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Abstract
The main result asserts the existence of noncontractible periodic orbits for compactly
supported time-dependent Hamiltonian systems on the unit cotangent bundle of the
torus or of a negatively curved manifold whenever the generating Hamiltonian is suf-
ficiently large over the zero section. The proof is based on Floer homology and on the
notion of a relative symplectic capacity. Applications include results about propaga-
tion properties of sequential Hamiltonian systems, periodic orbits on hypersurfaces,
Hamiltonian circle actions, and smooth Lagrangian skeletons in Stein manifolds.

1. Introduction

1.1. Stable propagation
Let M := U∗Tn be the open unit cotangent bundle of then-dimensional Euclidean
torusTn

= Rn/Zn. We express the elements ofM in terms of the canonical coordi-
nates(q1, . . . ,qn, p1, . . . , pn), whereqi ≡ qi +1. Thus we identifyM with Tn

×Dn,
whereDn

= {|p| < 1} is the open unit ball inRn, and|v| stands for the Euclidean
norm of a vectorv ∈ Rn. Consider the spaceH of all smooth compactly supported
functions on[0,1]×M . Every functionH ∈H gives rise to the Hamiltonian system
on M :

q̇ =
∂H

∂p
(t,q, p), ṗ = −

∂H

∂q
(t,q, p). (1)

The flow ht which sends any initial conditionx(0) = (q(0), p(0)) to the solution
x(t) = (q(t), p(t)) at timet is called theHamiltonian flow(or isotopy) generated by
H , and the time-1 maph1 is called theHamiltonian diffeomorphismgenerated byH .
The set of all Hamiltonian diffeomorphisms ofM form a group denoted byD .

Let f∗ = { fk}k=1,2,... be an infinite sequence of Hamiltonian diffeomorphisms.
We consider f∗ as a dynamical system as follows. Putf (k) = fk · · · f1. This se-
quence is called theevolutionof f∗. The orbit{xk}k∈N of a pointx ∈ M is defined by
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xk = f (k)x. Classical dynamical systems (iterations of a single mapf ) correspond
to constant sequencesfk ≡ f . Sequential systems arise naturally as perturbations of
the classical ones. In a number of interesting situations, stability has been observed in
the sense that these perturbations inherit dynamical properties of the original system
(see [PR]). In this paper we present a new stability phenomenon of this type—stable
propagating behaviour—which we are going to describe next.

Every Hamiltonian diffeomorphismh has acanonicallift h̃ to the universal cover
M̃ = Rn

× Dn of M . Throughout we denote

Q :=
{
(q, p) ∈ M̃

∣∣∣ |p| < 1, max
i
|qi | ≤

1

2

}
;

this is a fundamental domain of the covering.

Definition
A sequential systemf∗ propagates to infinity with speed(at least)c if for every vector
v ∈ Rn with |v| ≤ c there exists a sequence of pointsx̃k ∈ Q such that the sequence
(pk,qk) := f̃ (k)(̃xk) satisfies

lim
k→∞

qk

k
= v.

In other words, the projection toRn of f̃ (k)(Q) covers the Euclidean ball of radiuskc
up to an error that is small with respect tok.

Let us illustrate this notion in the following simple example. Consider a Hamiltonian
function H ∈ H which depends only on momenta variables:H = H(p). The lift
of the corresponding Hamiltonian flow to the universal cover is given byh̃t (q, p) =
(q+ t∇H(p), p). Therefore the projection of̃hk(Q) to Rn coincides up to a bounded
error with the setk I , whereI denotes the image of the gradient mapp 7→ ∇H(p).
Assume now thatH(0) > c for somec > 0. We claim thatI contains the Euclidean
ball of radiusc centered at zero. Indeed, for everyv ∈ Rn with |v| ≤ c the function
F(p) := H(p) − pv satisfiesF(0) > c andF ≤ c near∂Dn

= Sn−1. ThereforeF
attains its maximum at a pointp0 ∈ Dn. Hence∇H(p0) = v, and the claim follows.
This shows that in our example we have propagation with speedc.

The groupD carries a remarkablebi-invariant metric ρ calledHofer’s metric
(see [H]). The corresponding geometry provides us with a suitable language for the
study of various stable phenomena in Hamiltonian dynamics. Given a diffeomorphism
f ∈ D , write ρ(id, f ) for inf(maxF − min F) where the infimum is taken over all
HamiltoniansF ∈ H generatingf . Define Hofer’s distanceρ( f, g) between two
elementsf, g ∈ D asρ(id, f g−1).

THEOREM A (Stable propagation)
Let 0 < a < c, and suppose that h is a Hamiltonian diffeomorphism generated by
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a Hamiltonian H ∈ H such that H(t,q,0) ≥ c, for all t and q. Let f∗ be any
sequential system such thatρ( fi , h) < a for all i ∈ N. Then f∗ propagates to∞ with
speed c− a.

Theorem A is proved in Section2.3. Interestingly enough, such a propagating be-
haviour may be completely destroyed by an appropriate arbitrarilyC∞-small dissi-
pative perturbation even in the framework of classical dynamics. In Section2.4 we
elaborate this in the case ofn = 1. We show that every Hamiltonian diffeomorphism
h generated by the HamiltonianH = H(p) admits an arbitrarily small smooth (non-
Hamiltonian!) perturbationf such that the images̃f k(Q), k ∈ N, of the setQ under
the iterates of̃f remain in a compact part of̃M .

Note that Theorem A does not provide any information about propagation ofin-
dividual trajectories on the universal cover (and we doubt that such information is
available at all in this generality). The situation improves when one considers se-
quencesf∗ = { fi }, which roughly speaking are uniformly distributed with respect to
some “nice” measure onD whose support is close toh in the sense of Hofer’s metric.
It turns out that such sequential systems have trajectories that propagate to∞ with
constant velocity. We refer the reader to Section2.3for the details.

1.2. Noncontractible closed orbits
The main tool for studying stable propagation as described in Section1.1 is an ex-
istence result for noncontractible periodic solutions of compactly supported Hamil-
tonian systems under quite robust assumptions on the Hamiltonian functions. This
result is based on Floer homology filtered by the symplectic action, and its proof is
quite involved. A solutionx(t) = (q(t), p(t)) of a Hamiltonian system generated by
a functionH ∈ H is calledperiodic if p(1) = p(0) andq(1) = q(0) + e for some
integer vectore ∈ Zn. The latticeZn is identified in a natural way with the funda-
mental group ofM ; hence we refer toe as thehomotopy classof the solution. An
important quantity associated to a periodic solution is itsaction:

AH (x) =
∫ 1

0

(
H

(
t,q(t), p(t)

)
−

n∑
i=1

pi (t)q̇i (t)
)

dt.

Denote byZ ⊂ M the zero section{p = 0}.

THEOREM B

For every compactly supported smooth Hamiltonian function H∈ H and every
e∈ Zn such that

|e| ≤ c := inf
[0,1]×Z

H, (2)
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the Hamiltonian system (1) has a periodic solution x(t) in the homotopy class e with
actionAH (x) ≥ c.

The result above issharpin the following sense. First, the inequalities in Theorem B
which guarantee the existence of periodic solutions in the classecannot be improved.
For instance, for everyε > 0 it is easy to produce a Hamiltonian of the formH =
H(|p|) whose restriction to[0,1]×Z equals 1−ε and such that all periodic solutions
are contractible (such a functionH(|p|) can be obtained from 1−|p| by an appropriate
smoothing). Second, the zero sectionZ in the inequality (2) cannot be replaced by an
arbitrary smooth section. Consider, for instance, an arbitraryC∞-small perturbation
S= {p = u(q)} of Z such that the 1-formu(q)dq onTn is notclosed. (In symplectic
terms this means that the sectionS is non-Lagrangian; this is possible only when
n ≥ 2.)

THEOREM C

Given any c> 0, there exists a Hamiltonian function H∈ H such that H(t, x) ≥ c
for every t∈ [0,1] and every x∈ S and such that every1-periodic solution of (1) is
contractible.

If one takesS as the graph ofan exact1-form onTn, the assertion of Theorem B re-
mains valid withZ replaced byS. Thus the existence mechanism for noncontractible
periodic solutions described in Theorem B is quite sensitive to the choice of a subset
where the Hamiltonian is large enough. This phenomenon is studied below in terms
of a relative symplectic capacity(see Sec.3).

On the other hand, the statement of Theorem B isrobust from the following
viewpoint: if the restriction of a HamiltonianH to [0,1] × Z is bigger than a certain
positive number, Theorem B guarantees that most of the periodic solutions persist
underC0-perturbations of the Hamiltonian. This robustness plays a crucial role in the
study of stable propagation.

In Section3 we prove Theorem B and its generalization where the torus is re-
placed by a hyperbolic manifold. The proof uses Floer homology for the action func-
tional on the space of noncontractible loops. The main difficulty we have to go around
is as follows. Since we deal with compactly supported Hamiltonians, noncontractible
solutions are “nonessential” from the viewpoint of Floer homology—they may not
persist under deformations of the Hamiltonian. In brief, the idea of the proof can be
described as follows. One can squeeze the Hamiltonian functionH between two more
or less standard functions,H− ≤ H ≤ H+, whereH− and H+ depend only on|p|.
The filtered Floer homologies ofH− and H+, as well as the natural morphism be-
tween them, can be computed explicitly. This morphism turns out to be nontrivial,
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and since it factors through the Floer homology ofH , we get nontrivial information
about the noncontractible periodic solutions corresponding toH . The calculations are
quite involved; hence we introduce a convenient algebraic tool—relative symplectic
homology—which helps us perform them in a more organized way.

Noncontractible orbits of Hamiltonian systems were studied earlier in a num-
ber of interesting situations. In a beautiful paper [GL], D. Gatien and F. Lalonde
considered the following setting. LetL0 and L1 be two disjoint closed Lagrangian
submanifolds of a symplectic manifold. Assume thatH is an autonomous Hamilto-
nian function that is “small” onL0 and “large” onL1. It turns out that under certain
additional assumptions of a topological nature one can prove the existence of noncon-
tractible periodic orbits for the Hamiltonian flow generated byH . This result was the
starting point for Theorem B. Another important idea of a symplectic capacity which
is sensitive to the fundamental group is contained in M. Schwarz’s work [Sc]. We
develop it further in Section3. Noncontractible orbits of autonomous Hamiltonians
on cotangent bundles whose levels are starshaped were considered by a number of
authors (see, e.g., [C1]). In contrast to our case, these closed orbits are homologically
essential in the sense of Floer homology. Let us mention finally that the interest in
noncontractible periodic orbits on cotangent bundles comes from classical mechan-
ics, where one considers HamiltoniansH(t,q, p) which are convex with respect to
the momenta variablep. In this case, the existence of closed orbits in given homotopy
classes can be derived with methods from the classical calculus of variations.

2. Stable propagation in sequential Hamiltonian dynamics
In this section we study stable propagation along the lines mentioned in the introduc-
tion. The main tool is Theorem B.

2.1. Preliminaries on Hamiltonian diffeomorphisms
Let M be an open manifold (i.e.,M is connected, noncompact, and has no boundary),
and denote by

π : M̃ → M

its universal cover. Let Diff0(M) denote the group of compactly supported diffeo-
morphisms ofM which are isotopic to the identity by isotopies with compact sup-
port in [0,1] × M . Then everyh ∈ Diff 0(M) has a canonical lift̃h : M̃ → M̃
to the universal cover. To see this, choose a compactly supported isotopy[0,1] →
Diff 0(M) : [0,1] 7→ ht from h0 = id to h1 = h. Given x̃0 ∈ M̃ , lift the path
[0,1] → M : t 7→ ht (π(̃x0)) to a path[0,1] → M̃ : t 7→ x̃(t) such that̃x(0) = x̃0,
and definẽh(̃x0) := x̃(1). The following remark shows that this definition is indepen-
dent of the choice of the isotopyt 7→ ht .
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Remark 2.1.1
Let t 7→ φt andt 7→ ψt be two compactly supported isotopies such thatφ1 = ψ1 =

h ∈ Diff 0(M). Given a pointx ∈ M , consider the pathst 7→ φt (x) andt 7→ ψt (x)
connectingx to h(x). We claim that they are homotopic with fixed endpoints. To see
this, choose a path[0,1] → M : s 7→ γ (s) such thatγ (0) = x andγ (1) lies outside
the support of the isotopies. Looking atϕt (γ (s)) andψt (γ (s)), it is easy to see that
pathst 7→ φt (x) andt 7→ ψt (x) are both homotopic with fixed endpoints to the path
0 obtained by going first fromx to γ (1) alongγ and then fromγ (1) to h(x) along
h(γ−1). Hereγ−1 stands for the reverse ofγ .

Now suppose thatM is equipped with a symplectic formω, and denote byD ⊂
Diff 0(M) the group of Hamiltonian diffeomorphisms that are generated by compactly
supported Hamiltonian functions on[0,1] × M . Given a compact subsetA ⊂ M and
a real numberc, let us denote byDc = Dc(M, A) ⊂ D the subset of Hamiltonian
diffeomorphisms that are generated by compactly supported Hamiltonian functions
H ∈ C∞0 ([0,1]×M) with inf[0,1]×A H ≥ c. As before, denote byρ the Hofer metric
onD .

PROPOSITION2.1.2
Let c > a be positive numbers, and let f, g ∈ D be Hamiltonian diffeomorphisms
with f ∈ Dc andρ( f, g) < a. Then g∈ Dc−a.

Proof
This is an immediate consequence of the following product formula. If the functions
8t and9t generate Hamiltonian flowsφt andψt , respectively, then the product flow
φt ◦ ψt is generated by the Hamiltonian8t +9t ◦ φ

−1
t .

In what follows we also deal with time-periodic Hamiltonians, namely, functionsH
satisfyingH(t, ·) = H(t + 1, ·). It is useful to think of these Hamiltonians as smooth
functionsH : S1

×M → R, where we identifyS1 ∼= R/Z. The following proposition
shows that everyh ∈ Dc can be generated by a periodic Hamiltonian bounded below
by c on S1

× A.

PROPOSITION2.1.3 (Periodic Hamiltonians)
Let M be an open symplectic manifold, and let A⊂ M be a compact subset. Let h be a
Hamiltonian diffeomorphism of M generated by a Hamiltonian H∈ C∞0 ([0,1]×M)
with inf[0,1]×A H ≥ c. Then there exists a HamiltonianH ∈ C∞0 (S

1
× M) with

infS1×A H ≥ c that generates h.
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Proof
Let ht denote the Hamiltonian isotopy generated byH , and let ft denote the Hamilto-
nian flow generated by a time-independent compactly supported functionF : M →
R. Let τ : [0,1] → [0,1] be a smooth nondecreasing function that equals zero near
t = 0 and equals 1 neart = 1. Then the Hamiltonian isotopy

ht := ft−τ(t) ◦ hτ(t)

is generated by the Hamiltonian function

H t := F + τ ′(t)(Hτ(t) − F) ◦ fτ(t)−t .

The functionH t equalsF neart = 0 andt = 1 and hence defines a smooth Hamil-
tonian onS1

× M . Moreover,h1 = h1 = h. If F is chosen to be equal toc in a
neighbourhood ofA, then ft is equal to the identity onA andHτ(t) − F is nonnega-
tive on A; hence infA H t ≥ c for everyt .

In the remainder of this section, we assume thatM = U∗Tn is the open unit cotan-
gent bundle andA = Z = Tn

⊂ U∗Tn is the zero section. Givene ∈ Zn, we
denote byTe the deck transformation(q, p)→ (q + e, p) of the covering. Note that
1-periodic solutions of the Hamiltonian system associated toH are in one-to-one cor-
respondence with the fixed points ofh. The homotopy class of the periodic solution
x(t) corresponding to the fixed pointx ∈ M (or, in brief, thehomotopy class of the
fixed point x) can be determined as follows. Pick a lifty of x. Thenh̃(y) = Te(y)
for somee ∈ Zn, and thise is the homotopy class in question. (We emphasize that
the classe depends onh alone regardless of the Hamiltonian isotopy generating it;
see Rem.2.1.1.) In this terminology Theorem B asserts that every diffeomorphism
h ∈ Dc = Dc(U∗Tn,Tn) has a fixed point in the homotopy classese for everye such
that |e| ≤ c. It turns out that the same result allows us to get information on the fixed
points of the iterateshk for k ∈ N.

