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SYMPLECTIC PACKING IN DIMENSION 4

P. Biran

Abstract
We discuss closed symplectic 4-manifolds which admit full symplectic
packings by N equal balls for large N ’s. We give a homological cri-
terion for recognizing such manifolds. As a corollary we prove that
CP 2 can be fully packed by N equal balls for every N ≥ 9.

1 Introduction

Let (M4,Ω) be a closed symplectic 4-manifold. We say that (M,Ω) ad-
mits a symplectic packing by N balls of radii λ1, . . . , λN if there exists a
symplectic embedding of the disjoint union

∐N
q=1(B(λq), ωstd) into (M,Ω),

where (B(λq), ωstd) denotes the standard closed 4-ball of radius λq, endowed
with the standard symplectic form of R4, ωstd = dx1 ∧ dy1 + dx2 ∧ dy2.

We say that (M,Ω) admits a full packing by N equal balls if the supre-
mum of volumes which can be filled by symplectic embeddings of N disjoint
equal balls equals to the volume of (M,Ω). Otherwise we say that there is
a packing obstruction. Finally, we denote by vN (M,Ω) the ratio between
the supremum of the fillable volume by packings with N equal balls, and
the volume of (M,Ω).

Symplectic packings were studied for the first time by Gromov in [G],
and later by McDuff and Polterovich in [MP]. McDuff and Polterovich
discovered that for certain manifolds there are packing obstructions. More-
over, they were able to compute vN of certain manifolds for many values
of N . In particular they computed vN (CP 2) for any N which is a square
and for 1 ≤ N ≤ 8. It turned out that for every N which is a square there
exists full packing, while for every 1 ≤ N ≤ 8 which is not a square there
are packing obstructions. We refer the reader to [MP] for more details
about the symplectic packing problem.

In this paper we continue the above discussion, concentrating on mani-
folds which admit full packings by N equal balls for large enough N ’s. We
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give a homological condition for recognizing such manifolds, and a direct
method for computing values of N0, such that for all N ≥ N0 there ex-
ists full packings by N equal balls. We then work out several examples
including CP 2, which turns out to admit full packings for every N ≥ 9.

The methods we use are based on the inflation procedure of Lalonde and
McDuff and on Taubes theory of Gromov invariants via pseudo-holomorphic
curves.

2 Main Results

Our main results are concerned with closed symplectic 4-manifolds of the
following types:

• manifolds with b+2 = 1, b1 = 0.
• ruled manifolds and their blow-ups.

Manifolds of the above types belong to a wider class known as mani-
folds which do not have SW-simple type. We shall denote this class by C,
remarking that our main results remain true for manifolds in this class.

We refer the reader to [T1,2], and to [M2,3] for the precise definition of
that class. Finally, note that the class C is closed under the operation of
blowing-up.

Given a symplectic manifold (M,Ω), we shall denote by c1 = c1(TM,J)
the first Chern class of the complex vector bundle (TM,J), where J is any
almost complex structure tamed by Ω.

Definition 2.A. Let (M,Ω) be a closed symplectic 4-manifold. Consider
the following set

DΩ =
{
B ∈ H2(M ;Z) | Ω(B) > 0, c1(B) ≥ 2, B ·B ≥ 0

}
.

Define

dΩ = inf
B∈DΩ

Ω(B)
c1(B)

∈ [0,∞] .

Here we use the convention that inf ∅ =∞.

Before stating our main theorem we mention that given a symplectic
manifold (M,Ω), its volume is defined to be V ol(M,Ω) =

∫
M

1
2Ω ∧ Ω.

Theorem 2.B. Let (M,Ω) be a closed symplectic 4-manifold in the class C.
Suppose that 0 < dΩ ≤ ∞. Then

vN (M,Ω) ≥ min
{

1,
Nd2

Ω
2V ol(M,Ω)

}
.
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In particular, there exists an integer NΩ such that for every N ≥ NΩ,
(M,Ω) admits a full packing by N equal balls. In fact, NΩ can be taken to
be any integer which satisfies

NΩ ≥
2V ol(M,Ω)

d2
Ω

.

The proof is given in section 4.1, where a slightly sharper result is stated
and proved. See also section 6 for exact computation of vN .

The above theorem shows that it makes sense to define the following
invariant.
Definition 2.C. Let (M,Ω) be a closed symplectic 4-manifold. Define
P(M,Ω), the packing number of (M,Ω), as follows:

P(M,Ω) = 1+max{N ∈ N | there does not exist a full packing by N equal balls} .

Here we use the convention that max ∅ = 0, while max of an unbounded
set is ∞. When there is no risk of confusion we shall denote the packing
number of (M,Ω) by PΩ.

As corollary to Theorem 2.B we prove:
Corollary 2.D. 1) P(CP 2,σstd) = 9, where σstd is the standard Kähler
form of CP 2.

