H) is a connected Morse-Bott manifold
of periodic orbits. ThetdF°C(H; P) = H,.(P; Z>).

Proof

The local Floer homology off nearP is isomorphic to the local Floer homology of
the pair of Lagrangian submanifoldy := A ¢ M x M andL; := graphy1) C

M x M near their clean intersectiaf := {(x(0), x(0)) | x € P}. Hence, by Po
Th. 3.4.11], it is isomorphic tdl, (A; Z2) = H.(P; Zy). O
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Proof of Theoren.2.2

Fix a 1-periodic almost complex structulee 7, and letd e / be given by (3).
Then, by Lemm&.2.3 P is a J-isolated periodic set. Léi be aJ-isolating neigh-
bourhood ofl"(P), and choose a sequence of regular perturbatibtis J*) which
agree with(H, J) in some neighbourhood @M and converge t¢H, J) in the C2-
norm. We claim that, fon sufficiently large, all the Floer connecting orbits (i.e.,
solutions of £)) for the pair(H", JV) in the homotopy clasa and the action in-
terval [a, b] are contained iJ. Otherwise, there has to be a sequentef such
connecting orbits passing througi \ U, and we can argue as in the proof of
Lemmab.2.4that, in the limitv — oo, there must be a finite-energy solution 6§ (
for the pair(H, J) in the homotopy class and the action intervadh, b] which passes
throughM \ U. However, every such connecting orbit has the foris t) = x(t) for
somex € P and so is contained ib. This contradiction proves the claim. Hence
HF2b)(H; o) = HF°¢(H; P), and hence the result follows from Theorém.5 o

5.3. The main example

In this section we consider the case whéfe= U*X is the open unit cotangent
bundle of a compact connected Riemanmamanifold X without boundary which
satisfies either (T) (i.eX is a flat torus) or (N) (i.e.X has negative sectional curva-
ture). We use the metric to identify the tangent bundle with the cotangent bundle a
denote a pointit)*X by x = (q, p), whereq € Xandp € TgX.LetH : U*X — R

be a compactly supported Hamiltonian function of the form

H(a. p) = f(pD.

wheref : R — R is a smooth function such thdit(r) = f (—r). The corresponding
Hamiltonian differential equation has the form

_ fapD
Pl

Here V denotes the Levi-Civita connection. Singg is constant, it follows thaty

is a geodesic for every solutigig, p) of (16). Moreover, sincef’(0) = 0, the zero
section{p = 0} consists of constant solutions. There are other constant solutior
X(t) = (q, p) wheneverf’(|p|) = 0, but these are not relevant in the context of the
present paper.

p, Vgp = 0. (16)

LEMMA 5.3.1
Theset B:= {x = (p,q) : S' > T*X|g =0, p = 0} is a Morse-Bott manifold of
periodic orbits for H if and only if f(0) # 0.



110 BIRAN, POLTEROVICH, and SALAMON

Proof
Sincef is even, there exists a smooth functionR — R such thatf (r) = h(r2)/2.
Thenh'(r?) = f/(r)/r andh’(0) = f”(0). So equation6) reads

a=h(p®»p, Vp=0.

By Remark5.2.1, Py is a Morse-Bott manifold if and only if the space of periodic
solutions of the linearized equation is equal to the tangent spagfof everyx =

(g, p) € Po. This means that the space of periodic solutions of the linearized equatic
has the same dimension Bg Now the linearized equation at a constant solution with
p = 0 has the form

d,\ / A " A d A
—q4=h0Op=f"0)p, —p=0.

dt dt
If £7(0) # 0, then the space of periodic solutions of this equation has dimensic
n = dim Py, and if f”(0) = 0, it has dimensionr2 O

Lemmab.3.1continues to hold for any compact Riemannian manifé§ldHowever,

in the case of (T) or (N), every nonconstant closed geodesic is not contractible. L
us now consider a nonzero homotopy clasg @& € 71(X), and let us denote bg

the (unique) length of the closed geodesics in the alaskhe space of solutions to
equation {6) which represent the classconsists of (q(t), p(t))}, where

{q(t) is a geodesic in the class parametrized so théd| = ¢; (17)

p(t) = £5q(t), wherer > 0is such thatf’(r) = £¢.
Givenr > 0 with f'(r) = 4¢, we denote
PE(r, @) := {x = (g, p) : St — U*X| p(t), q(t) satisfy (L7)}.

In the case of (T), the spad®*(r, ) is diffeomorphic toX, and in the case of (N), it
is diffeomorphic toSt.

LEMMA 5.3.2

Assume X satisfies (T) or (N). Let£ O, let£,r > 0 with f'(r) = +¢, and let
P*(r, ) be as above. Then™Rr, «) is a Morse-Bott manifold of periodic orbits for
H ifand only if f/(r) £ 0. Moreover,a/iy (X) = f(r)—rf’(r) = f(r)Fr£ for every
X € PE(r, ).