PROPOSITION2.1.4
If h ∈ Dc, then hk ∈ Dkc for every c> 0 and every k∈ N. In particular, hk has a
fixed point in every homotopy class e∈ Zn such that|e| ≤ kc.

Proof
We have seen in Proposition2.1.3 that, for everyh ∈ Dc, one can find a function
H : R× M → R which is 1-periodic in time, satisfies infR×A H ≥ c, and generates
h as the time-1 map. It follows that thekth iteratehk is generated bykH(kt, x); hence
hk
∈ Dkc, and hence the result follows from Theorem B.
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2.2. A lemma from ergodic theory
Let X be a compact metrizable topological space, and letf : X → X be a homeo-
morphism. LetM ( f ) denote the subset off -invariant Borel probability measures.

LEMMA 2.2.1
Let f : X→ X be a homeomorphism of a compact metric space, and let u: X→ Rn

be a continuous function. Consider the linear projection

M ( f )→ Rn
: µ 7→ R(µ) :=

∫
u dµ.

Let r be an extremal point of the compact convex set K:= R(M ( f )) ⊂ Rn. Then
there exists an ergodic f -invariant Borel probability measureµ ∈ M ( f ) such that
r =

∫
u dµ.

Proof
The setMr ( f ) := {µ ∈ M ( f ) | R(µ) = r } is a nonempty weak-∗ compact convex
subset of the dual space ofC0(X). Hence, by the Krein-Milman theorem, it has an
extremal pointµ. We prove thatµ is an extremal point ofM ( f ). To see this, suppose
thatµ = (1− t)µ0 + tµ1 such thatµ0, µ1 ∈M ( f ) and 0< t < 1. We must prove
thatµ0 = µ1. To see this, letr0 := R(µ0) andr1 := R(µ1). Thenr = (1− t)r0+ tr1

andr0, r1 ∈ K . Sincer is an extremal point ofK , it follows thatr0 = r1 = r and
henceµ0, µ1 ∈ Mr ( f ). Sinceµ is an extremal point ofMr ( f ), this implies that
µ0 = µ1. Thus we have proved thatµ is an extremal point ofM ( f ), and hence it is
an ergodicf -invariant Borel probability measure.

2.3. Stable propagation revisited
Let us now return to the case whereM = U∗Tn is the open unit cotangent bundle of
then-torus andD is the group of compactly supported Hamiltonian diffeomorphisms
of M . Fora > 0 andh ∈ D , denote by

B(h,a) :=
{

f ∈ D
∣∣ ρ( f, h) < a

}
the open ball of radiusa in Hofer’s metric. Recall that Theorem A states the following.
Let c > a > 0 be real numbers, leth ∈ Dc be a Hamiltonian diffeomorphism, and let
f∗ be a sequential system such thatfi ∈ B(h,a) for everyi ∈ N. Then f∗ propagates
to∞ with speedc− a. We now prove Theorem A, assuming Theorem B.

Proof of Theorem A
Write fi = hψi with ρ(id, ψi ) < a. Then the evolution off∗ can be written as
follows:

f (k) = (hψkh−1)(h2ψk−1h−2) · · · (hkψ1h−k)hk.
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Combining the fact thatρ is bi-invariant with the triangle inequality, we get

ρ( f (k), hk) < ka.

Now letw ∈ Rn be any vector such that|w| ≤ c− a, and choose a sequencevk ∈ Zn

such that
w = lim

k→∞

vk

k
, |vk| < k(c− a).

Sincehk
∈ Dkc (see Prop.2.1.4), we obtain from Proposition2.1.2 that f (k) ∈

Dk(c−a). Hence, by Theorem B, there exists a pointx̃k = (qk, pk) ∈ Q so that
f̃ (k)(̃xk) = (qk + vk, pk). Since the sequenceqk is bounded, we have limk→∞(qk +

vk)/k = w, and hencef∗ propagates to∞ with speedc− a.

Now we turn to the study of the longtime behaviour ofindividual trajectories. We
start with the following general definition. Consider the trajectoryxk = f (k)(x) of a
point x ∈ M under a sequential systemf∗. Let x̃ ∈ M̃ be a lift of x, and consider the
lifted trajectorỹxk = f̃ (k)(̃x) in the universal cover.

Definition
A trajectory xk of a sequential system with a lift̃xk = (qk, pk) ∈ M̃ is said to
propagate with velocity vector r∈ Rn if

lim
k→∞

qk

k
= r.

The Euclidean norm ofr is called thespeedof the trajectoryxk.

As an illustration, let us mention that everyk-periodic orbit of a Hamiltonian diffeo-
morphismh in a nonzero homotopy classe∈ Zn propagates with velocity vectore/k.
Note also that propagation in the universal coverM̃ corresponds to “rotation” inM .
In classical dynamics the velocity vector of a propagating orbit is called the rotation
vector.

Consider now thed-dimensional torusTd
= Rd/Zd (which plays the role of the

“parameter space” of the sequential system). Fix a vectorα = (α1, . . . , αd) whose
coordinates are independent over the rationals. Letg : Td

→ D be a map that is con-
tinuous with respect to theC0-topology onD . For a pointy ∈ Td, define a sequential
system

f∗(y) :=
{
g(y+ kα)

}
k∈N.

Roughly speaking, the sequencef∗(y) is “random”—it is uniformly distributed on
the subsetg(Td). The next result is an improvement of Theorem A for (almost all)
such sequences.
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THEOREM 2.3.1
Let 0 < a < c be real numbers, and let h∈ Dc be a Hamiltonian diffeomorphism.
Let g : Td

→ D be a continuous map whose image is contained in B(h,a). Then,
for a set of Lebesgue measure1 of points y∈ Td, the sequential system f∗(y) has at
least n+ 1 trajectories that propagate with speed at least c− a.

In fact, there exists a compact convex set K⊂ Rn containing the closed ball
of radius c− a in Rn centered at the origin so that the following holds. For every
extremal point r∈ K, there exists a subset Yr ⊂ Td of Lebesgue measure1 such
that, for every y∈ Yr , the system f∗(y) has a trajectory that propagates with velocity
vector r .

The basic feature of the irrational shift of the torus which is crucial for our purposes
is unique ergodicity, which means that it has a unique invariant Borel probability
measure (the Lebesgue measure). The assertion of Theorem2.3.1continues to hold,
and the proof remains the same if one replaces the torusTd by an arbitrary compact
metric spaceY, the Lebesgue measure by any Borel probability measureσ , and the
irrational shift by anyσ -preserving uniquely ergodic homeomorphism ofY.

Proof
Let M denote the closed unit cotangent bundle, and letM̃ denote its universal cover.
Write Y := Td andφ(y) := y + α, and denote byσ the Lebesgue measure onY.
Consider the skew-product map

M × Y→ M × Y : (x, y) 7→ S(x, y) :=
(
g(y)(x), φ(y)

)
and its canonical lift̃S to M̃ × Y. There exist functionsu, v : M × Y→ Rn so that

S̃(q, p, y) =
(
q + u(q, p, y), v(q, p, y), φ(y)

)
.

Here we slightly abuse notation and writeu(q, p, y) instead ofu(x, y) whenever
x̃ = (q, p). The functionu which measures displacement along theq-plane onM̃
plays an important role below. Note thatu has compact support inM × Y.

Let M (S) denote the set of allS-invariant Borel probability measures onM×Y.
This space is convex and weak-∗ compact (see Sec.2.2). For a measureµ ∈ M ,
define itsrotation vector R(µ) ∈ Rn by

R(µ) :=
∫

u dµ ∈ Rn.

The mapR :M (S)→ Rn is affine and continuous. Hence its imageK := R(M (S))
is a compact convex subset ofRn. This set has all the properties formulated in the
theorem.
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We prove thatK contains a ball of radiusc − a. Pick a vectorv ∈ Rn with
|v| ≤ c− a, and pick a pointy ∈ Y. Then, by Theorem A, there exists a sequence
xk ∈ M such that

lim
k→∞

1

k

k−1∑
i=0

u
(
Si (xk, y)

)
= v.

Denote byδi,k the Dirac measure onM × Y concentrated atSi (xk, y), and consider
the sequence of measuresµk on M × Y defined by

µk :=
1

k

k−1∑
i=0

δi,k.

By Alaoglu’s theorem, this sequence has a limit pointµ = limν→∞ µkν with respect
to the weak-∗ topology. Since

lim
k→∞

( ∫
F ◦ S dµk −

∫
F dµk

)
= lim

k→∞

F(Sk(xk, y))− F(xk, y)

k
= 0

for every continuous functionF : M × Y → R, the limit pointµ is S-invariant.
Moreover, it satisfies

R(µ) =
∫

u dµ = lim
ν→∞

∫
u dµkν = lim

ν→∞

1

kν

kν−1∑
i=0

u
(
Si (xkν , y)

)
= v.

Hencev ∈ K .
We prove that the extremal points ofK satisfy the requirements of the theorem.

Let r be an extremal point ofK . Then, by Lemma2.2.1, there exists an ergodic
measureµr ∈ M (S) such thatR(µr ) = r . By Birkhoff’s ergodic theorem, there
exists a Borel setZr ⊂ M × Y such thatµr (Zr ) = 1 and

lim
N→∞

1

N

N−1∑
i=0

u
(
Si (z)

)
=

∫
u dµr = r

for everyz ∈ Zr . Note thatZr ⊂ M × Y. Let Yr ⊂ Y be the image ofZr under the
obvious projectionM × Y → Y, and letσr be the pushforward of the measureµr

(i.e.,σr (B) := µr (M×B) for every Borel setB ⊂ Y). Thenσr is aφ-invariant Borel
probability measure onY and so, by unique ergodicity, equalsσ . Hence

σ(Yr ) = σr (Yr ) = µr (M × Yr ) ≥ µr (Zr ) = 1.

Moreover, for everyy ∈ Yr there exists a pointx ∈ M such that(x, y) ∈ Zr . By
definition of the setZr , the trajectory of the pointx under the systemf∗(y) propagates
with velocity vectorr .
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Let us mention that the idea of detecting propagating trajectories by looking at limits
of invariant measures sitting at noncontractible periodic orbits goes back to J. Mather’s
work [M].

2.4. A dissipative counterexample
Assumen = 1 so thatM = S1

× (−1,1) is the annulus. LetH : S1
× (−1,1) →

R be any compactly supported function that depends only on the momenta variable
and has an arbitrarily large value atp = 0. Then the corresponding Hamiltonian
diffeomorphismh has the form

h(q, p) =
(
q + H ′(p), p

)
,

whereH ′ denotes the derivative ofH . Recall thatQ denotes the fundamental domain
Q := [−1/2,1/2] × (−1,1) in the universal cover̃M = R × (−1,1). We present
an example of an arbitrarily small smooth perturbationf of h such that the images
f̃ k(Q) under the iterates of̃f remain in a compact part of̃M ; thus the propagating
behaviour disappears. Assume, without loss of generality, that the support ofH =
H(p) is contained in the open interval(−1/2,1/2), and letγ := maxp |H ′(p)|.

Let u : [−1,1] → [−1,1] be an orientation-preserving diffeomorphism such
thatu(s) > s for −3/4 < s < 3/4 andu(s) = s for |s| ≥ 3/4. Note thatu can be
chosen arbitrarily close to the identity. ChooseN ∈ N such thatuN(−2/3) > 2/3.

Define a mapφ : M → M byφ(q, p) := (q,u(p)), and let f := φh. For a point
x = (q0, p0) ∈ Q, consider its orbit(qi , pi ) := f̃ i (x). We claim that|qi − q0| ≤

(N + 1)γ for all x ∈ Q and i ∈ Z. This universal estimate means the absence of
propagation.

To prove this, note thath preserves thep-coordinate andφ preserves theq-
coordinate of each point. Moreover, the sequencepi is nondecreasing. If|p0| ≥ 3/4,
then(pi ,qi ) = (p0,q0) for all i ∈ Z. If |p0| < 3/4, then limi→±∞ pi = ±3/4. In
this case, letj0 ∈ Z be the largest integer such thatp j0 < −2/3, and let j1 > j0 be
the smallest integer such thatp j1 > 2/3. Then| j1 − j0| ≤ N + 2 andqi = q j0 for
i ≤ j0 andqi = q j1 for i ≥ j1. For everyi ∈ [ j0, j1 − 1], we have|qi+1 − qi | =

|H ′(pi )| ≤ γ . Hence, for allj, j ′ ∈ Z such thatj ′ > j ,

|q j ′ − q j | ≤

j ′−1∑
i= j

|qi+1− qi | ≤

j1−1∑
i= j0

|qi+1− qi | ≤ (N + 1)γ.

3. Relative symplectic topology
Below we discuss existence and nonexistence results for noncontractible closed orbits
in a more general topological framework. The main player in this section is a relative
symplectic capacity—a symplectic invariant that provides a convenient language for
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thinking about these results. Using this language, we prove Theorems B and C as
stated in the introduction.

3.1. Symplectic action
This is a preparatory section in which we set notation. Let(M, ω) be an open sym-
plectic manifold. We assume throughout that the symplectic formω is exact and fix a
1-formλ ∈ �1(M) such that

dλ = ω.

Let S1
:= R/Z, and denote the free loop space ofM by L M := C∞(S1,M). We

denote the set of free homotopy classes of loops inM by π̃1(M), and forx ∈ L M we
write [x] ∈ π̃1(M) for its free homotopy class. Given a subsetα ⊂ π̃1(M), we write

LαM :=
{
x ∈ L M

∣∣ [x] ∈ α}
.

We mostly consider single elementsα ∈ π̃1(M); however, for some of our applica-
tions it is useful to consider more general subsets ofπ̃1(M). We denote the space
of compactly supported time-dependent 1-periodic Hamiltonian functions onM by
H (M) := C∞0 (S

1
× M). We do not distinguish in notation between the function

H ∈ H (M) and its lift H : R × M → R. For H ∈ H (M) andt ∈ R, we define
Ht : M → R by Ht (x) := H(t, x). Every Hamiltonian functionH ∈ H (M) deter-
mines a 1-periodic family of Hamiltonian vector fieldsXt = Xt+1 ∈ Vect(M, ω) via
ι(Xt )ω = −d Ht . The space of 1-periodic solutions of the corresponding Hamiltonian
differential equation representing a class in the setα ⊂ π̃1(M) is denoted by

P(H ;α) :=
{
x ∈ LαM

∣∣ ẋ(t) = Xt (x(t))
}
. (3)

The elements ofP(H ;α) can be interpreted as the critical points of the symplectic
actionAH : LαM → R, defined by

AH (x) :=
∫ 1

0

(
Ht (x(t))− λ(ẋ(t))

)
dt (4)

for x ∈ LαM . The sole purpose of the 1-formλ is to fix a normalization of the
symplectic action (which otherwise is well defined only up to an additive constant).
Some of the invariants discussed in this paper do not depend on this normalization,
and this is pointed out at the appropriate places. However, we do not indicate the
dependence ofAH onλ in the notation.

Remark 3.1.1
The notation in this section differs from the one used in Section1.2, where the Hamil-
tonian functions are not required to be periodic in thet-variable. Proposition2.1.3
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shows that this does not affect the class of Hamiltonian diffeomorphisms to which the
theory applies. It also does not affect the value of the symplectic action at the periodic
orbits. To see this, fix a compactly supported, but not necessarily periodic, Hamilto-
nian functionH ∈ C∞0 ([0,1]×M), and let[0,1]×M → M : (t, x) 7→ ht (x) be the
Hamiltonian isotopy generated byH . Fix any pointx0 ∈ M , and consider the path
x : [0,1] → M given by

x(t) := ht (x0).