2) 2βα ≤ P(S2×S2,ασ⊕⊕⊕βσ) ≤ 8βα , where σ is the standard symplectic form
of S2 and 0 < α ≤ β.

3) Let R be an orientable surface of genus g ≥ 1. Let Ω = βσR⊕⊕⊕ ασS2

be a symplectic form of R × S2, where σR, σS2 are area forms of R,S2

respectively such that
∫
R σR =

∫
S2 σS2 . Then PΩ =

⌈
2βα
⌉
. (Here, dxe

denotes the minimal integer which is greater or equal to x).
The proof of this corollary is given in section 5.

Remark 2.E. 1) Notice that in part 3 of the above corollary, unlike in part
2, we do not assume that α ≤ β.

2) From parts 2 and 3 of the above corollary it follows that PΩ is not a
deformation invariant, since PΩ →∞ as α→ 0

Theorem 2.F. Let (M,Ω) be a closed symplectic minimal 4-manifold in
the class C. Suppose that (M,Ω) is not rational or ruled, then DΩ = ∅. In
particular P(M,Ω) = 1.

The proof is given in section 4.2.
Examples of manifolds satisfying the conditions of the above theorem

are: Barlow surfaces, Dolgachev surfaces, hyper-elliptic surfaces and En-
riques surface. As explained in [MS1] and [M2] the above manifolds belong
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to the class C. Since they are minimal and not rational or ruled they satisfy
the conditions of Theorem 2.F.

It is worth remarking here that in some cases there exist explicit packing
constructions, mainly for rational manifolds. This was done by Karshon
in [K] and by Traynor in [Tr].

We conclude this section by mentioning that all symplectic packings of
manifolds in the class C are unique in the sense that given λ1, . . . , λN , any
two symplectic embeddings of the disjoint union of balls of radii λ1, . . . , λN
are symplectically isotopic. See [M1] for the case of CP 2 with N ≤ 2, [B]
for the case of CP 2 with N ≤ 6, and [M2] for the general case.

3 Inflation and Gromov Invariants

In order to prove Theorem 2.B we need a few preliminary lemmas. For
completeness we also state some relevant theorems from Taubes theory of
Gromov invariants.

Let (M,Ω) be a closed symplectic 4-manifold. An Ω-symplectic excep-
tional sphere is by definition a symplectically embedded sphere with self
intersection number −1. We shall denote by E the set of all 2-integral
homology classes which can be represented by Ω-symplectic exceptional
spheres. In what follows we shall use the notation PD for the Poincaré
duality.

We first need the following theorem of McDuff which belongs to the
framework of Taubes theory of Gromov invariants. For the theory of Gro-
mov invariants see [T1,2], [M3].

Theorem 3.A. (McDuff [M2, Lemma 2.2]) Let (M,Ω) be a closed sym-
plectic 4-manifold in the class C. Let A ∈ H2(M ;Q) satisfy Ω(A) > 0 and
A ·A > 0. Then for sufficiently large n, the class nA can be represented by
a (possibly disconnected) J-holomorphic curve for generic J . If in addition,
for every E ∈ E , A · E ≥ 0 then there exists an embedded and connected
pseudo-holomorphic curve representing the class nA.

Combining this theorem with the inflation procedure of Lalonde and
McDuff one obtains the following theorem:

Theorem 3.B. (McDuff [M2]) Let (M,Ω) be a closed symplectic 4-
manifold in the class C. Let A ∈ H2(M ;Q) satisfy Ω(A) > 0 and A ·A > 0.
Assume that for every E ∈ E A ·E ≥ 0. Then there exists a closed 2-form
ρ, representing PD(A) and such that Ω + yρ is symplectic for all y ≥ 0.
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For more details about this and about the inflation procedure see [M2]
and [LM].

Remark 3.C. An obvious conclusion of the above theorem is:
Under the assumptions of the above theorem, arbitrarily close to PD(A)
there exist cohomology classes which represent symplectic forms in the same
deformation class as Ω.

We shall also need the following well known lemma (see [M4], [MP]):

Lemma 3.D. Let (M,Ω) be a closed symplectic 4-manifold. Denote by E
the set of all homology classes which can be represented by Ω-symplectic
exceptional spheres. Then:

1) E depends only on the deformation class of Ω.
2) Let J (Ω) be the space of all Ω-tamed smooth almost complex struc-

tures of M . Then there exists a dense (actually, even residual) subset
JE ⊆ J (Ω) such that for every J ∈ JE all classes in E admit J-
holomorphic representatives which are connected, embedded and of
genus 0.

3) If E′, E′′ are distinct classes in E then E′ ·E′′ ≥ 0.

