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ANDSTORAGEPROBLEM
MULTI-ITEM
REPLENISHMENT
AND BOUNDS
(MIRSP):HEURISTICS
SHOSHANA ANILY
TelAviv University, TelAviv, Israel
(Received November 1988; revisions received June, November 1989; accepted November 1989)
Automated warehouses are often faced with the problem of smoothing their stock volume over time in order to minimize the
cost due to space acquisition. In this paper, we consider an infinite-horizon, multi-item replenishmentproblem: In addition to
the usual setup and holding costs incurredby each item, an extra charge proportionalto the peak stock volume at the warehouse
is due. This last cost raises the need for careful coordinationwhile making decisions on the individual item order policies. We
restrict ourselves to the class of policies that follows a stationaryrule for each item separately. We derive a lower bound on the
optimal average cost over all policies in this class. Then we investigate the worst case of the Rotation Cycle policy. We show
that depending on the problem's parameters, the Rotation Cycle policy may yield an extremely good solution but in other
settings this heuristic may generate an extremely poor policy. We also develop a new heuristic whose performanceis at least as
good as that of the Rotation Cycle procedure, and moreover, it is guaranteed to come, independently of the problem's
parameters,within no more than 41 % of the optimal solution!

In

many distributionsystems significantexpenses are
incurredby storage facilities, such as warehousesor
depots. This cost rate, in the case of leasing the storage
facility, usually dependson the room size requiredfor
holdingthe products.The well developedtechniquesof
automatedwarehousesare based on a computerizedsystem which controlsboth the storageand retrievaloperations. This modernizationallows for an integratedroom
allocation,i.e., the space allocationis not determinedfor
each item separately-instead, the items sharea common
space consistingof multipurposestoragebins; such bins
can store differentproductsat differentpoints of time.
In this paper, we considera multi-itemreplenishment
and storage problem (MIRSP) in the infinite horizon
whereall cost parametersanddemandratesare constant,
item-dependentbut stationaryover time. Backloggingis
not allowed. The model is an extension of the EOQ
model where, in addition to the traditionalsetup and
inventoryholding costs, a paymentis incurredfor the
storage space required for holding the stock in the
warehouse.The storage cost is assumedto be proportional to the maximumtotal stock volume held at the
warehouseat one point in time, or equivalently,to the
minimumwarehousesize requiredfor storingthe items.
This cost componentties the items togetherand raises
the need for a careful coordinationwhile making the
decisionson the item-orderquantities,on one hand, and
the replenishmentepochs phasing, on the other. The
determinationof the peak storage requirementmay be
extremely complicated even if each item follows an