Let γ : [0,1] → M be a smooth path such thatγ (0) lies outside of the support ofH
andγ (1) = x0. Differentiating the functions 7→ AH (xs), wherexs(t) := ht (γ (s)),
we find

AH (x) =
∫ 1

0
(h∗λ− λ)

(
γ̇ (s)

)
ds.

Thus the action ofx depends only onx0, h, andλ.

3.2. A relative symplectic capacity
Let M be an open symplectic manifold with symplectic formω = dλ, and letA ⊂ M
be a compact subset. In this section we define a relative symplectic capacity

C(M, A) : 2π̃1(M) × [−∞,∞)→ [0,∞]

for the pair(M, A). This capacity has the following feature: givenα ⊂ π̃1(M) and
a ∈ R ∪ {−∞} such thatC(M, A;α,a) <∞, everyH ∈H (M) with infS1×A H >

C(M, A;α,a)must have a 1-periodic orbit representing one of the homotopy classes
in α with symplectic actionAH (x) ≥ a. Moreover,C(M, A;α,a) is the optimal
bound for the existence of such an orbit. More precisely, forc > 0 let

Hc(M, A) :=
{
H ∈H (M)

∣∣ inf
S1×A

H ≥ c
}
.

For a subsetα ⊂ π̃1(M) and a numbera ≥ −∞, we define therelative symplectic
capacity C(M, A;α,a) ≥ 0 by

C(M, A;α,a)

:= inf
{
c > 0

∣∣∀H ∈Hc(M, A), ∃x ∈P(H ;α) such thatAH (x) ≥ a
}
.

We use the convention that inf∅ = ∞. The infimum in the definition ofC(M, A;α,a)
is always achieved (see Prop.3.3.4).

In order to relax the notation, we identify the single element subset{α} ⊂ π̃1(M)
with α ∈ π̃1(M). Also, fora = −∞ we abbreviate

C(M, A;α) := C(M, A;α,−∞)

= inf
{
c > 0

∣∣ P(H ;α) 6= ∅ for everyH ∈Hc(M, A)
}
.
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Note that the invariantC(M, A;α) is independent of the choice ofλ. It turns out
thatC(M, A;α) is finite in some interesting cases. To begin, let us consider the case
of A = pt. Then the invariantC(M, A;α), with α = π̃1(M), is analogous to the
Hofer-Zehnder capacity in [HZ]. The difference is that H. Hofer and E. Zehnder con-
sidered nonnegative and time-independent Hamiltonian functions. Lalonde [L] sug-
gested considering more general subsetsA.

Here are some examples in which our capacity can be computed. LetX be a
closed (i.e., compact without boundary) connected Riemannian manifold. Denote by

U∗X :=
{
v ∈ T∗X

∣∣ |v| < 1
}
⊂ T∗X

the open unit cotangent bundle. This manifold is equipped with the canonical sym-
plectic formωcan= dλcan of T∗X. We identify X with the zero section ofU∗X and
π̃1(X) with π̃1(U∗X). Moreover, in the case of the standard torusX = Tn

= Rn/Zn,
there is a natural isomorphism

π̃1(U
∗Tn) ∼= π̃1(Tn) ∼= Zn.

We denote the Euclidean norm of an integer vectork = (k1, . . . , kn) ∈ Zn by

|k| :=

√√√√ n∑
j=1

k2
j .

THEOREM 3.2.1
(i) Let Tn

= Rn/Zn be the flat equilateral torus with the metric induced by the
standard metric onRn. Then, for every k∈ Zn ∼= π̃1(U∗Tn) and every a∈ R,

C(U∗Tn,Tn
; k,a) = max{|k|,a}.

(ii) Let X be a closed Riemannian manifold with negative sectional curvature.
Then, for everyα ∈ π̃1(X) ∼= π̃1(U∗X) and every a∈ R,

C(U∗X, X;α,a) = max{length(γα),a},

whereγα : S1
→ X is the (unique up to time shift) closed geodesic that

represents the homotopy classα.

3.3. Properties
In this section we establish some basic properties of the relative capacity and prove
Theorems B and C, assuming Theorem3.2.1(i). The following proposition is an im-
mediate consequence of the definitions.
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PROPOSITION3.3.1 (Monotonicity)
Let A2 ⊂ A1 ⊂ M1 ⊂ M2, where M1 is an open subset of M2. Let ι∗ : π̃1(M1) →

π̃1(M2) denote the map induced by the inclusionι : M1 ⊂ M2. Then, forαi ⊂ π̃1(Mi )

and ai ≥ −∞, we have

ι−1
∗ (α2) ⊂ α1, a1 ≤ a2 =⇒ C(M1, A1;α1,a1) ≤ C(M2, A2;α2,a2).

In particular, if ι∗ is injective, then for everyα ⊂ π̃1(M1) and a1 ≤ a2 we have

C(M1, A1;α,a1) ≤ C(M2, A2; ι∗(α),a2).

Our next result provides a useful condition that guarantees that the relative capacity
is trivial.

PROPOSITION3.3.2 (Displacement)
Suppose there exists a compactly supported Hamiltonian isotopy ft : M → M,
0 ≤ t ≤ 1, such that f0 = id, f1(A) ∩ A = ∅, and all 1-periodic orbits of
ft are contractible. Then, for every constant c> 0, there exists a Hamiltonian
H ∈ Hc(M, A) such thatP(H ;α) = ∅ for every nontrivial classα ∈ π̃1(M).
In particular, C(M, A;α) = ∞ for every nontrivial classα.

Proof
Let F ∈ H be the Hamiltonian function generatingft , and suppose thatU is a
neighbourhood ofA such thatf1(U )∩U = ∅. Choose a smooth functionG : M → R
such that

suppG ⊂ U, inf
A

G+ inf
[0,1]×M

F ≥ c.

Let gt denote the Hamiltonian flow ofG, and consider the Hamiltonian flowht :=

ft gt . Since f1(U ) ∩ U = ∅, the Hamiltonian diffeomorphismsh1 and f1 have the
same fixed points. Hence all 1-periodic orbits of the flowht are contractible: they have
the formx(t) = x(t + 1) = ht (x0) = ft (x0) for somex0 ∈ M \ U . The same holds
for the conjugate isotopyφt := f −1

1 ht f1. Moreover,φ1 = g1 f1 = ψ1, whereψt =

gt ft . Hence, by Remark2.1.1, all 1-periodic orbits of the isotopyψt are contractible
as well. Finally, observe that the flowψt is generated by the Hamiltonian function
9t := G + Ft ◦ g−1

t which satisfies infA9t ≥ c for x ∈ A. By Proposition2.1.3,
there is a periodic Hamiltonian inHc(M, A)with the same time-1 map as9t , and, by
Remark2.1.1, the 1-periodic orbits of this periodic Hamiltonian are also contractible.

Let us now look at the relative capacity from the geometric viewpoint. The group
D of all compactly supported Hamiltonian diffeomorphisms ofM carries the Hofer
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metric (see Sec.1.1). Denote byDc ⊂ D the subset consisting of all Hamiltonian
diffeomorphisms generated by functions fromHc(M, A). Recall that everyh ∈ D

has a canonical lift to the universal cover, and hence the homotopy class (inπ̃1(M))
of a fixed point is independent of the choice of the compactly supported Hamiltonian
generatingh (see Rem.2.1.1).

PROPOSITION3.3.3 (Stability)
(i) Suppose that C(M, A;α) ≤ c < ∞ for some nontrivial classα ∈ π̃1(M).

Let f ∈ Dc+a be a Hamiltonian diffeomorphism, where a> 0. Then every
compactly supported Hamiltonian diffeomorphism h∈ D with ρ( f, h) < a
has a fixed point in the classα. In particular,ρ( f, id) ≥ a.

(ii) Suppose that
lim
a>0
a→0

C(M, A;0,a) = 0,

and let c> 0. Thenρ( f, id) ≥ c for every f∈ Dc.

Proof
We prove (i). Let f ∈ Dc+a andh ∈ D such thatρ( f, h) < a. Then, by Propo-
sition 2.1.2, h ∈ Dc, and hence there exists a Hamiltonian isotopyht with h1 = h
whose Hamiltonian function belongs toHc(M, A). By definition of the relative ca-
pacity, this flow has a 1-periodic orbit in the classα. In particular,h 6= id. This
proves (i).

We prove (ii). Suppose, by contradiction, thatρ( f, id) < c for some f ∈ Dc.
Then, by Propositions2.1.2 and 2.1.3, there exists a Hamiltonian functionH ∈

H (M) that generates the identity and satisfies infS1×A H > 0. By assumption, there
exists a constanta > 0 such thatC(M, A;0,a) < infS1×A H . Hence there exists a
contractible periodic orbitx ∈ P(H ;0) with actionAH (x) ≥ a. On the other hand,
sinceH generates the identity, every orbit is a contractible periodic orbit with action
zero. This contradiction proves (ii).

PROPOSITION3.3.4
Let α ⊂ π̃1(M) and a ≥ −∞. Then every Hamiltonian H∈ H (M) with
infS1×A H ≥ C(M, A;α,a) must have a1-periodic orbit representing one of the
homotopy classes inα with symplectic actionAH (x) ≥ a. In other words, the set
{c > 0 | ∀H ∈Hc(M, A), ∃x ∈P(H ;α) such thatAH (x) ≥ a} is either empty or
has a minimum.

Proof
Without loss of generality, we may assume that either 06∈ α or a > 0, since otherwise
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there is nothing to prove. (All pointsx outside the support ofH are constant periodic
orbits in the class zero and with action zero.) Choose a compact subsetK ⊂ M such
that A ⊂ Int K andS1

× K ⊃ suppH . Next, letσ : M → R be a Hamiltonian func-
tion supported inK and such thatσ |A > 0. Consider the sequence of Hamiltonians
Hn := H + (1/n)σ . Clearly, infS1×A Hn > C(M, A;α,a); hence, for everyn, Hn

has a 1-periodic orbitxn with [xn] ∈ α andAHn(xn) ≥ a. Note thatxn ⊂ K for every
n due to the assumption that either 06∈ α or a > 0.

Now Hn converges toH in theC∞-topology, andK is compact. Hence, replacing
Hn by a suitable subsequence if necessary, we obtain a sequence of periodic orbitsxn

which converges to a periodic orbitx of H . If follows that, forn sufficiently large, the
loopsxn all represent the same homotopy class. Hence[x] = limn→∞[xn] ∈ α and
AH (x) = limn→∞AHn(xn) ≥ a.

Proof of Theorem B
Due to Proposition2.1.3and the discussion on homotopy classes following its proof,
we may assume our Hamiltonians to be defined onS1

×U∗Tn rather than on[0,1]×
U∗Tn. Let H : S1

× U∗Tn
→ R be a compactly supported Hamiltonian function,

and letk ∈ Zn be an integer vector such that

|k| ≤ c := inf
S1×Tn

H.

By Theorem3.2.1(i), C(U∗Tn,Tn
; k, c) = c. It follows from the definition of our

capacity and Proposition3.3.4that there exists a periodic solutionx ∈P(H ; k) of (1)
such thatx represents the homotopy classk andAH (x) ≥ c. This proves the assertion
of Theorem B for periodic Hamiltonian functions. The assertion in the nonperiodic
case follows from the periodic case, Proposition2.1.3, and Remark3.1.1.

Proof of Theorem C
Let S⊂ U∗Tn be a non-Lagrangian section, and letc > 0 be any real number. It is
shown in [P] and [LS] that there exists a Hamiltonian functionH : U∗Tn

→ R such
that the vector fieldXH is nowhere tangent toS:

x ∈ S =⇒ XH (x) /∈ Tx S.

We may assume, without loss of generality, thatH has compact support. Now let
φt : U∗Tn

→ U∗Tn denote the flow generated byXH . Then there exists anε > 0
such that

0< t < ε =⇒ φt (S) ∩ S= ∅.

If δ is sufficiently small, then the only possible 1-periodic solutions of the Hamilto-
nian flow t 7→ φδt are constant andφδ(S) ∩ S = ∅. Hence, by Proposition3.3.2,
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there exists, for everyc > 0, a Hamiltonian functionF ∈ Hc(U∗Tn, S) such that
P(F; k) = ∅ for every nonzero integer vectork ∈ Zn.

3.4. Existence of closed orbits on hypersurfaces
As a by-product of our study of the relative capacity, we obtain existence of closed
orbits on hypersurfaces in various situations (see [BPS] for the proofs).

Definition
Let X be a smooth closed manifold. We say that a nontrivial free homotopy class
α ∈ π̃1(X) is symplectically essentialif there exists a domainU ⊂ T∗X containing
the zero section such thatC(U, X; ι∗(α)) < ∞. Hereι∗ : π̃1(X) → π̃1(U ) is the
map induced by the inclusionι : X→ U of the zero section intoU .

Example
Let X be eitherTn or a closed negatively curved manifold. It follows from Theo-
rem3.2.1that every nontrivial homotopy classα ∈ π̃1(X) is symplectically essential.

THEOREM 3.4.1
Let X be a smooth closed manifold, and let H: T∗X → R be a proper Hamiltonian
bounded from below. Suppose that the sublevel set{H < c} contains the zero section.
Then for every nontrivial symplectically essential classα ∈ π̃1(X), there exists a
dense subset Sα ⊂ (c,∞)with the property that for every s∈ Sα the level set{H = s}
contains a closed orbit whose projection to the zero section is in the classα−1.

Let (M, ω) be a symplectic manifold, and letU ⊂ M be a relatively compact domain
with smoothconvexboundaryQ = ∂U . Recall that this means, by definition, that
there exists a Liouville vector fieldY (namely,LYω = ω), defined on a neighbour-
hood ofQ in M , such thatY points outside ofU alongQ. Note that, in this case,Q
is a hypersurface of contact type since the vector fieldY gives rise to a contact form
λQ = (ι(Y)ω)|T Q on Q with dλQ = ω|T Q.

Denote byLQ = ker(ω|T Q) ⊂ T Q the characteristic line field ofQ. The Reeb
vector fieldR of λQ is a nonvanishing section ofLQ and so defines an orientation on
LQ. We call this thecanonical orientationof LQ. It induces an orientation on each
leaf of the characteristic foliation ofQ (namely, the foliation corresponding toLQ).

COROLLARY 3.4.2
Let X be a closed manifold, and let U⊂ T∗X be a relatively compact domain con-
taining the zero section and with smooth convex boundary Q= ∂U. Let LQ be
equipped with its canonical orientation. Then for every nontrivial symplectically es-
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sential homotopy classα ∈ π̃1(X), the characteristic foliation of Q has a closed leaf
x ⊂ Q with j∗[x] = α, where j∗ : π̃1(Q) → π̃1(X) is the map induced by the
composition j: Q ⊂ T∗X

π
−→ X.

Remark 3.4.3
We were informed by C. Viterbo that a similar result should also follow from the
variational techniques of [HV].

3.5. Topological applications
Definition(Manifolds of typeF )
Let X be a smooth closed manifold. We say thatX is of typeF if there exist two
nontrivial free homotopy classesα1, α2 ∈ π̃1(X) such that
(i) α1 andα2 are notpositively proportional; namely, there exist nok1, k2 ∈ N

with αk1
1 = α

k2
2 ;

(ii) α1 andα2 are both symplectically essential; it is easy to see that this is equiv-
alent to existence of one domainU ⊂ T∗X containing the zero section and
such that bothC(U, X; ι∗(α1)) andC(U, X; ι∗(α2)) are finite; hereι∗ is the
map induced by the inclusion of zero sectionX into U .

Examples
(i) Let X be a closed negatively curved manifold. ThenX is of typeF . To see this,
first note thatX is not simply connected because the universal cover is diffeomorphic
to Euclidean space. Now letα ∈ π̃1(X) be a nontrivial free homotopy class, and
denote byγ the unique (up to parametrization) closed geodesic representing the class
α. We claim thatα andα−1 are not positively proportional. Suppose otherwise that
there exist positive integersk and` such thatαk

= α−`. Then thekth and`th iterates
γ k andγ−` of γ andγ−1, respectively, are two different geodesics representing the
same free homotopy class. This is impossible for negatively curved manifolds.