Essential to the symplectic packing problem is the symplectic blow-up
operation (see [MP], [MS2]). We shall work in the following setting. Let
(M,J) be a 4-dimensional almost complex manifold with J integrable near
x1, . . . , xN ∈ M . Let (M,J) Θ→ (M,J) be the complex blow-up of (M,J)
at x1, . . . , xN . Denote by Σq = Θ−1(xq), q = 1, . . . ,N the exceptional
divisors, and by Eq ∈ H2(M ;Z) their homology classes. Finally, we set
eq = PD(Eq).

Recall that a symplectic form taming an almost complex structure J is
said to be J-standard near x ∈M if the pair (Ω, J) is diffeomorphic to the
standard pair (ωstd, i) of R4, near x.

The following lemma is an obvious generalization of Proposition 2.1.C
from [MP].

Lemma 3.E. Let (M,Ω) be a closed symplectic 4-manifold. Let J be an al-
most complex structure tamed by Ω, which is integrable near x1, . . . , xN ∈
M and suppose that Ω is J-standard near x1, . . . xN . Let µ1(0), . . . , µN (0)
be positive numbers and let

ϕ =
N∐
q=1

ϕq :
N∐
q=1

(
B(µq(0)), ωstd

)
→ (M,Ω)

be a symplectic embedding which is (i, J)-holomorphic. Denote by (M,Ω0)
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the symplectic blow-up of Ω with respect to ϕ. Suppose we have a symplec-
tic deformation {Ωt}0≤t≤1 starting with Ω0, and lying in the cohomology
class

[Ωt] = [Θ∗Ω]− π
N∑
q=1

µq(t)2eq .

Then (M,Ω) admits a symplectic packing by N balls of radii µ1(1),...,µN (1).
The proof of this lemma goes along the same lines as those of Proposi-

tion 2.1.C from [MP], only that here one has to adjust the symplectic forms
Ωt on the exceptional divisors so that they become standard. This can be
done using the symplectic neighborhood theorem.

4 Proof of the Main Theorems

4.1 Proof of Theorem 2.B. We shall prove a slightly more general
version of Theorem 2.B, namely:
Theorem 4.1.A. Let (M,Ω) be a closed symplectic 4-manifold in the
class C. Suppose that 0 < dΩ ≤ ∞ and let λ1, . . . , λN <

√
dΩ be positive

numbers which satisfy
N∑
q=1

λ4
q < 2V ol(M,Ω) .

Denote by M
Θ→ M a complex blow-up of M at N distinct points. Then

the following holds:
1) The cohomology class

[Θ∗Ω]−
N∑
q=1

λ2
qeq

admits a symplectic representative.
2) The manifold (M,πΩ) admits a symplectic packing by N balls of radii

λ1, . . . , λN .
3) In particular, if

N ≥ 2V ol(M,Ω)
d2

Ω
then there exists a full packing of (M,Ω) by N equal balls.

Proof. The idea of the proof goes along the following lines. First, endow M
with some auxiliary symplectic form Ω, obtained from blowing-up (M,Ω)
with respect to some symplectic embedding of very small balls. Next,
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consider the homology class A = PD([Θ∗Ω])−
∑N

q=1 λ
2
qEq. The idea is to

show that for large enough n the class nA represents an embedded, reduced
and connected pseudo-holomorphic curve in M . Once this is proved we can
use the inflation procedure to obtain a closed 2-form ρ which lies in the
cohomology class [Θ∗Ω] −

∑N
q=1 λ

2
qeq such that for every y ≥ 0 the form

Ω + yρ is symplectic. Dividing by y we see that for every y > 0 the form
1
yΩ + ρ is symplectic. By taking y to be very large we obtain a symplectic
form lying in a cohomology class which is very close to the desired class:
[Θ∗Ω]−

∑N
q=1 λ

2
qeq. It turns out that this approximation is enough for our

purposes. We now give the precise details of the proof.
Let J be an almost complex structure tamed by Ω which is integrable

near x1, . . . , xN ∈M . Let (M,J) Θ→ (M,J) be the complex blow-up of M
at x1, . . . , xN . Denote by Σq the exceptional divisors, by Eq their homology
classes, and by eq the Poincaré dual of Eq. Finally, denote by c1 the first
Chern class of (TM,J) and by c̄1 the first Chern class of (TM,J). Notice
that c̄1 = c1 −

∑N
q=1 eq, under the natural decomposition H2(M ;Z) =

H2(M ;Z)⊕⊕⊕ Ze1⊕⊕⊕ · · ·+⊕⊕⊕ZeN .
Without loss of generality we may assume that Ω is J-standard near

the points x1, . . . , xN since Ω is isotopic to such a form (see [MP, Propo-
sition 2.1.A]).

The proof is divided into two steps. In the first we assume that the
cohomology class of Ω is rational. The second step is a reduction to the
first one.