orderpolicy which is characterizedby a single constant
orderquantity.Therefore,we focus here on the derivation of a tight lower bound on the optimalaveragecost
as well as the developmentof heuristicswith small worst
case bounds.
This problemhas some similarityto the well known
Economic Lot Scheduling Problem (ELSP) where n
items are to be produced on a single machine; the
machinecan produceone item at a time. As in the EOQ
model, the ELSPcost structureinvolves a setupcost and
an inventoryholdingcost for each item separately.However, the replenishmentsof different items should be
coordinated simultaneouslybecause of the feasibility
constraints,i.e., each item is producedat a certainspeed
andthe problemis to find an optimalfeasibleproduction
schedule(minimizingthe total averagecost) such thatall
demandsare met on time.
The ELSP has received considerableattention.Many
heuristicshave been developedusuallywith little knowledge, if any, of their quality.A partiallist of references
includesDobson(1986, 1987), Elmagraby(1978), Goyal
(1975), Maxwell and Singh (1983) and Schweitzerand
Silver (1983). Inman and Jones (1987) reportedon a
worst case analysis for the simplest of all heuristics
called the RotationCycle (RC), where all items share a
common replenishmentinterval. The authors compare
the performanceof the RC with the knownlower bound
on the optimalsolution called the IndependentSolution
(IS). For each item i, i = 1, . . . , n let bi denotethe ratio
betweenthe ith item cost components,namelythe setup
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cost/unit holding cost. Also define 6min and box to be
the smallest and the greatest such ratios, respectively.
The authorsbound the gap between the RC and the IS
solutionsby a simple expressionthat dependssolely on
the ratio between 6max and bmin. Their analysisleads to
the observationthat in many cases the RotationCycle
policy providesan almost optimalpolicy. For example,
if bmax is less than two times bmin, then the RC is
guaranteedto come within4% of a lower boundon the
optimalsolution!Anily and Federgruen(199ib) consider
the problemof multimachineELSP where all machines
are identical and work in parallel. They develop extremely simple heuristics which are shown to provide
nearlyoptimalschedulesboth by a worst case boundand
an asymptoticanalysis.
The similaritybetweenthese problemsarises from the
fact that both of them are special versions of the multiitem EOQ model which contain an additionalcomplex
componentrequiringthe coordinationof the orderepochs
and orderquantitiesof the differentitems. However, the
source of complexityand thereforethe solutionmethods
of the two problemsare very different.
It is well knownthat for the multi-itemreplenishment
problem, in which the cost structureis composed of
setup costs and linear holding costs, the EOQ formula
can be invoked for each item separatelyresultingin an
optimalpolicy that satisfiesthe following properties:
1. Zero InventoryOrdering(ZIO): an item is ordered
only when its inventoryis depleted(dropsto zero).
2. StationarityBetween Orders (SBO): all quantityorders for any single item are of equal size.
In the sequel we show that the propertyof ZIO holds
for the MIRSPas well. On the otherhand, we construct
a counterexamplethat demonstratesthat the SBO property is not true in general. However, in view of the
simplicity of implementingrules using constant order
quantitiesfor each item separatelyand the tremendous
difficulty involved in the control of the peak storage
requirementfor general policies we limit ourselves a
priorito policies satisfyingthe SBO property.
In contrast to the ELSP, the MIRSP has received
much less attentionby researchersin spite of its large
applicabilityin automatedwarehouses, where one is
often interested in smoothing the stock volume over
time. For a descriptionof the problemsee Hodgsonand
Howe (1982). ParkandYun (1985) considereda discrete
time schedulingof periodictasksover an infinitehorizon
where the objective is to minimizethe peak work load
required.Hall (1988) proposeda simpleheuristicfor the
MIRSPwhere all items share a common replenishment
interval (similar to the ELSP's RC). For simplicity's
sake we call the policy proposedby Hall the Rotation

Cycle (RC) policy for the MIRSP.Hall provides,first, a
detailed schedule of all the items-order epochs in a
given orderinterval,and second, the orderintervalvalue
that brings the overall average cost to a minimum.
Hariga (1988), in his extensive work, provides some
solutiontechniquesfor the same problemand some of its
variants. The proposed solution methods, which are
based both on exact formulationsand heuristics,are not
shown to exhibit any ex-ante bound on the optimality
gap.
This paperinvestigatesthe worst case behaviorof the
RC heuristicfor the MIRSP. We show, similarlyto the
worst case bound obtained for the ELSP's RC (see
InmanandJones),thatthe worstcase gap of the MIRSP's
RC is also a functionof the problem'sparameters:If the
productshave similarcharacteristics,then the RC has a
high potentialof being a very good solution,possiblythe
optimalone. However, in the presence of a large variabilityamongthe products'characteristics,the RC strategy may perform extremely poorly. Fortunately, we
could derive an alternativeheuristic,the DynamicRotation Cycle (DRC), for the MIRSPwhose averagecost is
at least as low as that of the RC and in any event its
worst case gap is boundedby the constant 2 = 141%
independentlyof the problemparameters!
We conclude this section with an overview of the
paper. In Section 1, we provide some notation and
preliminaries.In Section 2, we develop a lower bound
for the averagesystem-widecosts over all policies satisfying the SBO property.This lower bound involves the
derivationof a good lower bound on the peak stock
volume for any given order policy in that class. In
Section 3, we evaluate the effectiveness of the RC
suggestedby Hall by comparingits average cost to the
lower bound proposed in Section 2. In Section 4, we
propose the Dynamic Rotation Cycle (DRC) heuristic
which performs,at least as well as the RC, and moreover, its worst case boundcannotexceed 2 = 1.41.
1. NOTATIONAND PRELIMINARIES
Let
n = the numberof differentitems in the system;
Ki= the setup cost for ordering item i; suppose that
Ki > Ofor i = 1, ... , n;
Di= the demandrate for item i;
hi= the unit holdingcost per unit of time of item i; and
define Hi = hiDi;

si= the volume in feet3 of item i; let
Si = Disi and S = En 1Si. Si representsthe consumption rate in feet3 of items i where S representsthe
total consumptionrate in feet3;
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w = the cost per unit of time for acquiring1 foot3 as
storage space at the warehouse. Without loss of
generalitywe assumethat w = 1.
Let Ii(t) representthe numberof units of items i that
are storedat the warehouseat time t.
As explainedin the Introduction,the storage cost at
the warehouseper unit of time grows linearly with the
maximumstockvolumeheld at the warehouseover time.
Next, we show thatthereexists an optimalpolicy satisfying the Zero InventoryOrdering(ZIO)property.