Now let α1, α2 ∈ π̃1(X) be two nontrivial positively nonproportional classes.
By Theorem3.2.1(ii), C(U∗X, X;α1) andC(U∗X, X;α2) are finite; henceX is of
typeF .

(ii) It follows from Theorem3.2.1(i) thatTn is also of typeF .

3.5.1. Applications to Hamiltonian circle actions
THEOREM 3.5.1.1
Let (M, ω) be a compact symplectic manifold (possibly with boundary) with
dimR M ≥ 4, and let L⊂ Int(M) be a compact connected Lagrangian submanifold.
Suppose that M\ L admits a Hamiltonian circle action with a surjective moment map
µ : M \ L → [r, R) that is proper onto its image (R may possibly be∞). Then L
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cannot be of typeF . In particular, L cannot be diffeomorphic toTn, n ≥ 2, or to any
negatively curved manifold.

Note that Theorem3.5.1.1, as stated, is not true when dimR M = 2. For example, take
M = U∗S1, and letL = S1 be the zero section. ThenU∗S1

\ S1 is diffeomorphic
to S1

×
(
(−1,0) ∪ (0,1)

)
and has a circle action with moment mapµ(q, p) = −|p|

which satisfies all the assumptions of Theorem3.5.1.1.
The crucial difference between dimension two and higher ones is that in dimen-

sion two,M \ L might be disconnected, whereas in higher dimension this never hap-
pens. Indeed, the following 2-dimensional version of Theorem3.5.1.1holds.

THEOREM 3.5.1.2
Let (M, ω) be a compact symplectic2-manifold (possibly with boundary), and let
S1
≈ L ⊂ Int(M) be an embedded circle. Suppose that M\ L admits a Hamiltonian

circle action with a surjective moment mapµ : M \ L → [r, R) that is proper onto
its image (R may possibly be∞). Then M\ L is disconnected.

Let us remark that in Theorems3.5.1.1and3.5.1.2it is impossible to drop the as-
sumption thatµ is proper onto its image and that its image is a half-open interval.
Indeed, takeM = T2

≈ S1
× S1 andL = pt× S1. ThenM \ L is diffeomorphic to

S1
× (0,1) and so is connected. It has an obvious circle action whose moment map

µ : S1
× (0,1) → (0,1) is the projection onto the second factor. However, there is

no Hamiltonian circle action onS1
× (0,1) such that the image of the moment map

is a half-open interval and the moment map is proper. One can easily produce higher
dimension examples as well, for example, multiplyingM by anotherT2-factor andL
by S1.

We prove only Theorem3.5.1.1. The proof of Theorem3.5.1.2can be found
in [BPS].

Proof of Theorem3.5.1.1
By Darboux’s theorem, there exist an open relatively compact neighbourhoodU0

of L in T∗L, an open neighbourhoodW0 of L in M , and a symplectomorphism
f : (U0, ωcan)→ (W0, ω) takingL ⊂ U0 identically toL ⊂ W0.

Note thatM \U0 is compact, and let

R0 := max
M\W0

µ, U := f −1(M \ {µ ≤ R0}) ⊂ U0.

ThenU \L carries a circle action as well, with moment mapµ◦ f : U \L → (R0, R)
which is proper onto its image. By reducingU0 if necessary, we may assume thatU is
connected. Note thatU \ L is also connected because the codimension ofL in U is at
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least two. It follows that any twoS1-orbits inU \ L represent positively proportional
homotopy classes iñπ1(U ).

Now let R0 < R1 < R2 < R, and choose a smooth functionσ : R→ R with the
following properties:
• σ(r ) = 0 for everyr ≤ R1;
• σ(r ) = c for everyr ≥ R2, wherec > 0 is a constant that is determined later;
• σ ′(r ) > 0 for everyR1 < r < R2.
Let us now define a compactly supported HamiltonianH : U → R by putting
H := σ ◦ µ ◦ f on U \ L, and extendingH to bec on L. Note that the vector field
XH is everywhere tangent to the orbits of the circle action onU \ L, and moreover
alongµ−1(R1, R2), XH points in the direction induced by the circle action (because
σ ′ > 0 there). Since any two orbits of the circle action represent positively propor-
tional homotopy classes iñπ1(U ), it follows that any two nonconstant closed orbits
of XH must also be positively proportional iñπ1(U ).

Suppose now thatL is of typeF . We get a contradiction by showing that, once
the constantc from the definition ofσ is chosen to be large enough,XH must carry
two closed orbits whose classes are positively nonproportional. Indeed, ifL is of
typeF , then there exist two positively nonproportional classesα1, α2 ∈ π̃1(L) and
a domainU ′ containing the zero section such that both capacitiesC(U ′, L; ι′∗(α1))

andC(U ′, L; ι′∗(α2)) are finite, whereι′∗ is the map induced by the inclusion of the
zero sectionL into U ′. By reducing the size of the Darboux neighbourhoodW0 if
necessary, we may assume thatU ⊂ U ′. Denote byι : L → U and j : U → U ′

the obvious inclusions, and denote byπ : U → L the obvious projection. Then
π∗ι∗ = id and hencej∗−1(ι′∗(αi )) ⊂ π

−1
∗ (αi ) for i = 1,2. Hence, by monotonicity

(see Prop.3.3.1), we have

C
(
U, L;π∗

−1(α1)
)
≤ C

(
U1, L; ι′∗(α1)

)
<∞,

C
(
U, L;π∗

−1(α2)
)
≤ C

(
U2, L; ι′∗(α2)

)
<∞.

Now choose the constantc in the definition of σ to be larger than both of
C(U, L;π∗−1(α1)) andC(U, L;π∗−1(α2)). SinceH |L = c, the HamiltonianH must
have two periodic orbitsx1, x2 ⊂ U with π∗[x1] = α1 andπ∗[x2] = α2. Asα1 andα2

are not positively proportional, neither are the classes[x1] and[x2]. This contradicts
the fact, established above, that any two periodic orbits ofXH represent proportional
homotopy classes iñπ1(U ).

3.5.2. Applications to Stein manifolds
Let (W, J) be a Stein manifold. Recall that a smooth functionϕ : W → R is called
plurisubharmonicif the 2-form

ωϕ := −d(dϕ ◦ J)
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is a J-positive symplectic form, that is, ifωφ(v, Jv) > 0 for every nonzero tangent
vectorv ∈ T W. We denote bygϕ(·, ·) := ωϕ(·, J·) the associated K̈ahler metric.
Let ϕ : W → R be anexhausting plurisubharmonic function; namely, in addition
to being plurisubharmonic,ϕ is also proper, bounded from below, and has no critical
points outside some compact subset ofW. Let

Xϕ := gradgϕ ϕ

be the gradient vector field ofϕ with respect to the metricgϕ . Then a simple compu-
tation shows thatLXφωφ = ωφ , and hence the flowXt

φ : W → W of Xφ satisfies
(Xt

ϕ)
∗ωϕ = etωϕ . Denote by1ϕ the union of all the stable submanifolds of the flow

of Xϕ :

1ϕ :=
⋃

p∈Crit(ϕ)

Ws
p(Xϕ). (5)

We call1ϕ theassociated skeletonof ϕ. Whenϕ is Morse, each stable submanifold
in the union (5) is isotropic with respect toωϕ (see [EG]); in particular, dim1ϕ ≤
(1/2)dimR W. It is known that, for a generic exhausting plurisubharmonic function
ϕ, 1ϕ has the structure of an isotropic CW-complex (see [B]). In rare situations it
may even happen that someϕ’s (Morse or not) have smooth skeletons.

We now turn to a special class of Stein manifolds, namely, those obtained from re-
moving an ample divisor from a smooth algebraic variety. More precisely, let(M, J)
be a closed algebraic manifold, and let6 ⊂ M be a smooth ample divisor. It is well
known that(M \6, J) is an affine variety and, in particular, Stein. The following the-
orem deals with topological restrictions on the possible smooth manifolds that may
arise as skeletons of Stein manifolds of the type just mentioned.

THEOREM 3.5.2.1
Let(M, J) be a closed algebraic manifold, and let6 ⊂ M be a smooth ample divisor.
If the Stein manifold(M \ 6, J) admits an exhausting plurisubharmonic function
ϕ : M \6 → R whose skeleton1ϕ is a smooth connected Lagrangian submanifold,
then1ϕ cannot be of typeF . In particular,1ϕ cannot be diffeomorphic toTn, n ≥ 2,
or to any closed negatively curved manifold.

Outline of the proof
Put W := M \ 6, and endowW with the complex structureJ. The proof has two
steps.

Step 1.For every exhausting plurisubharmonic functionϕ : W → R, there exists an
open relatively compact domainW0 ⊂ W with the following properties:
(i) W0 ⊃ 1ϕ ;
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(ii) the boundaryP := ∂W0 is smooth, connected, and convex with respect toωϕ ;
(iii) the leaves of the characteristic foliation (with respect toωϕ) on P are all orbits

of a free circle action.

We present here only the main ideas of the proof of this statement. Full details can be
found in [BPS]. The idea is the following. SinceW is the complement of a smooth
ample divisor, it is possible to endowW with an exhausting plurisubharmonic func-
tion ϕ0 for which the above statement holds (see [B]). In order to pass fromϕ0 to any
given plurisubharmonic functionϕ, we modifyϕ0 andϕ at∞ to obtain new plurisub-
harmonic functionsϕ0 andϕ for which the vector fieldsXϕ0 and Xϕ are complete.
Then by the theory of Y. Eliashberg and M. Gromov [EG], the symplectic formsωϕ0

andωϕ are diffeomorphic. Hence the statement being true forϕ0 is true also forϕ.

Step 2.Assume on the contrary thatϕ : W → R is an exhausting plurisubharmonic
function with skeleton1ϕ which is a connected smooth manifold of typeF .

By Darboux’s theorem, there exist a neighbourhoodV(1ϕ) of 1ϕ and a sym-
plectic embeddingg : (V(1ϕ), ωϕ) → (T∗1ϕ, ωcan) which takes1ϕ ⊂ V(1ϕ)
identically onto the zero section1ϕ ⊂ T∗1ϕ .

Let Xϕ := gradgϕϕ, denote byXt
ϕ the flow of Xϕ , and recall that(Xt

ϕ)
∗ωϕ =

etωϕ . Let W0 ⊂ W be the domain defined by step 1, and letW1 ⊂ W be a relatively
compact domain containingW0. From the definition of1ϕ , it follows that forT > 0
large enough we have1ϕ ⊂ X−T

ϕ (W1) ⊂ V(1ϕ).
Denote byY = p(∂/∂p) the standard Liouville vector field onT∗1ϕ . Then its

flow Yt satisfies(Yt )∗ωcan= etωcan. Hence

YT
◦ g ◦ X−T

ϕ : (W1, ωϕ)→ (T∗1ϕ, ωcan)

is a symplectic embedding. It follows that

U := YT
◦ g ◦ X−T

ϕ (W0) ⊂ T∗1ϕ

is an open relatively compact domain containing the zero section and with convex
boundaryQ := YT

◦ g ◦ X−T
ϕ (P). Moreover, by property (iii) in step 1, the leaves

of the characteristic foliation onQ coincide with the orbits of a free circle action
on Q. SinceQ is connected, it follows that any two leaves of the characteristic fo-
liation on Q represent positively proportional homotopy classes. On the other hand,
1ϕ is of typeF and so, by Corollary3.4.2, the characteristic foliation ofQ contains
two closed leaves whose homotopy classes are positively nonproportional. This is a
contradiction.
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4. A homological capacity
In order to study and compute the relative capacityC(M, A;α), we define another
quantityĈ(M, A;α) ≥ C(M, A;α) which captures the existence ofhomologically
essentialperiodic orbits in given homotopy classes. Here the term “homologically es-
sential” refers to Floer homology. The homological capacityĈ(M, A;α) is defined in
purely Floer-homological terms. It is easier to compute and enjoy some nice functorial
properties. We begin with a brief discussion of convex boundaries.

4.1. Convex boundaries
Let (M, ω) be a compact connected symplectic manifold with convex boundary, and
denoteM := M \ ∂M . Recall (see [EG]; see also Sec.3.4above) that the boundary is
calledconvexif there exist a vector fieldX ∈ Vect(M) and a neighbourhoodU of ∂M
such thatX points out on the boundary and is dilating onU ; namely,LXω = ω onU .
Let φt denote the flow ofX, suppose thatU = {φt (x) | x ∈ ∂M, −ε < t ≤ 0}, and
denote byξ := ker(ι(X)ω|

T∂M
) the contact structure on the boundary determined by

X andω. Under these hypotheses (the existence ofX andU ), there is anω-compatible
almost complex structureJ on M such that

Jξ = ξ, ω
(
X(x), J(x)X(x)

)
= 1, Dφt (x)J(x) = J

(
φt (x)

)
Dφt (x)

for all x ∈ ∂M andt ∈ (−ε,0]. Such an almost complex structure is calledconvex
near the boundary.

Consider the functionf : U → R given by

f
(
φt (x)

)
:= et

for x ∈ ∂M and−ε < t ≤ 0. A simple computation shows that its gradient with
respect to the metricω(·, J·) is X, and hence−d(d f ◦ J) = ω, which implies thatf
is plurisubharmonic onU . Let u : � → U be a nonconstantJ-holomorphic curve,
defined on a connected open subset� ⊂ C. Then the functionf ◦ u : �→ R is sub-
harmonic and, by the mean-value inequality, cannot have a strict interior maximum.
Hence a nonconstantJ-holomorphic curve inM cannot intersect∂M at an interior
point of its domain�.

Remark 4.1.1
The space of almost complex structures onM which are convex near the boundary
is connected. To see this, fix first the dilating vector fieldX on a neighbourhood
of ∂M . Then the space ofω-compatible almost complex structures on the symplectic
bundleξ = ker(ι(X)ω|

T∂M
) is connected (see [MS]); hence the space ofω-compatible

almost complex structuresJ as above is also connected. Finally, we may allowX to
vary since the space of vector fields that are dilating near∂M and point out on∂M is
convex and hence connected.
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4.2. The setting
From now on, our standing hypotheses are that(M, ω) is a compact connected sym-
plectic manifold with convex boundary∂M and A ⊂ M := M \ ∂M is a compact
subset. We assume that the symplectic form is exact and fix a 1-formλ ∈ �1(M)
such thatdλ = ω. We callλ anω-primitive.

As in Section3.1, we denote byH := H (M) := C∞0 (S
1
× M) the space

of smooth compactly supported Hamiltonian functions onS1
× M , and we denote

by D ⊂ Diff 0(M) the group of Hamiltonian diffeomorphisms ofM generated by
functions fromH . For c > 0 we denote byHc = Hc(M, A) the subspace of all
Hamiltonian functionsH ∈ H which satisfy infS1×AH ≥ c, and we denote byDc =

Dc(M, A) the set of all Hamiltonian diffeomorphisms that are generated by functions
from Hc.

4.3. Floer homology
Floer homology is an essential ingredient in the definition of our invariants. The pur-
pose of this section is to summarize the main building blocks of this theory needed for
our applications. The reader is referred to [F4], [FH2], [CFH], and [V] for a detailed
foundation of the subject (see also [S] for a general exposition).

Fix anontrivial free homotopy classα ∈ π̃1(M), and recall from Section3.1that
P(H ;α) ⊂ LαM denotes the set of 1-periodic solutions of the Hamiltonian system
associated toH ∈ H which represents the classα. These periodic solutions are the
critical points of the symplectic action functionalAH : LαM → R defined by (4).
The set of critical values ofAH is called theaction spectrumand is denoted by

S (H ;α) := AH
(
P(H ;α)

)
=

{
AH (x)

∣∣ x ∈ LαM, ẋ(t) = XHt (x(t))
}
.

Here XHt ∈ Vect(M) is given byι(XHt )ω = −d Ht . Now let−∞ ≤ a < b ≤ ∞,
and denote byP [a,b)(H ;α) the set of 1-periodic solutions of the Hamiltonian system
associated toH which represents the classα and whose action lies in the interval
[a,b):

P [a,b)(H ;α) :=Pb(H ;α) \Pa(H ;α),

Pa(H ;α) :=
{
x ∈P(H ;α)

∣∣ AH (x) < a
}
.