Step 1: Assume that [Ω] is a rational class.
Let N ∈ N, and let λq be as in the assumptions of the theorem. Choose
λ̄q ∈ Q such that λq < λ̄q <

√
dΩ and such that

∑N
q=1 λ̄

4
q < 2V ol(M,Ω).

Set

a = [Θ∗Ω]−
N∑
q=1

λ̄2
qeq ∈ H2(M ;Q) .

Denote by A the Poincaré dual of a. Clearly A ·A > 0.
Let Ωε be a symplectic form on M obtained from symplectic blowing-up

with respect to a holomorphic and symplectic embedding of N balls of very
small radii. Hence

[Ωε] = [Θ∗Ω]− ε
N∑
q=1

eq .

By taking ε be small enough we may assume that Ωε(A) > 0. Denote
by E the set of homology classes which can be represented by Ωε-symplectic
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exceptional spheres in M .
We claim that A ·E > 0 for any E ∈ E . For this purpose, write

E = B −
N∑
q=1

mqEq , where B ∈ H2(M ;Z) .

Notice first that Ω(B) ≥ 0. Indeed, the form Ωε can be included in a
smooth family of symplectic forms {Ωt}0<t≤ε such that

[Ωt] = [Θ∗Ω]− t
N∑
q=1

eq for all 0 < t ≤ ε .

Since the set E depends only on the deformation class of Ωε we must have
Ωt(E) > 0 for all 0 < t ≤ ε and it easily follows that Ω(B) ≥ 0.

Moreover, one can show that:

(i) If Ω(B) = 0 then B = 0 and E = Eq for some 1 ≤ q ≤ N .
(ii) If B 6= 0 then mq ≥ 0 for all 1 ≤ q ≤ N .

Indeed, suppose that Ω(B) = 0 but B 6= 0. Therefore E 6= Eq for all q,
so by Lemma 3.D we have E · Eq ≥ 0, hence mq ≥ 0 for all q. It is
not possible that all the mq’s are zero, since then E = B and we get
Ωε(E) = Ω(B) = 0. So there must be at least one positive mq. But then
Ωε(E) = 0− ε

∑N
q=1mq < 0, which is impossible. This proves that B = 0,

and it easily follows that E = Eq for some q. Part (ii) follows immediately
from Lemma 3.D.

Now we are ready to show that A ·E > 0. If Ω(B) = 0 then E = Eq for
some q, hence A · E = λ̄2

q > 0. So assume Ω(B) > 0, from which it follows
that mq ≥ 0 for all q. If all the mq are zero then clearly A · E = Ω(B) =
Ωε(B) > 0 and we are done. So assume that at least one of the mq’s is
positive, hence

N∑
q=1

mq ≥ 1 .

Since c̄1(E) = 1 we must have

c1(B) = 1 +
N∑
q=1

mq ≥ 2 .

Furthermore, since E ·E = −1 we must have

B ·B −
N∑
q=1

m2
q = −1
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hence B ·B ≥ 0. This shows that B ∈ DΩ. Set λ̄ = max{λ̄1, . . . , λ̄N}. We
have

A·E = Ω(B)−
N∑
q=1

λ̄2
qmq ≥ Ω(B)−λ̄2(c1(B)−1

)
≥ Ω(B)−dΩc1(B)+λ̄2 > 0 .

Notice that the case DΩ = ∅ (which corresponds to dΩ = ∞), has
already been treated since when DΩ = ∅, the proof of our claim ends at an
earlier stage.

By Theorem 3.B there exists a closed 2-form ρ, representing the class
a = PD(A) such that Ωε + yρ is symplectic for all y ≥ 0. As mentioned
before the idea now is to consider the symplectic forms 1

yΩε + ρ. If we
take y large enough we obtain in this way a symplectic form which lies in
a cohomology class very close to the desired one.

More precisely, consider the symplectic forms

Ωs =
1

1 + s− ε
[
Ωε + (s− ε)ρ

]
, where s ≥ ε .(1)

They lie in the cohomology class

[Ωs] = [Θ∗Ω]− 1
1 + s− ε

N∑
q=1

(
ε+ (s− ε)λ̄2

q

)
eq .

Choose s0 > ε so large that

λ2
q <

ε+ (s0 − ε)λ̄2
q

1 + s0 − ε
< λ̄2

q (we may assume ε < λ̄2
q for all q) .

Notice that equation 1 provides a symplectic deformation {Ωs}ε≤s≤s0 start-
ing at Ωε and ending with Ωs0 , and this deformation satisfies the conditions
of Lemma 3.E. It follows by this lemma that (M,πΩ) admits a symplectic

packing by N balls of radii
√

ε+(s0−ε)λ̄2
q

1+s0−ε > λq (q = 1, . . . ,N). In particular
all the conclusions of the theorem hold for λ1, . . . , λN .