Proof
As in the proof of Lemmab.3.], it follows from Remark5.2.1 that P*(r, «) is a
Morse-Bott manifold if and only if the space of periodic solutions of the linearizec
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equation has the same dimensionRas(r, o), namely,n in the case of (T) and 1 in
the case of (N). We begin by linearizing equatiag)( Given a pathx : R — LU*X :

s > Xs = (Qs, Ps), We represent a variation af by a pairkx = (q, p) of periodic
vector fields alongj via § := ds0s and p := Vsps. Sinceds|p| = |p|~L(p, Vsp), the
linearized equation has the form

)

4
td -

~ [P AP nonf P A\ P L )
(b=(F b))+ 1O B)7.  Wp+——R@ pp=0. (18)
Here R € Q2(X, End(T X)) denotes the Riemann curvature tensor. Note that in th
case of f(r) = r2/2 we have§ = p, and so {8) is equivalent to the standard
Jacobi equatio®™ V4 + R(q, p)qg = 0.

The periodic solutions of equatioi&) form the kernel of the Hessian of the
symplectic action (see Rera.2.1). Taking the pointwise inner product of the second
equation in (8) with p and using% p = 0, we find thatp, p) is constant. Hence,
taking theL.2-inner product of the first equation in§) with p and using the fact that
|pl = r, we find that every periodic solution of{) satisfies

') (p. B =0.

Moreover, taking thé 2-inner product of the second equation irg{with § and using
the first equation, we find that every periodic solutionif)(satisfies

/01(|p|2 - ﬁ)z ~(R@. pp.d))dt=0.

Now suppose thaX has nonpositive sectional curvature, and supposefth@p = 0.
Thenp = 0 andvt§ = O for every periodic solution of1@). Hence the space of
periodic solutions of {8) has dimensiom in the torus case (namelgj, is uniquely
determined byj(0) € Tq(0) X) and has dimension one in the negative curvature cas
(namely,q is a scalar multiple op). In both cases, it follows that the kernel of the
Hessian of the symplectic action at every poirg P*(r, «) has the same dimension
asP*(r, ) and hence is equal to the tangent spadedfr, «) atx. This is equivalent

to the Morse-Bott nondegeneracy condition (see Rem.). If, on the other hand,
f”(0) = 0, then the dimension of the space of periodic solutions 8fic n + 1 in

the torus case and is 2 in the negative curvature case. O

5.4. Proof of Theorera.1.2

Fix a nontrivial homotopy clase € 71(X), and let¢ denote the length of the
geodesics in this class. Moreover, fix a real number 0, and choose a smooth
family of real functiong fs(r)}scr, defined for € R, with the following properties

(see Figl).
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0] For allsandr, fs(—r) = fs(r).
(ii) For everys € R,

fs(0) > c, lim fs(0) =c, lim f5(0) = oo.
S——00 S—> 00

(iii)  Forallsandr, we haveds fs(r) > 0.
(iv) Ifs>1,then
fs(0) if0O<r <1-3/8s,
fs(r) = .
0 ifr >1-—1/8s,

f{(r) <Oforallr > 0and

f/(r)y<0 if1-3/8<r <1-—2/8s,
f/(r)y>0 if1-2/8<r <1-1/8s,

(v) If s < -1, then

fs(0) if0 <r <1/8|s]|,
fs(r)=1s if3/8ls| <r <1—3/8|s]|,
0 ifr >1-—1/8|s|,

fi(r)y <Oforr <1/2, f{(r) > Oforr > 1/2, and

f/(r) <0 if1/8|s| <r < 2/8]s],
f/(r) >0 if2/8|s| <r < 3/8|s|.

(vi)  For everys € R such thatfs(0) > ¢, there exist real numberg > rs > 0
such that

fo(rs) = fo(rg) = —¢, fo(rs) <0, f(ry) > 0,

and f(r) # —¢ for everyr € [0, 00) \ {rs, I'g}.
(vii)  For everys € R, the only possible points > 0 with f{(r) = ¢ must satisfy
fs(r) < 0.
It is not hard to show that such a family of functiop&(r)}scr indeed exists. Now
defineHs : U*X — R by
Hs(d, p) := fs(IpD).

Consider first periodic orbits dfls which belong to one of the seB&" (r, «) (r > 0),

as defined by(7). We claim that the corresponding action is negative. Indeed, at suc
avalue ofr > 0, we havefS(r) = ¢, and the action ifs(r) — ¢r, which is negative
due to (vii).
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L
1 allength

Figure 1. A family of profile functions
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Next, denote byPs := P~ (rs, @) andP; := P~ (r¢, o) the other two components
of the set of periodic solutions in the clagss defined by1(7). ThenPs and P are
both diffeomorphic tdI™ in the case of (T) and t& in the case of (N). Moreover,
by (vi) and Lemm&b.3.2 they are Morse-Bott manifolds of periodic orbits fdg for
everys € R, and the values of the symplectic action functional on these two critice
manifolds are

H (Ps) = fs(rs) +rst, WHS(PS/) = fs(l’é) + I’éﬂ.