Suppose thatH ∈ H is a Hamiltonian function that satisfies the following hypothe-
sis:

a,b /∈ S (H ;α) and every1-periodic orbit x∈P(H ;α) is nondegenerate. (H)

Then the Floer homology group HF[a,b)(H ;α) is defined as the homology of a chain
complex overZ2 generated by the 1-periodic orbits inP [a,b)(H ;α).∗ It is useful to

∗We use the convention that the complex generated by the empty set is zero.



PROPAGATION IN HAMILTONIAN DYNAMICS 91

think of this chain complex as the quotient

CF[a,b)(H ;α) := CFb(H ;α)/CFa(H ;α), CFa(H ;α) :=
⊕

x∈Pa(H ;α)

Z2x.

The Floer boundary operator is defined as follows. LetJt = Jt+1 ∈ J (M, ω) be
a t-dependent smooth family ofω-compatible almost complex structures onM such
that Jt is convex and independent oft near the boundary∂M (see Sec.4.1). Consider
the Floer differential equation

∂su+ Jt (u)
(
∂tu− XHt (u)

)
= 0. (6)

For a smooth solutionu : R× S1
→ M of (6), define its energy to be

E(u) :=
∫ 1

0

∫
∞

−∞

|∂su|
2 ds dt.

Then ifu : R×S1
→ M is a smooth solution of (6) with finite energy, then the limits

lim
s→±∞

u(s, t) = x±(t), lim
s→±∞

∂su(s, t) = 0 (7)

exist and are uniform in thet-variable. Moreover,x± ∈P(H), and we have

E(u) = AH (x
−)−AH (x

+). (8)

The following observations allow us to define Floer homology groups in the present
situation.
(i) Since every periodic solutionx ∈ P(M;α) is nonconstant (the classα is

nontrivial) andJ is convex near the boundary, there exists an open setU ⊂ M
such thatM \ U is compact andu(R × S1) ∩ U = ∅ for every finite-energy
solution of (6).

(ii) By (i) and the energy identity (8), the space of finite-energy solutions of (6)
is compact with respect toC∞-convergence on compact sets; that is, only the
splitting into a finite sequence of adjacent Floer connecting orbits can occur
in the limit. We use here the fact that solutions of (6) are genuinely pseudo-
holomorphic near the boundary ofM due to the compact support ofH and
our assumptions onJ. Therefore solutions cannot touch the boundary in view
of the maximum principle.

(iii) For a generic family of almost complex structuresJ = {Jt } (which are convex
and independent oft onU ), the linearized operator for equation (6) is surjec-
tive for every finite-energy solution of (6) in the homotopy classα (see [FHS]).
Such a family of almost complex structures is calledregular, and the space of
regular families of almost complex structures is denoted byJreg(H ;α).
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For every J ∈ Jreg(H ;α) and every pairx± ∈ P(H ;α), the space
M (x−, x+; H, J) of solutions of (6) and (7) is a smooth manifold whose dimen-
sion near a solutionu of (6) and (7) is given by the difference of the Conley-Zehnder
indices (see [SZ]) of x− andx+ (relative tou). The subspace of solutions of index 1
is denoted byM 1(x−, x+; H, J). For J ∈ Jreg(H ;α), it follows from (i) and (ii)
that the quotientM 1(x−, x+; H, J)/R (modulo time shift) is a finite set for every
pair x± ∈P(H ;α). The Floer boundary operator∂H,J on CFb(H ;α) is defined by

∂H,J x :=
∑

y∈Pb(H ;α)

#
(
M 1(x, y; H, J)/R

)
y

for every x ∈ Pb(H ;α). That this is indeed a boundary operator is proved as in
A. Floer’s original work [F4]. The energy identity shows that CFa(H ;α) is a sub-
complex; namely, it is invariant under the Floer boundary operator. We thus get an
induced boundary operator[∂H,J

] on the quotient CF[a,b)(H ;α). We denote the ho-
mology of the quotient complex by

HF[a,b)(H, J;α) :=
ker([∂H,J

] : CF[a,b)(H ;α)→ CF[a,b)(H ;α))

im([∂H,J] : CF[a,b)(H ;α)→ CF[a,b)(H ;α))
.

These Floer homology groups are independent of the choice of the almost com-
plex structureJ = {Jt }t∈S1 in the sense that for any two almost complex structures
J0, J1 ∈Jreg(H ;α) there is a natural isomorphism

τJ1J0 : HF[a,b)(H, J0;α)→ HF[a,b)(H, J1;α).

If the two almost complex structure agree near the boundary, then this follows from
the standard arguments, as in Floer’s original paper [F4]. (Choose a homotopy of al-
most complex structures{Js,t } from J0 to J1, independent ofs andt near the bound-
ary, and use the solutions of equation (9) with Hs,t = Ht to construct the isomorphism
between the two Floer homology groups; see also [S], [SZ].) To show that the Floer
homology groups are also independent of the choice of theconvexalmost complex
structure near the boundary, one can use the fact that the space of convex almost com-
plex structures near the boundary is connected (see Rem.4.1.1) and that the Floer
chain complex associated to a regular almost complex structure remains unchanged
under sufficiently small perturbations ofJ. The upshot is that the Floer homology
groups are independent ofJ up to natural isomorphisms. For this reason we some-
times drop the argumentJ and refer to HF[a,b)(H ;α) := HF[a,b)(H, J;α) as the
Floer homology associated to H.

4.4. Homotopy invariance
Following the work of Floer and Hofer [FH2], K. Cieliebak, Floer, and Hofer [CFH],
and Viterbo [V], we describe the local isomorphisms of Floer homology in a given
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interval of the action spectrum. Consider the space

H a,b(M;α) :=
{
H ∈H (M)

∣∣ a,b /∈ S (H ;α)
}

of all HamiltoniansH ∈ H which do not containa andb in their action spectrum.
We consider the spaceH with the strong WhitneyC∞-topology. Note that the action
spectrumS (H ;α) is compact for everyH and is lower semicontinuous as a multi-
valued function ofH (i.e., for every open neighbourhoodV ⊂ R of S (H ;α), there
exists a neighbourhoodU ⊂ H of H such thatS (H ′;α) ⊂ V for everyH ′ ∈ U ).
Hence the setH a,b(M;α) is open inH . We now explain why the Floer homology
groups HF[a,b)(H ;α) are independent ofH in every component ofH a,b(M;α).

Fix a Hamiltonian functionH ∈H a,b(M;α), and choose a (convex) neighbour-
hoodU of H such thatU ⊂ H a,b(M;α). Now suppose thatH+, H− ∈ U satisfy
(H), that is, suppose that all periodic solutionsx ∈ P(H±;α) are nondegenerate.
ConnectH− andH+ by a smooth homotopyR 7→ U : s 7→ Hs = {Hs,t } such that
Hs,t = H−t for s ≤ −T andHs,t = H+t for s ≥ T . Consider the equation

∂su+ Js,t (u)
(
∂tu− XHs,t (u)

)
= 0, (9)

wheres 7→ {Js,t } is a regular homotopyof families of almost complex structures.
This means thatJs,t satisfies the following conditions.
• Js,t is convex and independent ofs andt near the boundary ofM .
• Js,t = J−t is regular forH−t for s ≤ −T .
• Js,t = J+t is regular forH+t for s ≥ T .
• The finite-energy solutions of (9) are transverse (i.e., the associated Fredholm

operators are surjective) and hence form finite-dimensional moduli spaces.
The key observation is the energy identity

E(u) = AH−(x
−)−AH+(x

+)+

∫ 1

0

∫
∞

−∞

(∂sH)
(
s, t,u(s, t)

)
ds dt (10)

for every solution of (9) and (7). It follows from (10) that

AH+(x
+) ≤ AH−(x

−)+

∫
∞

−∞

max
S1×M

∂sHs ds.

In particular, if the homotopy has the formHs,t := H0,t + β(s)(H
+
t − H−t ) for a

nondecreasing functionβ : R → [0,1], we obtain∂sHs = β̇(s)(H+ − H−) and
hence

AH+(x
+) ≤ AH−(x

−)+ max
S1×M

(H+ − H−). (11)

Now chooseε > 0 such that

S (H±;α) ∩ [a− 4ε,a+ 4ε] = ∅, S (H±;α) ∩ [b− 4ε,b+ 4ε] = ∅,
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and suppose that supS1×M |H
±
− H | ≤ ε. Then supS1×M |H

+
− H−| ≤ 2ε, and

hence, by (11), the Floer chain map (see [F4], [FH2], [CFH], [V], [S], [SZ]) from
CF(H−;α) to CF(H+;α) defined by the solutions of (9) preserves the subcom-
plexes CFa and CFb. The same applies to the Floer chain map from CF(H+;α) to
CF(H−;α) and to the chain homotopy equivalence associated to a suitable homotopy
of homotopies. Hence the solutions of (9) define a homomorphism CF[a,b)(H−;α)→
CF[a,b)(H+;α) which induces an isomorphism of Floer homology wheneverH± are
sufficiently close to a given Hamiltonian functionH ∈H a,b(M;α).

Remark 4.4.1(Local isomorphisms)
The above discussion shows that every Hamiltonian functionH ∈ H a,b(M;α)
has a neighbourhoodU such that the Floer homology groups HF[a,b)(H ′, J ′;α),
for every H ′ ∈ U that satisfies (H) and every regular almost complex struc-
ture J ′ ∈ Jreg(H ′;α), are naturally isomorphic. We can use these local isomor-
phisms to define the Floer homology groups HF[a,b)(H ;α) for every Hamiltonian
H ∈H a,b(M;α) whether or not it satisfies (H).

Remark 4.4.2(Contractible loops)
Whenα ∈ π̃1(M) is the homotopy class of the constant loops, we are not allowed to
work with intervals[a,b) which contain zero since the Hamiltonians we work with
always have degenerate periodic orbits with action zero as they vanish at∞. In this
case, we are forced to work with either 0< a < b ≤ ∞ or−∞ ≤ a < b < 0.

Remark 4.4.3(Composition)
We emphasize that the canonical isomorphism

HF[a,b)(H−, J−;α)→ HF[a,b)(H+, J+;α)

exists locally only whenH± are sufficiently close to a given Hamiltonian func-
tion H ∈ H a,b(M;α). It is easy to construct Hamiltonian functionsH0, H1 ∈

H a,b(M;α) such that HF[a,b)(H0;α) is not isomorphic to HF[a,b)(H1;α). If H0

and H1 belong to the same component ofH a,b(M;α), then there is a smooth
path [0,1] → H a,b(M;α) : s 7→ Hs connectingH0 to H1. Hence, in this case,
HF[a,b)(H0;α) is isomorphic to HF[a,b)(H1;α). However, in general, the isomor-
phism cannot be defined directly in terms of the solutions of (9). It can be constructed
only as a composition of isomorphisms

HF[a,b)(Hsi ;α)→ HF[a,b)(Hsi+1;α)

for a regular homotopy, where each of these isomorphisms is defined in terms of the
solutions of (9). Moreover, it is an open question if this composition along a loop
s 7→ Hs with H0 = H1 is always the identity.
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4.5. Monotone homotopies
Suppose thatH0, H1 ∈H a,b(M;α) satisfy

H0(t, x) ≥ H1(t, x)

for all (t, x) ∈ R×M as well as (H). Then there exists a homotopys 7→ Hs from H0 to
H1 such that∂sHs ≤ 0.We call such a homotopy of Hamiltonian functionsmonotone.
In the monotone case, it follows from (10) that the Floer chain map CF(H0;α) →

CF(H1;α), defined in terms of the solutions of (9), preserves the subcomplexes CFa

and CFb. Hence every monotone homotopys 7→ Hs induces a natural homomorphism

σH1H0 : HF[a,b)(H0;α)→ HF[a,b)(H1;α).

We call such a homomorphismmonotone. The standard arguments in Floer homology
(see [F4], [FH2], [CFH], [V], [S], [SZ]) show that this homomorphism is independent
of the choice of the monotone homotopy of Hamiltonians, used to define it, and that

σH2H1 ◦ σH1H0 = σH2H0

wheneverH0, H1, H2 ∈ H a,b(M;α) satisfy H0 ≥ H1 ≥ H2, andσH H = id for
everyH ∈H a,b(M;α).

The homomorphismσH1H0 is, in general, neither injective nor surjective. For ex-
ample, it may happen that during the homotopy the action of some periodic orbit of
Hs leaves or enters the interval[a,b). It turns out that this is the only possible reason
for σH1H0 not to be an isomorphism. More precisely, we have the following proposi-
tion, which is an easy consequence of the theory developed in [FH1] and [CFH] (as
outlined above) and appears in an explicit form in [V].

PROPOSITION4.5.1
Let−∞ ≤ a < b ≤ ∞, α ∈ π̃1(M) be a nontrivial homotopy class, and let H0, H1 ∈

H a,b(M;α) be such that H0 ≥ H1. Suppose that there exists a monotone homotopy
{Hs}0≤s≤1 from H0 to H1 such that Hs ∈ H a,b(M;α) for every s∈ [0,1]. Then
σH1H0 : HF[a,b)(H0;α)→ HF[a,b)(H1;α) is an isomorphism. This continues to hold
for the trivial homotopy classα = 0 provided that0 /∈ [a,b].

Proof
The monotone homomorphismσHs1 Hs0

agrees with the local isomorphism of Sec-
tion 4.4 whenevers0 ands1 are both sufficiently close to a numbers ∈ [0,1] such
that Hs ∈ H a,b(Hs;α). By assumption, we haveHs ∈ H a,b(Hs;α) for every
s ∈ [0,1]. Hence we can writeσH1H0 as a composition of finitely many isomorphisms
of the formσHsi+1 Hsi

, where 0= s0 < s1 < · · · < sN−1 < sN = 1.
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4.6. Direct and inverse limits
The next step towards defining the relative capacity is to define two kinds ofsymplec-
tic homologiesespecially suited for our purposes. The definitions of these invariants
require the algebraic notions of direct and inverse limits. In this section we recall the
basic definitions. (For more details, see [GM]; but note that below we use somewhat
different conventions from theirs.)

Let (I ,�) be a partially ordered set. Think ofI as a category with precisely one
morphism fromi to j wheneveri � j . Let R be a commutative ring. Apartially
ordered systemof R-modules overI is a functor from(I ,�) into the category of
R-modules. We write this functor as a pair(G, σ ) where G assigns to eachi ∈ I
an R-module Gi andσ assigns to each pairi, j ∈ I with i � j a homomorphism
σ j i : Gi → G j such thatσk j ◦ σ j i = σki for i � j � k andσi i = id is the identity
map on Gi .

The partially ordered set(I ,�) is calledupward directedif for every pairi, j ∈ I
there exists aǹ ∈ I such thati � ` and j � `. In this case, the functor(G, σ ) is
called adirected system of R-modules. Thedirect limit of such a directed system is
defined as the quotient

lim
−→

G := lim
−→
i∈I

Gi :=
{
(i, x)

∣∣ i ∈ I , x ∈ Gi
}
/ ∼

where(i, x) ∼ ( j, y) if and only if there exists aǹ ∈ I such thati � `, j � `,
andσ`i (x) = σ`j (y). SinceI is upward directed, this is an equivalence relation. The
direct limit is anR-module with the operations[i, x] + [ j, y] := [`, σ`i (x)+ σ`j (y)]
for ` ∈ I such thati � ` and j � ` and r [i, x] := [i, r x] for everyr ∈ R. For
i ∈ I we denote byιi : Gi → lim

−→
G the homomorphism given byιi (x) := [i, x].

Then ιi = ι j ◦ σ j i for i � j . Despite the notation,ιi need not be injective. Up to
isomorphism, the direct limit is characterized by the following universal property. If
H is anyR-module andτi : Gi → H is a family of homomorphisms, indexed byi ∈
I , such thatτi = τ j ◦ σ j i wheneveri � j , then there exists a unique homomorphism
τ : lim
−→

G→ H such thatτi = τ ◦ ιi for everyi ∈ I . (The homomorphismτ is given
by [i, x] 7→ τi (x).)