Step 2: Consider the general case.
First notice that the proof of Step 1 still holds if we assume that the coho-
mology class of Ω is a real multiple of a rational class. We need now the
following general and simple observation:
Let a ∈ Rn. Then arbitrarily close to a there exist a0, . . . , an ∈ Qn ⊂ Rn
and nonnegative real numbers α0, . . . , αn ≥ 0 such that

∑n
i=0 αi = 1 and∑n

i=0 αiai = a.
Using this, we decompose a = [Θ∗Ω] −

∑N
q=1 λ̄

2
qeq into a sum of the

form
∑n

i=0 αiai where ai ∈ H2(M ;Q), and n = b2(M) + N . Since the
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classes ai can be taken to be arbitrarily close to a we can proceed as we
did in Step 1 of the proof. The only difference is that now we have to do
n+1 inflations, thus obtaining n+1 closed 2-forms ρ0, . . . , ρn representing
the classes a0, . . . , an, and such that Ωε +

∑N
i=0 yiρi are symplectic for all

yi ≥ 0. The proof now proceeds as in Step 1 by taking yi = sαi, with s
very large.

Note that inflation using more than one curve is slightly more compli-
cated than just with one curve. We refer the reader to [M2] for more details
on this.

Finally, the third statement of the theorem follows easily from the sec-
ond. �

4.2 Proof of Theorem 2.F. The proof of Theorem 2.F relies on the
following two auxiliary results, which we include here for completeness.

Given a symplectic manifold (M,Ω) we denote by K the canonical class
of (M,J), for any almost complex structure J , tamed by Ω.

Theorem 4.2.A. (Liu, Ohta-Ono. See [Li] and [MS1]) LetM be a minimal
symplectic 4-manifold. Then:

1) M is rational or ruled if and only if it admits a symplectic structure
Ω, with K · Ω < 0.

2) If K2 < 0 then M is an irrational ruled surface.

The second result we need is called the light cone lemma. We shall be
using the following set

P+ =
{
a ∈ H2(M ;R) | a 6= 0, a2 ≥ 0, [Ω] · a ≥ 0

}
which is commonly called the closure of the forward positive cone.

Lemma 4.2.B. (Light cone lemma. See [M3]) Let (M,Ω) be a symplectic
4-manifold with b+

2 = 1. If α, β ∈ P+ then α · β ≥ 0, with equality if and
only if α = λβ for some λ > 0.

Now we are ready for the

Proof of Theorem 2.F. Denote by K = −c1(TM,J) the canonical class
of (TM,J), where J is any almost complex structure tamed by Ω. Since
(M,Ω) is minimal but not rational or ruled, then by Theorem 4.2.A we
must have K2 ≥ 0 and K · [Ω] ≥ 0. We may assume that K 6= 0, since
otherwise DΩ = ∅ by definition. Hence K belongs to the closure of the
forward positive cone

P+ =
{
a ∈ H2(M ;R) | a 6= 0, a2 ≥ 0, [Ω] · a ≥ 0

}
.
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Assume that DΩ is not empty, and let B ∈ DΩ. Clearly DΩ ⊆ P+. Since
manifolds in the class C have b+2 = 1, it follows from the light cone lemma
that K ·B ≥ 0. But this cannot hold by the definition of the set DΩ. �

5 Examples

In this section we work out some examples of computing the packing num-
ber.

Minimal rational and ruled manifolds. Consider first minimal ra-
tional manifolds, that is CP 2 and S2 × S2. We start with (CP 2, σstd),
where σstd is the standard Kähler form normalized such that

∫
CP 1 σstd = 1.

Denote by L the homology class of a projective line in CP 2 and by l its
Poincaré dual. We have c1 = 3l, [σstd] = l, hence dσstd = 1

3 . Using The-
orem 4.1.A we see that given λ1, . . . , λN < 1√

3
which satisfy

∑N
q=1 λ

4
q <

1, there exists a symplectic packing of (CP 2, πσstd) by N balls of radii
λ1, . . . , λN .

In particular, if N ≥ 9, CP 2 admits a full packing by N equal balls.
Note however, that for 8 equal balls there is a packing obstruction (see
[MP]). Finally, recall that by a theorem of Taubes any two cohomologous
symplectic structures on CP 2 are diffeomorphic. All the above prove:

Corollary 5.A. For any symplectic form σ on CP 2, Pσ = 9.

Let us consider now S2×S2. Again, it is enough to consider the standard
split forms, since by theorems of McDuff and Li and Liu (see [LM]), any
two cohomologous symplectic forms of S2 × S2 are diffeomorphic.

Consider the symplectic form Ω = ασ ⊕⊕⊕ βσ, where
∫
S2 σ = 1 and 0 <

α ≤ β. Using Gromov’s non-squeezing theorem (see [G]), it is not hard
to see that if B(λ) embeds symplectically into (S2 × S2,Ω) then πλ2 < α,
hence we must have

PΩ ≥ 2
β

α
.