Fix a real numbea, and denoteé® := T" in the case of (T) an® := S! in the case
of (N). We prove Theorer.1.2in five steps.

Step 11f a < ¢, then SHR- ) (U*X; «) = 0.
<«

By (iv), fi(r) < Oforeverys > 1,r > 0; hence fos > 1 there are no periodic orbits
of the typeP ™ (r, «). Thus fors > 1 the only families of periodic orbits arés and
Ps. Since bottrs andrg converge to 1 as — oo, it follows that the set$s and Pg
both have action bigger thanfor s sufficiently large. Hence

HF@%) (Hg; o) = HA =) (Hg; @) = 0

for s sufficiently large. The last equation holds becausg 0, so HE=>%) (H; )
is independent oH, and there is a Hamiltonian function with only contractible 1-
periodic orbits. Now step 1 follows from Lemrdar. 1(ii).

Step 2If a > ¢, then SHF) (U*X; o) = H,(P; Z»). Moreover, the homomorphism
<«
7s 1 SHE(U*X; o) — HA2®) (Hg; )
<«
is an isomorphism whenevdg(0) > a.

Asa > ¢ > 0, we may ignore all periodic orbits of the tyfe" (r, «) and consider
only the familiesPs, P;. The numberss andrg are the critical points of the function
fs¢ : [0, 1] — R given by

fso(r) := fs(r) +re. (29)

By (vi), the pointrs is a strict local maximum, and the poirf > rs is a strict local
minimum. Suppose thafs(0) > a. Thenfs,((0) = fs(0) > aandfs (1) = ¢ < a;
hence it follows thatfs ¢ (rs) > a and fs¢(r;) < a. This means that

%HS(PS) > a, JZfHS(PS/) < a.
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Hence, by Theorerfi.2.2 HF2%) (Hg: o) = H,(P; Z»), and, by Propositiod.5.7,
the monotone homomorphisa, g, HF2%) (Hg : o) — HF2%)(Hg; ) is an
isomorphism whenevefs (0) > afori = 0,1 ands; < 5. Step 2 follows from
Lemmad4.7.1(ii).

Step 3If a > ¢ > 0, then SHA-*:C(U*X, X; «) = 0.
_)

As a > 0, we can again ignore all orbits of tyde* (r, «). Since bothrs andr/
converge to zero as— —oo, it follows that the set®s and P; both have action less
thana for —s sufficiently large. Hence HE> (Hs; o) = 0 for —s sufficiently large.
Hence step 3 follows from Lemma7.1(i).

Step 41f 0 < a < c, then SHR®:C(U*X, X; ) = H,(P;Z,). Moreover, the
—
homomorphism
ts - HF2%) (Hg; o) — SHI2®NCU*X, X; a)
—

is an isomorphism fos <« —1.

Sincea > 0, we may ignore as in previous steps orbits of type(r, «). Let fsy :
[0, 1] — R be given by (9). Then, by (ii), fs ¢ (0) = fs(0) > ¢ > a and hence

g (Ps) = fso(rs) > f5,(0) > a.
If s < min{—1,a—¢/2}, thenfs,(1/2) = s+ £/2 < aand hence
g (P9 = fse(ry) < a.

By Theorem5.2.2, HF2®) (Hg; o) = H.(Ps;Z») for s < min{—1,a — £/2}.
By Proposition4.5.1, the monotone homomorphisak, ny = HF®* (Hg; 0) —
HF!2%) (Hg ; 0) is an isomorphism fos; < sp < min{—1,a — £/2}. Step 4 now
follows from Lemma4.7.1(i).

Step 5If ¢ < a < ¢, then the homomorphism
T 2000 SHA®) (U*X; @) — SHEX:CU*X, X; o)
<« —
is an isomorphism.

By (ii), fs(0) > ¢ > afor everys. Hence, by step 275 is an isomorphism for every
s € R. Moreover, by step 45 is an isomorphism fos <« —1. By Proposition4.8.2,
TJ20%C — ¢ o 75 for everys. HenceT® € is an isomorphism.
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It remains to prove the statement ﬁnU*X, X; a, a). Indeed, it follows from
what we proved above tha.(U* X, X, ; o) = [£, c] for everyc > 0. Therefore, for
everya € R, we have

C(U*X, X;a, @) = inf [c > 0] supAc(U*X, X; @) > a} = max¢, a}.

The proof of Theoren3.1.2is complete. O
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