The partially ordered set(I ,�) is calleddownward directedif for every pair
i, j ∈ I there exists ak ∈ I such thatk � i andk � j . In this case, the functor(G, σ )
is called aninverse system of R-modules. Theinverse limitof such an inverse system
is defined as

lim
←−

G := lim
←−
i∈I

Gi :=

{
{xi }i∈I ∈

∏
i∈I

Gi

∣∣∣ i � j =⇒ σ j i (xi ) = x j

}
.

For j ∈ I we denote byπ j : lim
←−

G→ G j the obvious projection to thej th compo-
nent. Thenπ j = σ j i ◦ πi for i � j . Despite the notation,π j need not be surjective.



PROPAGATION IN HAMILTONIAN DYNAMICS 97

In most of our applications the partially ordered set(I ,�) is bidirected, that
is, both upward and downward directed. In this case, we call the functor(G, σ ) a
bidirected system of R-modules. The next lemma follows directly from the definitions.

LEMMA 4.6.1
Let (I ,�) be a downward directed partially ordered set, and let I′

⊂ I be an up-
ward directed subset (with respect to the restriction of the partial order� to I ′). Let
(G, σ ) be a partially ordered system of R-modules over I . Then there exists a unique
homomorphism

T : lim
←−
i∈I

Gi → lim
−→
i ′∈I ′

Gi ′

such that the following diagram commutes for all j′, k′ ∈ I ′ with j ′ � k′:

lim
←−
i∈I

Gi T //

π
j ′

��

lim
−→
i ′∈I ′

Gi ′

G j ′
σ

k′ j ′ // Gk′

ι
k′

OO

In Lemma4.6.1we do notassume that for everyi ∈ I there exists ani ′ ∈ I ′ such
that i � i ′ (and indeed this condition is not satisfied in our application). If this holds,
then the mapT factors throughπi for everyi ∈ I and not just fori ∈ I ′. However,
there are examples where Gi = {0} for somei ∈ I andT 6= 0.

4.7. Exhausting sequences
To compute direct and inverse limits, we introduce the notion of exhausting se-
quences. Let(G, σ ) be a partially ordered system ofR-modules over(I ,�), and
denoteZ± := {ν ∈ Z | ± ν > 0} . A sequence{iν}ν∈Z+ is calledupward exhausting
for (G, σ ) if and only if the following holds:
• for everyν ∈ Z+ we haveiν � iν+1, andσiν+1iν : Giν → Giν+1 is an isomor-

phism;
• for everyi ∈ I there exists aν ∈ Z+ such thati � iν .
A sequence{iν}ν∈Z− is calleddownward exhaustingfor (G, σ ) if and only if the
following holds:
• for everyν ∈ Z− we haveiν−1 � iν , andσiν iν−1 : Giν−1 → Giν is an isomor-

phism;
• for everyi ∈ I there exists aν ∈ Z− such thatiν � i .
The importance of such sequences is that they can be used to simplify computations
of direct and inverse limits.

The proof of the next lemma is straightforward.
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LEMMA 4.7.1
Let (G, σ ) be a partially ordered system of R-modules over(I ,�).
(i) If {iν}ν∈Z+ is an upward exhausting sequence for(G, σ ), then(I ,�) is up-

ward directed and the homomorphismιiν : Giν → lim
−→

G is an isomorphism
for everyν ∈ Z+.

(ii) If {iν}ν∈Z− is a downward exhausting sequence for(G, σ ), then (I ,�) is
downward directed and the homomorphismπiν : lim

←−
G → Giν is an iso-

morphism for everyν ∈ Z−.

4.8. Symplectic homology
The setH (M) of Hamiltonian functions onS1

×M with compact support is partially
ordered by

H0 � H1 ⇐⇒ H0(t, x) ≥ H1(t, x), ∀ (t, x) ∈ S1
× M.

This defines a bidirected partial order onH (M). Let α ∈ π̃1(M) be a nontrivial
homotopy class, and leta,b ∈ R ∪ {±∞} such thata < b. As in Section4.4, we
denote byH a,b(M;α) the subset of all Hamiltonian functionsH ∈H (M) such that
a,b /∈ S (H ;α). In Section4.5we have seen that there is a natural homomorphism

σH1H0 : HF[a,b)(H0;α)→ HF[a,b)(H1;α)

wheneverH0, H1 ∈H a,b(M;α) satisfyH0 � H1. These homomorphisms define an
inverse (in fact, bidirected) system of Floer homology groups over(H a,b(M;α),�).
The inverse limit of this system is called thesymplectic homologyof M in the ho-
motopy classα for the action interval[a,b). A version of this homology group was
introduced in [FH2], [CFH] for the homotopy class of contractible loops and later on
for general homotopy classes in [C2]. We denote it by

SH
←−

[a,b)(M;α) := lim
←−

H∈H a,b(M;α)

HF[a,b)(H ;α).

Now fix a compact subsetA ⊂ M and a constantc ∈ R. Consider the set
H a,b

c (M, A;α) of all Hamiltonian functionsH ∈H a,b(M;α) which satisfyH > c
on S1

× A, namely,

H a,b
c (M, A;α) :=

{
H ∈H a,b(M;α)

∣∣ inf
S1×A

H > c
}
.

This gives rise to a directed (in fact, bidirected) system of Floer homology groups over
(H a,b

c (M, A;α),�). The direct limit of this system is called therelative symplectic
homologyof the pair(M, A) at the level c in the homotopy classα for the action
interval[a,b). We denote it by

SH
−→

[a,b);c(M, A;α) := lim
−→

H∈H a,b
c (M,A;α)

HF[a,b)(H ;α).
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Remark 4.8.1
Since we have chosen to work withZ2-coefficients, all the Floer homology groups
HF[a,b)(H ;α) are, in fact,Z2-vector spaces. Consequently, the symplectic homolo-
gies SH
←−

[a,b)(M;α) and SH
−→

[a,b);c(M, A;α) also have the structure ofZ2-vector
spaces.

An important feature of absolute and relative symplectic homologies is the existence
of a homomorphism between them which factors through Floer homology.

PROPOSITION4.8.2
Letα ∈ π̃1(M) be a nontrivial homotopy class, and suppose that−∞ ≤ a < b ≤ ∞.
Then, for every c∈ R, there exists a unique homomorphism

T [a,b);cα : SH
←−

[a,b)(M;α)→ SH
−→

[a,b);c(M, A;α)

such that for any two Hamiltonian functions H0, H1 ∈H a,b
c (M, A;α)with H0 ≥ H1

the following diagram commutes:

SH
←−

[a,b)(M;α) T [a,b);cα //

πH0
��

SH
−→

[a,b);c(M, A;α)

HF[a,b)(H0;α)

σH1,H0 // HF[a,b)(H1;α)

ιH1

OO

Here πH0
: SH
←−

[a,b)(M;α) → HF[a,b)(H0;α) and ιH1
: HF[a,b)(H1;α) →

SH
−→

[a,b);c(M, A;α) are the canonical homomorphisms introduced in Section4.6. In

particular, sinceσH H = id for every H∈H a,b
c (M, A;α), we have

SH
←−

[a,b)(M;α) T [a,b);cα //

πH ''OOOOOOOOOOO
SH
−→

[a,b);c(M, A;α)

HF[a,b)(H ;α)

ιH

66mmmmmmmmmmmm

The statements above continue to hold also for the trivial classα = 0, provided that
0 /∈ [a,b].

Proof
The proof follows at once from Lemma4.6.1.
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4.9. The homological relative capacity
For every nontrivial homotopy classα ∈ π̃1(M) and every real numberc > 0, we
define the set

Ac(M, A;α) :=
{
a ∈ R

∣∣ the homomorphismT [a,∞);cα does not vanish
}
,

whereT [a,∞);cα : SH
←−

[a,∞)(M;α)→ SH
−→

[a,∞);c(M, A;α) is the homomorphism from

Proposition4.8.2.
For the trivial homotopy classα = 0 ∈ π̃1(M), we defineAc(M, A;0) by

the same formula except that we consider only real numbersa > 0 (for which
T [a,∞);c0 6= 0). Thehomological relative capacityof the pair(M, A) is the function

Ĉ(M, A) : π̃1(M)× [−∞,∞)→ [0,∞]

which assigns to the classα ∈ π̃1(M) and the numbera ≥ −∞ the number

Ĉ(M, A;α,a) := inf
{
c > 0

∣∣ supAc(M, A;α) > a
}
.

Here we use the convention that inf∅ = ∞ and sup∅ = −∞. Roughly speaking,
the quantityĈ(M, A;α,a) measures the minimalc for which the following is guar-
anteed: every Hamiltonian that is bigger thanc on S1

× A has a “homologically
essential” 1-periodic orbit in the classα with action greater than or equal toa.

Fora = −∞ we abbreviate

Ĉ(M, A;α) := Ĉ(M, A;α,−∞) = inf
{
c > 0

∣∣ Ac(M, A;α) 6= ∅
}
.

The latter quantity is independent of theω-primitive λ, while Ĉ(M, A;α,a) does
depend on this choice: the setAc(M, A;α) =: Aλ

c(M, A;α) depends onλ, but for
twoω-primitivesλ, λ′ we haveAλ′

c (M, A;α) = Aλ
c(M, A;α)−

∫
α
(λ′ − λ).

PROPOSITION4.9.1
Let α ∈ π̃1(M), and let a∈ R. If Ĉ(M, A;α,a) < ∞, then every compactly sup-
ported Hamiltonian H on S1 × M with H|S1×A ≥ Ĉ(M, A;α,a) has a1-periodic
orbit in the homotopy classα with actionAH (x) ≥ a. In particular,

Ĉ(M, A;α,a) ≥ C(M, A;α,a).

Proof
Assume first that infS1×A H > Ĉ(M, A;α,a). Then, by definition of̂C(M, A;α,a),
there exist two real numbersb andc such that

0< c < inf
S1×A

H, a < b, b ∈ Ac(M, A;α).
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Hence, by definition of the setAc(M, A;α), the homomorphism

T [b,∞);cα : SH
←−

[b,∞)(M;α)→ SH
−→

[b,∞);c(M, A;α)

is nonzero. Now choose a sequence of Hamiltonian functionsHi ∈ H (M) such
that Hi converges toH in the C∞-topology,b /∈ S (Hi ;α), and infS1×A Hi > c
for every i . Then Hi ∈ H b,∞

c (M, A;α) and so, by Proposition4.8.2, the nonzero
homomorphismT [b,∞);cα factors through the Floer homology group HF[b,∞)(Hi ;α)

for every i . Hence there exists a sequence of periodic orbitsxi ∈ P(Hi ;α) such
that AHi (xi ) > b. Passing to a converging subsequence, we get a periodic orbit
x ∈ P(H ;α) with AH (x) ≥ b > a. This proves the assertion in the case of
infS1×A H > Ĉ(M, A;α,a). If inf S1×A H = Ĉ(M, A;α,a), the result follows by
another approximation argument.

5. Computation of the capacities
We are now in a position to compute, in certain cases, the relative symplectic homol-
ogy of the unit cotangent bundleU∗X of a compact connected Riemannian manifold
X without boundary. We always work with the Liouville formλcan as a primitive of
the canonical symplectic formωcan. We consider the following two cases:
(T) X = Tn

= Rn/Zn is the flat torus;
(N) X has negative sectional curvature.
In either case, we identifỹπ1(U∗X) with π̃1(X), and in the case of the torus we
identify π̃1(Tn) with Zn. More precisely, we identifyk ∈ Zn with the homotopy class
of the loop[0,1] → Tn

: t 7→ tk+ Zn.

5.1. The main results
In this section we state the main results about the (relative) symplectic homology
of open subsets of cotangent bundles and show how they can be used to establish
Theorem3.2.1(i) and (ii).

THEOREM 5.1.1
Assume (T) or (N), and consider the trivial classα = 0 ∈ π̃1(X). Then, for a, c > 0,
we have

SH
←−

[a,∞)(U∗X;0) ∼= H∗(X;Z2)

and

SH
−→

[a,∞);c(U∗X, X;0) ∼=

{
H∗(X;Z2) if a ≤ c,

0 if c < a.

Moreover, the homomorphism

T [a,∞);c0 : SH
←−

[a,∞)(U∗X;0)→ SH
−→

[a,∞);c(U∗X, X;0)
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is an isomorphism for0< a ≤ c. In particular, for every a∈ R,

Ĉ(U∗X, X;0,a) = max{0,a}.

THEOREM 5.1.2
Assume (T) or (N), and consider a nontrivial homotopy class0 6= α ∈ π̃1(X). Denote
by ` > 0 the (unique) length of the geodesics in the classα. Let P := Tn in the case
of (T), and let P:= S1 in the case of (N). Then, for every a∈ R and c> 0, we have

SH
←−

[a,∞)(U∗X;α) ∼=

{
0 if a < `,

H∗(P;Z2) if a ≥ `

and

SH
−→

[a,∞);c(U∗X, X;α) ∼=

{
H∗(P;Z2) if 0 < a ≤ c,

0 if a > c.

Moreover, the homomorphism

T [a,∞);cα : SH
←−

[a,∞)(U∗X;α)→ SH
−→

[a,∞);c(U∗X, X;α)

is an isomorphism for̀ ≤ a ≤ c. In particular, for every a∈ R,

Ĉ(U∗X, X;α,a) = max{`,a}.

Theorem5.1.2is proved in Section5.4. The proof of Theorem5.1.1is similar and
hence omitted (see [BPS] for the details).

We are now in a position to prove Theorem3.2.1.

Proof of Theorem3.2.1
Assume thatX satisfies (T) or (N). Ifα = 0, we must prove thatC(U∗X, X;0,a) =
max{0,a}. To see this, note that every compactly supported Hamiltonian function
H ∈ H (U∗X) has a contractible periodic orbitx with actionAH (x) = 0 and hence
C(U∗X, X;0,a) = 0 whenevera ≤ 0. If a > 0, then Theorem5.1.1asserts that
Ĉ(U∗X, X;0,a) = a and hence

a = Ĉ(U∗X, X;0,a) ≥ C(U∗X, X;0,a) ≥ a.

Here the middle inequality follows from Proposition4.9.1. To prove the right-hand
inequality, let 0< δ < a, and choose any Hamiltonian functionH = H(p) that
depends only on the momenta variables and satisfies maxH = a − δ. Then every
contractible periodic orbitx ∈ P(H ;0) is (up to parametrization) a contractible
geodesic and hence, sinceX satisfies (T) or (N), is constant and has actionAH (x) =
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H(x) = a− δ. This shows thatC(U∗X, X;0,a) ≥ a− δ for everyδ > 0. Thus we
have proved thatC(U∗X, X;0,a) = max{0,a}, as claimed.

Now assumeα 6= 0, and abbreviatè := `(γα) in the case of (N) and̀ := |k| in
the case of (T) withα = k ∈ Zn. Then Theorem5.1.2asserts that̂C(U∗X, X;α,a) =
max{`,a} and hence

max{`,a} = Ĉ(U∗X, X;α,a) ≥ C(U∗X, X;α,a) ≥ max{`,a}

for every real numbera. Again, the middle inequality follows from Proposition4.9.1
and the rightmost inequality from an explicit construction of a Hamiltonian function.
Namely, for anyδ > 0 choose a compactly supported functionf : [0,1)→ R such
that

f (r ) =

{
m− δ for r near 0,

0 for r near 1,

wherem := max{`,a}, and

f (r ) < (1− r )m, −m< f ′(r ) ≤ 0

for every r . Now consider the compactly supported Hamiltonian functionH :=

f (|p|) on U∗X. Its 1-periodic solutions are reparametrized closed geodesics. The
sphere bundle|p| = r contains a periodic orbitx in the classα if and only if
f ′(r ) = −`, and the action of this periodic orbit is

AH (x) = f (r )− r f ′(r ) < f (r )+ rm < m

(see Lem.5.3.2). If a ≤ `, then f ′(r ) > −` for all r ; hence there is no 1-periodic
solution of length̀ and hence none in the classα. If ` ≤ a, then every 1-periodic
solution has actionAH (x) < a. In either case, there is no 1-periodic orbit in the class
α with action at leasta, and henceC(U∗X, X;0,a) ≥ m− δ. Since this holds for
everyδ > 0, we obtainC(U∗X, X;0,a) ≥ m, as claimed.