Using Theorem 4.1.A we compute an upper bound for PΩ as follows:
Set A1 = [S2×pt], A2 = [pt×S2], and ai = PD(Ai), i = 1, 2. We have c1 =
2(a1 + a2) and V ol(S2 × S2,Ω) = αβ. Let B ∈ DΩ, say B = n1A1 + n2A2.
It is easy to see that n1, n2 are non-negative. Hence

Ω(B)
c1(B)

=
αn1 + βn2

2n1 + 2n2
≥ α

2
> 0 .

Therefore dΩ ≥ α
2 , hence from Theorem 4.1.A we obtain:
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Corollary 5.B. Let 0 < α ≤ β and let σ be any area form of S2. Then
2βα ≤ PΩ ≤ 8βα .

Note that in some cases it is possible to give sharper bounds for PΩ,
and even to compute its precise value. It is well known that there exists a
diffeomorphism between the blow-up of S2×S2 at N points and the blow-
up of CP 2 at N + 1 points. Furthermore it is not hard to compute that
this diffeomorphism can be chosen to induce the following correspondence:
packing (S2×S2, πΩ) by N balls of radii λ1, . . . , λN corresponds to packing
(CP 2, π(α+β−λ2

1)σstd) byN+1 balls of radii
√
α−λ2

1,
√
β−λ2

1, λ2, . . . , λN .
Restricting to α = β, a straightforward computation shows that there

is packing obstruction for 7 balls (one uses the above correspondence and
the packing inequalities from [MP]). Hence, if α = β then PΩ = 8.

Let us consider now irrational ruled surfaces.
Corollary 5.C. Let R be an orientable surface of genus g ≥ 1. Let σR,
σS2 be area forms on R,S2 respectively, such that

∫
R σR =

∫
S2 σS2 . Let

α, β be positive numbers, then

P(R×S2,βσR⊕⊕⊕ασS2) =
⌈

2
β

α

⌉
Proof. Set Ω = βσR⊕⊕⊕ασS2 . Let Js be a split complex structure on R×S2.
Denote by ((R × S2)N , Js) the complex blow-up of R × S2 at N generic
points, and by Ω a blow-up of Ω. We claim that the set E of all homology
classes which can be represented by Ω-symplectic exceptional spheres is:

E = {E1, . . . , EN , S −E1, . . . , S −EN} ,
where S = [pt× S2].

Indeed, let C be an Ω-symplectic exceptional sphere in the class E.
Choose a generic almost complex structure J tamed by Ω for which C is
J-holomorphic.

Consider a generic path {J t}0≤t≤1 of Ω tamed almost complex struc-
tures with J0 = J and J1 = Js. Since J can be chosen to be arbitrarily close
to Js, we may assume that for all 0 ≤ t < 1 there exist J t-holomorphic
E-spheres. Using Gromov’s compactness theorem we obtain a (possibly
cusp) Js-holomorphic E curve, C̃ = C1 ∪ . . . ∪ Cn, with genus(Ci) = 0.

Denote by prR : R × S2 → R the projection and by p̃rR its lifting to
(R × S2)N . Clearly p̃rR is Js-holomorphic. Since genus(R) ≥ 1 it follows
that for every j, p̃rR(Cj) must be a point, say pj . As C̃ is connected we
see that all the pj ’s are equal. Thus p̃rR(C̃) is a point, and it immediately
follows that E ∈ {E1, . . . , EN , S − E1, . . . , S − EN}. Conversely, it is
obvious that Eq and S −Eq are Ω-symplectic exceptional classes.
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Since the exceptional spheres provide all the packing obstructions, it
follows that (R× S2, πΩ), admits a symplectic packing by N balls of radii
λ1, . . . , λN iff λ2

q < α and
∑N

q=1 λ
4
q < 2αβ. Restricting to equal balls the

result easily follows. �

6 Packing Obstructions

In this section we give some generalizations of the main theorems, which
enable us to compute the exact values of vN (M,Ω) for given N . Recall
that vN (M,Ω) is defined as the ratio between the supremum of the fillable
volume by packing (M,Ω) with N balls and the volume of (M,Ω).

Let (M4,Ω) be a closed symplectic manifold in the class C. Denote
by Θ : M̃N → M its blow-up at N points, and write EN for the set of
2-homology classes representing exceptional spheres in M̃N .

Let
pr : H2(M̃N ;Z)→ H2(M ;Z)

be the natural projection induced by Θ, and set
E ′N = pr(EN ) \ {0} ⊂ H2(M ;Z)

d′N = inf
B∈E ′N

Ω(B)
c1(B)− 1

.

Finally, denote by λmax(M,Ω;N) the supremum of the radii λ, for which
there exists a symplectic packing of (M,Ω) by N equal balls of radius λ.
Theorem 6.A. Let (M,Ω) be a closed symplectic 4-manifold in the class C.
Then:

λmax(M,Ω;N)2 = min

{
1
π
d′N ,

1
π

√
2V ol(M,Ω)

N

}
vN (M,Ω) = min

{
Nd′N

2

2V ol(M,Ω)
, 1
}
.

Proof. The proof of the above theorem goes exactly along the same lines
as the proof of Theorem 2.B, the main idea being that the only packing
obstructions come from exceptional spheres and from volume constrains.

Let Ωε be a symplectic form on M̃N obtained from symplectic blowing-
up with respect to a holomorphic and symplectic embedding of N balls of
very small radii, as in the proof of Theorem 2.B.

Suppose that

λ2 < min

{
1
π
d′N ,

1
π

√
2V ol(M,Ω)

N

}
,(2)
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and consider the cohomology class a = [Θ∗Ω]−πλ2∑N
q=1 eq. Finally, write

A for the Poincaré dual of a.
Exactly as in the proof of Theorem 2.B, we may assume without loss of

generality that A is a rational homology class.
Clearly A ·A > 0, and by taking ε to be small enough we also have that

Ωε(A) > 0. Now, denote by EN the set of all homology classes which can be
represented by Ωε-symplectic exceptional spheres. We claim that for every
E ∈ EN , A ·E > 0.

Indeed, let E = B −
∑N

q=1mqEq, where B ∈ H2(M ;Z). If B = 0
then, as in the proof of Theorem 2.B it is easily seen that E = Eq for
some q, hence A · E > 0. If B 6= 0 then B ∈ E ′N by definition. We have
1 = c1(E) = c1(B)−

∑N
q=1mq, so

A ·E = Ω(B)− πλ2
N∑
q=1

mq = Ω(B)− πλ2(c1(B)− 1
)
> 0 ,

since πλ2 < d′N .
It follows from Theorem 3.B that there exists a closed 2-form ρ, repre-

senting the class a = PD(A), such that 1
yΩε + ρ is symplectic for all y > 0.

This implies, exactly as in the proof of Theorem 2.B, that (M,Ω) admits a
symplectic packing by N equal balls of radius arbitrarily close to λ. Since
this is true for every λ which satisfies inequality (2), we have

λmax(M,Ω;N)2 ≥ min
{

1
π
d′N ,

1
π

√
2V ol(M,Ω)

N

}
.

Conversely, if there exists a symplectic packing by N balls of radius
λ, then the cohomology class a, must carry a symplectic representative in
the same deformation class as Ωε, hence a(E) > 0 for every E ∈ EN , and
we get as above that λ2 < 1

πd
′
N . Finally, (a ∪ a, [M ]) > 0 implies that

λ2 < 1
π

√
2V ol(M,Ω)

N .
Taking supremum over all such λ’s we have

λmax(M,Ω;N)2 ≤ min
{

1
π
d′N ,

1
π

√
2V ol(M,Ω)

N

}
.

The proof is complete. �

6.1 Examples. Since the set E ′N may be quite complicated it is not too
easy to use Theorem 6.A directly. However, we shall consider a larger set,
E ′′N , which is simpler.

Denote by ẼN the set of all E ∈ H2(M̃N ;Z) which satisfy the following
conditions:
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1) E ·E = −1.
2) c1(E) = 1.
3) E ·Eq ≥ 0 for all 1 ≤ q ≤ N .
4) [Θ∗Ω](E) ≥ 0.
Let E ′′N = pr(ẼN)\{0}. The set E ′′N is much simpler to calculate than E ′N ,

because its determination amounts to solving a system of two Diophantine
equations. It turns out that in some cases, such as rational manifolds, we
can replace E ′N in Theorem 6.A, by E ′′N .

We give now the details of the argument. First consider the manifold
CP 2. Let L be the homology class of a line in CP 2. Using L as a basis for
H2(CP 2;Z), we may identify E ′′N with a set of integers, which we denote by
DN (CP 2).

More precisely, denote by DN (CP 2) the set of all integers d, for which
there exists a non-negative solution d,m1, . . . ,mN ≥ 0 for the system of
Diophantine equations: {

d2 =
∑N

q=1m
2
q − 1

3d =
∑N

q=1mq + 1 .
Similarly, for S2 × S2, by using [S2 × {pt}], [{pt} × S2] as a basis for

H2(S2×S2;Z), we let DN (S2×S2) be the set of all pairs of integers (n1, n2)
for which there exists a non-negative solution n1, n2,m1, . . . ,mN ≥ 0 for
the system of Diophantine equations:{

2n1n2 =
∑N

q=1m
2
q − 1

2n1 + 2n2 =
∑N

q=1mq + 1 .
In each of the two cases the first equation reflects the fact that E ·E =

−1, while the second comes from c1(E) = 1.
Note that for N ≤ 8, DN (CP 2) is a finite set, while DN (S2 × S2) is

finite for N ≤ 7 (see [D]).
Theorem 6.1.A. 1) For (CP 2, σstd),

vN = min

{
1,N · inf

d∈DN (CP 2)

(
d

3d− 1

)2}
.