5.2. Morse-Bott theory in Floer homology
Let us return to the general setting of Section4.2, where(M, ω) is a compact con-
nected symplectic manifold with convex boundary,ω = dλ is an exact symplectic
form, M = M \ ∂M , H = H (M) denotes the space of compactly supported func-
tions onS1

×M , andJ denotes the space of 1-periodicω-compatible almost complex
structuresJt = Jt+1 on M .

A subsetP ⊂P(H) is called aMorse-Bott manifold of periodic orbitsif the set
C0 := {x(0) | x ∈ P} is a compact submanifold ofM andTx0C0 = ker(Dψ1(x0)−1l)
for everyx0 ∈ C0.
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Remark 5.2.1
The Morse-Bott condition can be reformulated as follows. First, a subsetP ⊂P(H)
is a compact submanifold of the loop spaceL M if and only if the setC0 = {x(0) | x ∈
P} is a compact submanifold ofM . Second, for everyx ∈ P the kernel of the linear
mapDψ1(x(0))−1l on Tx(0)M is isomorphic to the space of periodic solutions of the
following linearized Hamiltonian differential equationfor vector fieldsξ(t) ∈ Tx(t)M
alongx:

∇ẋξ = ∇ξ XH (x), ξ(t + 1) = ξ(t), (12)

where∇ stands for the Levi-Civita connection of the metricω(·, J·). To see this, just
note thatξ satisfies (12) if and only if ξ(t) = Dψt (x(0))ξ(0) for all t . Note that
every tangent vector ofP is a solution of (12). The Morse-Bott condition can now be
expressed in the form thatP is a compact submanifold ofL M and

Tx P =
{
ξ ∈ C∞(S1, x∗T M)

∣∣ ξ satisfies(12)
}
.

We emphasize that the Hessian of the symplectic action functionalAH : L M → R
at a critical pointx is the linear operatorξ 7→ ∇ξ (gradH) − (∇ξ J)ẋ − J∇ẋξ =

J(∇ξ XH −∇ẋξ) onC∞(S1, x∗T M) (equipped with theL2-inner product). Hence the
space of solutions of (12) is the kernel of the Hessian ofAH at x, and the Morse-Bott
condition asserts that the kernel of the Hessian agrees with the tangent space of the
critical manifoldP.

THEOREM 5.2.2
Let −∞ ≤ a < b ≤ ∞, α ∈ π̃1(M), and H ∈ H a,b(M;α). Suppose that the
set P := {x ∈P(H ;α) |a < AH (x) < b} is a connected Morse-Bott manifold of
periodic orbits. ThenHF[a,b)(H ;α) ∼= H∗(P;Z2).

This is a version of M. Pózniak’s theorem in [Po], which was originally proved in the
context of Floer homology for Lagrangian intersections. In this section we explain the
reduction of this theorem to Poźniak’s original one.

In order to reformulate Floer homology in the Lagrangian setting, let us consider
the symplectic manifold

M̃ := M × M, ω̃ := ω ⊕ (−ω) = d̃λ, λ̃ := λ⊕ (−λ).

Since ω̃ is exact, there are no nonconstant holomorphic spheres inM̃ for any ω̃-
compatible almost complex structurẽJ ∈ J (M̃, ω̃). Sincẽλ vanishes on the diag-
onal1 ⊂ M × M , there are also no nonconstant holomorphic disks with boundary
in 1. Hence the standard theory of Floer homology for Lagrangian intersections ap-
plies as in Floer’s original work [F1], [F2], and [F3]. Given H ∈ H (M), define
H̃t : M̃ → R by

H̃t (x0, x1) := Ht (x0)+ H1−t (x1).
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The Hamiltonian isotopy generated bỹHt with respect tõω is given byψ̃t (x0, x1) =

(ψt (x0), ψ1−t ◦ ψ
−1
1 (x1)). Given J ∈J (M), defineJ̃t ∈J (M̃, ω̃) by

J̃t := ψ
∗
t Jt ×

(
− (ψ1−t ◦ ψ

−1
1 )∗J1−t

)
= (ψ̃t )

∗
(
Jt × (−J1−t )

)
(13)

for 0≤ t ≤ 1/2. Givenu : R× S1
→ M , definẽu : R× [0,1/2] → M̃ by

ũ(s, t) :=
(
ψ−1

t (u(s, t)), ψ1 ◦ ψ
−1
1−t (u(s,1− t))

)
= (ψ̃t )

−1(u(s, t),u(s,1− t)
)
.

Thenu satisfies (6) if and only if ũ satisfies the Lagrangian boundary value problem

∂sũ+ J̃t (̃u)∂t ũ = 0, ũ(s,0) ∈ 1, ũ
(
s,

1

2

)
∈ graph(ψ1). (14)

It satisfies (7) if and only if ũ satisfies

lim
s→±∞

ũ(s, t) = x̃±, lim
s→±∞

∂sũ(s, t) = 0, (15)

wherex̃± := (x±(0), x±(0)) ∈ 1 ∩ graph(ψ1). The solutions of (14) can be inter-
preted as the gradient flow lines of the action functional

Ã (̃x) := −
∫ 1/2

0
λ̃
(
˙̃x(t)

)
dt

on the spaceP̃ of paths x̃ : [0,1/2] → M̃ with endpointsx̃(0) ∈ 1 and
x̃(1/2) ∈ graph(ψ1) (with respect to theL2-metric determined bỹJ). Note that
the composition ofÃ with the mapL M → P̃ : x 7→ x̃, given by x̃(t) :=(
ψ−1

t (x(t)), ψ1 ◦ ψ
−1
1−t (x(1− t))

)
, agrees withAH . Note also that this map induces

a bijection
π̃1(M) = π0(L M)→ π0(P̃) : α 7→ α̃.

Hence the solutions of (14) can be used to define the Floer homology groups of the
pair (1,graph(ψ1)) of Lagrangian submanifolds of(M̃, ω̃). Moreover, the Floer ho-
mology groups defined by the solutions of (14) are independent of the choice of the
(regular) almost complex structurẽJt used to define them. More precisely, denote
by J̃ the space of smooth functions[0,1/2] → J (M̃, ω̃) : t 7→ J̃t such that
J̃t = J × (−J) near the boundary of̃M , whereJ ∈ J (M, ω) is convex. Given a
HamiltonianH ∈H that satisfies (H), denote bỹJreg(H) the set of all almost com-
plex structures̃J ∈ J̃ such that every finite-energy solutioñu of (14) is regular in the
sense that the linearized operator alongũ is surjective. Then the solutions of (14) give
rise to Lagrangian Floer homology groups HF[a,b)(1,graph(ψ1); J̃, α̃). Moreover, it
follows as in [F1], [F2], and [F3] (and as outlined above) that these Floer homology
groups are independent of the almost complex structureJ̃ ∈ J̃reg(H) used to define
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them. Note that ifJ ∈ Jreg(H) and J̃ is given by (13), then J̃ ∈ J̃reg(H). Hence
there is a natural isomorphism

HF[a,b)(H ;α) ∼= HF[a,b)
(
1,graph(ψ1); α̃

)
for everyα ∈ π̃1(M) and every HamiltonianH ∈H a,b(M;α), wherẽα is the image
of α under the above homomorphism̃π1(M) = π0(L M) → π0(P̃). The advantage
of the Lagrangian approach in the present context is that we can use any (regular)
family of ω̃-compatible almost complex structures{ J̃t }0≤t≤1/2 to define the Floer
homology groups, and we are not restricted to those arising from periodic families of
almost complex structures onM via (13). Hence we can apply the results of Poźniak.

Let J̃ ∈ J̃ and H ∈ H , and denote byR → Diff (M, ω) : t 7→ ψt the
Hamiltonian isotopy generated byH . Thegraphof a loopx ∈ L M is the set

0(x) :=
{(

t, ψ−1
t (x(t)), ψ1 ◦ ψ

−1
1−t (x(1− t))

) ∣∣∣ 0≤ t ≤
1

2

}
⊂

[
0,

1

2

]
× M̃ .

For a subsetP ⊂ L M , we write0(P) :=
⋃

x∈P 0(x), and for a map̃u : R ×
[0,1/2] → M̃ , we write

0(̃u) :=
{(

t, ũ(s, t)
) ∣∣∣ s ∈ R, 0≤ t ≤

1

2

}
.

A subsetP ⊂P(H) is called aJ̃ -isolated periodic setif there exists an open neigh-
bourhoodU ⊂ [0,1/2] × M̃ of 0(P) such that the following hold:
(P1) the closureU is a compact subset of[0,1/2] × M̃ ;
(P2) if ũ : R × [0,1/2] → M̃ is a finite-energy solution of (14) with 0(̃u) ⊂ U ,

then there exists anx ∈ P such thatu(s, t) = x(t) for every(s, t) ∈ R2.
An open neighbourhoodU ⊂ [0,1/2] × M̃ of 0(P) which satisfies (P1) and (P2) is
called J̃ -isolating. Note that everỹJ-isolated periodic set is compact.

LEMMA 5.2.3
Let H ∈H (M). Then every Morse-Bott manifold P⊂P(H) of periodic orbits is a
J̃ -isolated periodic set for every almost complex structureJ̃ ∈ J̃ .

Proof
We may assume, without loss of generality, thatP is connected. Let̃dt denote the
distance function of the metric〈·, ·〉t := ω̃(·, J̃t ·), and consider the open set

U :=
{
(t, x̃)

∣∣∣ 0≤ t ≤
1

2
, x̃ ∈ M̃, sup

y∈P
d̃t

(
x̃,

(
y
(1

2
− t

)
, y

(1

2
+ t

)))
< ε

}
⊂

[
0,

1

2

]
× M̃ .
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Let ε > 0 be sufficiently small. Then sinceC0 is an isolated fixed point set forψ1,
it follows that everyx ∈ P(H) with 0(x) ⊂ U is an element ofP. Now the setU
satisfies (P2) because every finite-energy solutionũ : R× [0,1/2] → M̃ of (14) with
0(̃u) ⊂ U is asymptotic to the setP ass→±∞. SinceAH̃ = AH is constant along
P, it follows that every such solutioñu has energyE(̃u) = 0 and hence has the form
ũ(s, t) = x̃(t) = (x(1/2− t), x(1/2+ t) for somex ∈P(H).

LEMMA 5.2.4
Let H ∈ H and J ∈ J̃ . Suppose that P⊂ P(H) is a J̃ -isolated periodic set, and
suppose that U⊂ [0,1/2] × M̃ is a J̃ -isolating neighbourhood of0(P). Then there
exist a compact neighbourhood V⊂ U of 0(P) and a constantδ > 0 such that the
following holds. IfR → H (M) : s 7→ Hs andR → J (M̃) : s 7→ J̃s are smooth
homotopies such that

‖Hs− H‖C2 + ‖ J̃s− J̃‖C1 + ‖∂sHs‖C2 + ‖∂s J̃s‖C1 < δ,

∂sHs = 0, and ∂s J̃s = 0 for |s| ≥ 1, then every finite-energy solutioñu : R ×
[0,1/2] → M̃ of (14) with (H̃ , J̃) replaced by(H̃s, J̃s) satisfies

0(̃u) ⊂ U =⇒ 0(ũ) ⊂ V.

Proof
Suppose, by contradiction, that there exist sequences

R→H : s 7→ H ν
s , R→ J̃ : s 7→ J̃νs , ũν : R× [0,1/2] → M̃,

and(sν, tν) ∈ R× [0,1/2] such that the following hold:
(i) limν→∞ sups∈R

(
‖H ν

s −Hs‖C2+‖∂sH ν
s ‖C2+‖ J̃νs − J̃‖C1+‖∂s J̃νs ‖C1

)
= 0;

(ii) ∂sH ν
s = 0 and∂s J̃νs = 0 for |s| ≥ 1;

(iii) ũν is a finite-energy solution of (14) with (H̃ , J̃) replaced by(H̃ ν
s , J̃νs );

(iv) 0(̃uν) ⊂ U and limν→∞ ũν(sν, tν) ∈ ∂U .
Since there are no nonconstantJ̃t -holomorphic spheres iñM and no nonconstant̃Jt -
holomorphic disks with boundary in1, the first derivatives of the functions̃uν are
uniformly bounded. Hence, by Floer-Gromov compactness (see [F4], [G], [MS], [S]),
there exists a subsequence, still denoted byũν , such that the shifted sequenceũν(sν+
s, t) converges in theC1-topology on compact sets to a finite-energy solutionũ : R×
[0,1/2] → M̃ of (14) such that0(̃u) ⊂ U . By taking a further subsequence, we may
assume thattν → t , and hencẽu(0, t) = limν→∞ ũν(sν, tν) satisfies(t, ũ(0, t)) ∈
∂U ⊂ [0,1/2] × (M \U ). This contradicts (P2).

Lemma5.2.4 enables us to define thelocal Floer homologyHFloc(H ; P) of a J̃-
isolated periodic setP ⊂ P(H) as follows. Choose ãJ-isolating neighbourhood
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U ⊂ S1
× M of 0(P), let δ > 0 be as in Lemma5.2.4, choose a Hamiltonian

functionH ′ such that all periodic solutionsx ∈P(H ′) are nondegenerate and‖H ′−
H‖C2 < δ/4, and choose a regular almost complex structureJ̃ ′ ∈ J̃reg(H ′) such
that ‖ J̃ ′ − J̃‖C1 < δ/4. Then, by Lemma5.2.4, all the Floer connecting orbits of
(H̃ ′, J̃ ′) (i.e., solutions̃u′ of (14) with (H̃ , J̃) replaced by(H̃ ′, J̃ ′)) in U are actually
contained inV . Denote the set of local periodic orbits ofH ′ nearP by

P(H ′;U ) :=
{
x′ ∈P(H ′)

∣∣0(x′) ⊂ U
}
,

and consider the local Floer chain complex

CFloc(H ′;U ) :=
⊕

x′∈P(H ′;U )

Z2x′.

The boundary operator∂H ′, J̃ ′;U
: CFloc(H ′;U )→ CFloc(H ′;U ) is defined by count-

ing the index-1 solutions̃u′ of (14), with (H̃ , J̃) replaced by(H̃ ′, J̃ ′), such that
0(̃u′) ⊂ U . Since these solutions can never converge to the boundary ofU , it fol-
lows that∂H ′,J ′;U is indeed a boundary operator and the local Floer homology is
defined by

HFloc(H ′, J̃ ′;U ) := H∗
(

CFloc(H ′;U ), ∂H ′, J̃ ′;U )
.

The same arguments as in Floer’s original theory (see [F1], [F2], [F3]) now show that
this local Floer homology is independent (up to natural isomorphisms) of the isolating
neighbourhoodU and of the perturbationsH ′ and J̃ ′ used to define it. We write

HFloc(H ; P) := HFloc(H ′, J̃ ′;U )

for the local Floer homology in ãJ-isolating neighbourhoodU of 0(P). Strictly
speaking, this is aconnected simple systemin the sense of Conley, namely, a small
category whose objects are the triples(H ′, J̃ ′;U ) of local perturbations and whose
morphisms are the canonical (unique) isomorphisms between the local Floer homolo-
gies HFloc(H ′0, J̃ ′0,U0) and HFloc(H ′1, J̃ ′1,U1). The details of this construction were
carried out by Pózniak [Po] in the context of Lagrangian intersections.

THEOREM 5.2.5 (Pózniak [Po])
Let H ∈ H (M), and suppose that P⊂ P(H) is a connected Morse-Bott manifold
of periodic orbits. ThenHFloc(H ; P) ∼= H∗(P;Z2).