2) Let σS2 be an area form on S2. Then for (S2 × S2, ασS2 ⊕⊕⊕ βσs2),

vN = min

{
1,

N

2αβ
· inf

(n1,n2)∈DN (S2×S2)

(
αn1 + βn2

2n1 + 2n2 − 1

)2}
.

3) Let R be an oriented surface of genus at least 1, and let σR be an
area form on R. Then for (S2 ×R,ασS2 ⊕⊕⊕ βσR),

vN = min

{
1,
Nα

2β

}
.
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Proof. In view of Theorem 6.A statement 3 follows immediately from the
fact that

EN = {E1, . . . , EN , S −E1, . . . , S −EN} ,
already mentioned in the proof of Corollary 5.C. Here, S stands for the
homology class [S2 × {pt}].

We turn now to the proof of statements 1 and 2. The idea of the
proof is that although homology classes E, with E · E = −1, c1(E) = 1,
E · Eq ≥ 0, [Θ∗Ω](E) ≥ 0 may not represent exceptional spheres they
still represent some pseudo-holomorphic curve in M̃N , for a generic almost
complex structure tamed by Ω̃. The argument is based on the the wall
crossing formula for Gromov invariants. We refer the reader to [MS1] for
more details about Gromov invariants and the wall crossing formula.

Let (M,Ω) be either (CP 2, σstd) or (S2 × S2, ασS2 ⊕⊕⊕ βσs2). Suppose
that there exists a symplectic packing of (M,Ω) with N balls of radius λ.
It follows that there exists a symplectic form Ω̃ on M̃N such that

[Ω̃] = [Θ∗Ω]− πλ2
N∑
q=1

eq .

Consider the set
E ′′N =

{
dL | d ∈ DN (CP 2)

}
in case M = CP 2. Here we denote by L the homology class of a line in
CP 2.

Similarly, for M = S2 × S2 consider the set
E ′′N =

{
n1S1 + n2S2 | (n1, n2) ∈ DN (S2 × S2)

}
.

Here we denote by S1, S2 the homology classes, [S2 × {pt}], [{pt} × S2]
respectively.

Let B ∈ E ′′N . By our assumptions, there exist non-negative integers
m1, . . . ,mN such that the class E = B −

∑N
q=1mqEq belongs to ẼN .

We claim that Gr(K − E) = 0. Indeed, it is easy to see in both cases
(M = CP 2 or M = S2 × S2) that there exists a symplectic form Ω̃′ in the
same deformation class as Ω̃, such that Ω̃′(K −E) < 0.

Since E·E+c1(E) = 0 we can apply the wall crossing formula (see [MS1])
to obtain that Gr(E) 6= 0. It follows that Ω̃(E) > 0, that is

λ2 ≤ 1
π

Ω(B)∑N
q=1mq

=
1
π

Ω(B)
c1(B)− 1

.

This proves that

λmax(N)2 ≤ inf
B∈E ′′N

1
π

Ω(B)
c1(B)− 1

.
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On the other hand, since E ′N ⊂ E ′′N we must have

inf
B∈E ′′N

1
π

Ω(B)
c1(B)− 1

≤ 1
π
d′N .

From volume obstruction we have also λmax(N)2 < 1
π

√
2V ol(M,Ω)

N .
Now it easily follows from Theorem 6.A that

λmax(N)2 = min
{

inf
B∈E ′′N

1
π

Ω(B)
c1(B)− 1

,
1
π

√
2V ol(M,Ω)

N

}
,

hence

vN = min

{
1,

N

2V ol(M,Ω)
inf
B∈E ′′

(
Ω(B)

c1(B)− 1

)2}
.

This completes the proof of the theorem. �
Solving the relevant Diophantine equations and applying Theorem 6.1.A

give the following results:
For (S2 × S2, σS2 ⊕⊕⊕ σS2), we have

v1 = 1
2 , v2 = 1, v3 = 2

3 , v4 = 8
9 , v5 = 9

10 , v6 = 48
49 , v7 = 224

225 , vN = 1 for
any N ≥ 8.

For CP 2 we get the values already obtained by McDuff and Polterovich
in [MP], namely

v1 = 1, v2 = 1
2 , v3 = 3

4 , v4 = 1, v5 = 20
25 , v6 = 24

25 , v7 = 63
64 , v8 = 288

289 ,
vN = 1 for any N ≥ 9.
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