Proof
The local Floer homology ofH nearP is isomorphic to the local Floer homology of
the pair of Lagrangian submanifoldsL0 := 1 ⊂ M × M andL1 := graph(ψ1) ⊂

M × M near their clean intersection3 := {(x(0), x(0)) | x ∈ P}. Hence, by [Po,
Th. 3.4.11], it is isomorphic toH∗(3;Z2) ∼= H∗(P;Z2).
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Proof of Theorem5.2.2
Fix a 1-periodic almost complex structureJ ∈ J , and letJ̃ ∈ J̃ be given by (13).
Then, by Lemma5.2.3, P is a J̃-isolated periodic set. LetU be a J̃-isolating neigh-
bourhood of0(P), and choose a sequence of regular perturbations(H ν, Jν) which
agree with(H, J) in some neighbourhood of∂M and converge to(H, J) in theC2-
norm. We claim that, forν sufficiently large, all the Floer connecting orbits (i.e.,
solutions of (6)) for the pair(H ν, Jν) in the homotopy classα and the action in-
terval [a,b] are contained inU . Otherwise, there has to be a sequenceuν of such
connecting orbits passing throughM \ U , and we can argue as in the proof of
Lemma5.2.4that, in the limitν → ∞, there must be a finite-energy solution of (6)
for the pair(H, J) in the homotopy classα and the action interval[a,b] which passes
throughM \U . However, every such connecting orbit has the formu(s, t) = x(t) for
somex ∈ P and so is contained inU . This contradiction proves the claim. Hence
HF[a,b)(H ;α) ∼= HFloc(H ; P), and hence the result follows from Theorem5.2.5.

5.3. The main example
In this section we consider the case whereM = U∗X is the open unit cotangent
bundle of a compact connected Riemanniann-manifold X without boundary which
satisfies either (T) (i.e.,X is a flat torus) or (N) (i.e.,X has negative sectional curva-
ture). We use the metric to identify the tangent bundle with the cotangent bundle and
denote a point inU∗X by x = (q, p), whereq ∈ X andp ∈ Tq X. Let H : U∗X→ R
be a compactly supported Hamiltonian function of the form

H(q, p) = f (|p|),

where f : R→ R is a smooth function such thatf (r ) = f (−r ). The corresponding
Hamiltonian differential equation has the form

q̇ =
f ′(|p|)

|p|
p, ∇q̇ p = 0. (16)

Here∇ denotes the Levi-Civita connection. Since|p| is constant, it follows thatq
is a geodesic for every solution(q, p) of (16). Moreover, sincef ′(0) = 0, the zero
section{p = 0} consists of constant solutions. There are other constant solutions
x(t) ≡ (q, p) wheneverf ′(|p|) = 0, but these are not relevant in the context of the
present paper.

LEMMA 5.3.1
The set P0 :=

{
x = (p,q) : S1

→ T∗X | q̇ ≡ 0, p ≡ 0
}

is a Morse-Bott manifold of
periodic orbits for H if and only if f′′(0) 6= 0.
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Proof
Since f is even, there exists a smooth functionh : R→ R such thatf (r ) = h(r 2)/2.
Thenh′(r 2) = f ′(r )/r andh′(0) = f ′′(0). So equation (16) reads

q̇ = h′(|p|2)p, ∇q̇ p = 0.

By Remark5.2.1, P0 is a Morse-Bott manifold if and only if the space of periodic
solutions of the linearized equation is equal to the tangent space ofP0 for everyx =
(q, p) ∈ P0. This means that the space of periodic solutions of the linearized equation
has the same dimension asP0. Now the linearized equation at a constant solution with
p ≡ 0 has the form

d

dt
q̂ = h′(0) p̂ = f ′′(0) p̂,

d

dt
p̂ = 0.

If f ′′(0) 6= 0, then the space of periodic solutions of this equation has dimension
n = dim P0, and if f ′′(0) = 0, it has dimension 2n.

Lemma5.3.1continues to hold for any compact Riemannian manifoldX. However,
in the case of (T) or (N), every nonconstant closed geodesic is not contractible. Let
us now consider a nonzero homotopy class 06= α ∈ π̃1(X), and let us denote bỳ
the (unique) length of the closed geodesics in the classα. The space of solutions to
equation (16) which represent the classα consists of{(q(t), p(t))}, where{

q(t) is a geodesic in the classα, parametrized so that|q̇| ≡ `;

p(t) = ± r
`
q̇(t), wherer > 0 is such thatf ′(r ) = ±`.

(17)

Givenr > 0 with f ′(r ) = ±`, we denote

P±(r, α) :=
{
x = (q, p) : S1

→ U∗X
∣∣ p(t),q(t) satisfy (17)

}
.

In the case of (T), the spaceP±(r, α) is diffeomorphic toX, and in the case of (N), it
is diffeomorphic toS1.

LEMMA 5.3.2
Assume X satisfies (T) or (N). Letα 6= 0, let `, r > 0 with f ′(r ) = ±`, and let
P±(r, α) be as above. Then P±(r, α) is a Morse-Bott manifold of periodic orbits for
H if and only if f′′(r ) 6= 0.Moreover,AH (x) = f (r )− r f ′(r ) = f (r )∓ r ` for every
x ∈ P±(r, α).

Proof
As in the proof of Lemma5.3.1, it follows from Remark5.2.1 that P±(r, α) is a
Morse-Bott manifold if and only if the space of periodic solutions of the linearized



PROPAGATION IN HAMILTONIAN DYNAMICS 111

equation has the same dimension asP±(r, α), namely,n in the case of (T) and 1 in
the case of (N). We begin by linearizing equation (16). Given a pathx : R→ LU∗X :
s 7→ xs = (qs, ps), we represent a variation ofx by a pairx̂ = (q̂, p̂) of periodic
vector fields alongq via q̂ := ∂sqs and p̂ := ∇s ps. Since∂s|p| = |p|−1

〈p,∇s p〉, the
linearized equation has the form

∇t q̂ =
f ′(r )

r

(
p̂−

〈 p

r
, p̂

〉 p

r

)
+ f ′′(r )

〈 p

r
, p̂

〉 p

r
, ∇t p̂+

f ′(r )

r
R(q̂, p)p = 0. (18)

Here R ∈ �2(X,End(T X)) denotes the Riemann curvature tensor. Note that in the
case of f (r ) = r 2/2 we have∇t q̂ = p̂, and so (18) is equivalent to the standard
Jacobi equation∇t∇t q̂ + R(q̂, p)q = 0.

The periodic solutions of equation (18) form the kernel of the Hessian of the
symplectic action (see Rem.5.2.1). Taking the pointwise inner product of the second
equation in (18) with p and using∇t p = 0, we find that

〈
p, p̂

〉
is constant. Hence,

taking theL2-inner product of the first equation in (18) with p and using the fact that
|p| = r , we find that every periodic solution of (18) satisfies

f ′′(r )
〈
p, p̂

〉
≡ 0.

Moreover, taking theL2-inner product of the second equation in (18) with q̂ and using
the first equation, we find that every periodic solution of (18) satisfies∫ 1

0

(
| p̂|2−

〈 p

r
, p̂

〉2
−

〈
R(q̂, p)p, q̂

〉 )
dt = 0.

Now suppose thatX has nonpositive sectional curvature, and suppose thatf ′′(r ) 6= 0.
Then p̂ = 0 and∇t q̂ = 0 for every periodic solution of (18). Hence the space of
periodic solutions of (18) has dimensionn in the torus case (namely,q̂ is uniquely
determined bŷq(0) ∈ Tq(0)X) and has dimension one in the negative curvature case
(namely,q̂ is a scalar multiple ofp). In both cases, it follows that the kernel of the
Hessian of the symplectic action at every pointx ∈ P±(r, α) has the same dimension
asP±(r, α) and hence is equal to the tangent space ofP±(r, α) atx. This is equivalent
to the Morse-Bott nondegeneracy condition (see Rem.5.2.1). If, on the other hand,
f ′′(0) = 0, then the dimension of the space of periodic solutions of (18) is n + 1 in
the torus case and is 2 in the negative curvature case.

5.4. Proof of Theorem5.1.2
Fix a nontrivial homotopy classα ∈ π̃1(X), and let` denote the length of the
geodesics in this class. Moreover, fix a real numberc > 0, and choose a smooth
family of real functions{ fs(r )}s∈R, defined forr ∈ R, with the following properties
(see Fig.1).
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(i) For alls andr , fs(−r ) = fs(r ).
(ii) For everys ∈ R,

fs(0) > c, lim
s→−∞

fs(0) = c, lim
s→∞

fs(0) = ∞.

(iii) For alls andr , we have∂s fs(r ) ≥ 0.
(iv) If s ≥ 1, then

fs(r ) =

{
fs(0) if 0 ≤ r ≤ 1− 3/8s,

0 if r ≥ 1− 1/8s,

f ′s(r ) ≤ 0 for all r ≥ 0 and{
f ′′s (r ) < 0 if 1− 3/8s< r < 1− 2/8s,

f ′′s (r ) > 0 if 1− 2/8s< r < 1− 1/8s,

(v) If s ≤ −1, then

fs(r ) =


fs(0) if 0 ≤ r ≤ 1/8|s|,

s if 3/8|s| ≤ r ≤ 1− 3/8|s|,

0 if r ≥ 1− 1/8|s|,

f ′s(r ) ≤ 0 for r ≤ 1/2, f ′s(r ) ≥ 0 for r ≥ 1/2, and{
f ′′s (r ) < 0 if 1/8|s| < r < 2/8|s|,

f ′′s (r ) > 0 if 2/8|s| < r < 3/8|s|.

(vi) For everys ∈ R such thatfs(0) > `, there exist real numbersr ′s > rs > 0
such that

f ′s(rs) = f ′s(r
′
s) = −`, f ′′s (rs) < 0, f ′′s (r

′
s) > 0,

and f ′s(r ) 6= −` for everyr ∈ [0,∞) \ {rs, r ′s}.
(vii) For everys ∈ R, the only possible pointsr > 0 with f ′s(r ) = ` must satisfy

fs(r ) < 0.
It is not hard to show that such a family of functions{ fs(r )}s∈R indeed exists. Now
defineHs : U∗X→ R by

Hs(q, p) := fs(|p|).

Consider first periodic orbits ofHs which belong to one of the setsP+(r, α) (r > 0),
as defined by (17). We claim that the corresponding action is negative. Indeed, at such
a value ofr > 0, we havef ′s(r ) = `, and the action isfs(r ) − `r , which is negative
due to (vii).
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c

a

s > 1

s = 0

s < −1

1 a/length

Figure 1. A family of profile functions
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Next, denote byPs := P−(rs, α) andP′s := P−(r ′s, α) the other two components
of the set of periodic solutions in the classα as defined by (17). ThenPs and P′s are
both diffeomorphic toTn in the case of (T) and toS1 in the case of (N). Moreover,
by (vi) and Lemma5.3.2, they are Morse-Bott manifolds of periodic orbits forHs for
everys ∈ R, and the values of the symplectic action functional on these two critical
manifolds are

AHs(Ps) = fs(rs)+ rs`, AHs(P
′
s) = fs(r

′
s)+ r ′s`.

Fix a real numbera, and denoteP := Tn in the case of (T) andP := S1 in the case
of (N). We prove Theorem5.1.2in five steps.

Step 1.If a < `, then SH
←−

[a,∞)(U∗X;α) = 0.

By (iv), f ′s(r ) ≤ 0 for everys ≥ 1, r > 0; hence fors ≥ 1 there are no periodic orbits
of the typeP+(r, α). Thus fors ≥ 1 the only families of periodic orbits arePs and
P′s. Since bothrs andr ′s converge to 1 ass→ ∞, it follows that the setsPs and P′s
both have action bigger thana for s sufficiently large. Hence

HF[a,∞)(Hs;α) ∼= HF[−∞,∞)(Hs;α) = 0

for s sufficiently large. The last equation holds becauseα 6= 0, so HF[−∞,∞)(H ;α)
is independent ofH , and there is a Hamiltonian function with only contractible 1-
periodic orbits. Now step 1 follows from Lemma4.7.1(ii).

Step 2.If a ≥ `, then SH
←−

[a,∞)(U∗X;α) ∼= H∗(P;Z2).Moreover, the homomorphism

πs : SH
←−

[a,∞)(U∗X;α)→ HF[a,∞)(Hs;α)

is an isomorphism wheneverfs(0) > a.

As a > ` > 0, we may ignore all periodic orbits of the typeP+(r, α) and consider
only the familiesPs, P′s. The numbersrs andr ′s are the critical points of the function
fs,` : [0,1] → R given by

fs,`(r ) := fs(r )+ r `. (19)

By (vi), the pointrs is a strict local maximum, and the pointr ′s > rs is a strict local
minimum. Suppose thatfs(0) > a. Then fs,`(0) = fs(0) > a and fs,`(1) = ` ≤ a;
hence it follows thatfs,`(rs) > a and fs,`(r ′s) < a. This means that

AHs(Ps) > a, AHs(P
′
s) < a.
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Hence, by Theorem5.2.2, HF[a,∞)(Hs;α) ∼= H∗(P;Z2), and, by Proposition4.5.1,
the monotone homomorphismσHs1 Hs0

: HF[a,∞)(Hs0;α) → HF[a,∞)(Hs1;α) is an
isomorphism wheneverfsi (0) > a for i = 0,1 ands1 ≤ s0. Step 2 follows from
Lemma4.7.1(ii).

Step 3.If a > c > 0, then SH
−→

[a,∞);c(U∗X, X;α) = 0.

As a > 0, we can again ignore all orbits of typeP+(r, α). Since bothrs and r ′s
converge to zero ass→ −∞, it follows that the setsPs andP′s both have action less
thana for −s sufficiently large. Hence HF[a,∞)(Hs;α) = 0 for−s sufficiently large.
Hence step 3 follows from Lemma4.7.1(i).

Step 4.If 0 < a ≤ c, then SH
−→

[a,∞);c(U∗X, X;α) ∼= H∗(P;Z2). Moreover, the

homomorphism

ιs : HF[a,∞)(Hs;α)→ SH
−→

[a,∞);c(U∗X, X;α)

is an isomorphism fors� −1.

Sincea > 0, we may ignore as in previous steps orbits of typeP+(r, α). Let fs,` :
[0,1] → R be given by (19). Then, by (ii), fs,`(0) = fs(0) > c ≥ a and hence

AHs(Ps) = fs,`(rs) > fs,`(0) > a.

If s< min{−1,a− `/2}, then fs,`(1/2) = s+ `/2< a and hence

AHs(P
′
s) = fs,`(r

′
s) < a.

By Theorem5.2.2, HF[a,∞)(Hs;α) ∼= H∗(Ps;Z2) for s < min{−1,a − `/2}.
By Proposition4.5.1, the monotone homomorphismσHs1 Hs0

: HF[a,∞)(Hs0;0) →

HF[a,∞)(Hs1;0) is an isomorphism fors1 < s0 < min{−1,a − `/2}. Step 4 now
follows from Lemma4.7.1(i).

Step 5.If ` ≤ a ≤ c, then the homomorphism

T [a,∞);cα : SH
←−

[a,∞)(U∗X;α)→ SH
−→

[a,∞);c(U∗X, X;α)

is an isomorphism.

By (ii), fs(0) > c ≥ a for everys. Hence, by step 2,πs is an isomorphism for every
s ∈ R. Moreover, by step 4,ιs is an isomorphism fors� −1. By Proposition4.8.2,
T [a,∞);cα = ιs ◦ πs for everys. HenceT [a,∞);cα is an isomorphism.
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It remains to prove the statement on̂C(U∗X, X;α,a). Indeed, it follows from
what we proved above thatAc(U∗X, X, ;α) = [`, c] for everyc > 0. Therefore, for
everya ∈ R, we have

Ĉ(U∗X, X;α,a) = inf
{
c > 0

∣∣ supAc(U
∗X, X;α) > a

}
= max{`,a}.

The proof of Theorem5.1.2is complete.
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