Withoutloss of generalitysupposethat an orderof item
1 is placed at time 0 and let 7> 0 be the first point of
time thatan orderfor item 2 is placed (7 < T2). Let also
C(t) and C* denote the stock volume (in feet3) at time
t and the storage space requirement, respectively,
i.e., C* = supo<t<jC(t). Then C(0) = 4T1 + 7 and
C(7) = 4T1 - 47 + T2. Note that minmax{C(O),C(7)}
is obtained for 7 = T2/5 and, moreover, C(0) =
C(T2 /5) = 4 T?+ T2/5. Obviously, C* > 4 T?+ T2/5,
therefore
K1

T
V(T'
v(T1,T2))
Claim 1. For any MIRSP there exists an optimal
replenishmentpolicy which satisfies the ZIO property. Also, optimal SBO policies are ZIO.

576
=

T1

Proof. Assume by contradictionthat the claim is false,
that is, there exists an MIRSPinstancefor which all the
optimalpolicies do not satisfythe ZIO property.Among
all the optimalstrategieschoose an arbitrarypolicy Q.
For each item i define the sequenceof time epochs 2-]
(j = 1, 2, . . . )zr <

i < ...

such that j = the jth time

occurrenceof an order for item i, accordingto policy
Q, while its inventoryhas not been depletedyet (i.e.,
ii(,rj-) > ?).

Define a new policy Q' which is obtainedas follows:
policy Q' is a copy of Q exceptthatthe ordersfor item i
which are placed at t = TrI, .2 . . , i,...
will be deto
i=
.
1,.. ., n.
.
layed
rTj+Ij(-T]-)/Dj, j= 1,29
Once can easily check that Q' satisfiesthe ZIO property
althoughall three cost components:setup costs, holding
costs and storagerequirementcost are not increasedby
this modification.The new policy obtainedis thus also
optimal, which contradictsour assumption.The second
part of the claim regardingthe SBO policies follows
directlyfrom this proof.
The next exampledemonstratesthat there does not necessarilyexist an optimalpolicy which satisfiesthe (SBO)
property.
Example 1. Our example consists of two items I 1, 2}
with K1 = 576, K2 = 0.2, h, = h2 = 0, SI = 4, S2 = 1.
First we computethe best policy that satisfies the ZIO
andthe SBOproperties.Let T1(T2)be the replenishment
interval of item 1 (2). Let also V(T1, IT2) denote the
optimalaveragecost of such a policy. The averagesetup
and holdingcost of the policy is thereforegiven by
K1

K2

1

-+ +-HlTI
T1
2
T2
since H1 = H2

=

0.

1

+-H2T2

2

K1

=

T1

K2

+

T2
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+

K2T

? 4T1+ 5

0.2
?-+
+4T1+
T2

T2

5

The right-handside of (1) is minimized by Tl

=
def

= 12, T2 = /0.2/0.2=
1. Thus, V*=
>
OV(Tl,
T2)
>
96.4.
we will show that
Morover,
infT, T2

576/4

V(12, 1) = 96.4. Suppose that the orders for item 1,
each for 48 feet3, takeplace at t = 0, 12, 24, . . . and the
orders for item 2, each for 1 feet3, take place at t =
0.2, 1.2, 2.2, ... . The volume of the stock held at the
warehousedoes not exceed 48.2 feet3 and it reachesthis
level at t = 0, 0.2, 12, 12.2... . Thus, V(12, 1) < 576
+ 0i2 + 48.2 = 96.4, which implies that
V*= V(12, 1)

=

96.4.

Consideranotherpolicy that satisfiesthe ZIO but not
the SBOproperty:orderitem 1 at t = 0, 12, 24, . . . each
time for a quantityof 48 feet3. However, for item 2 we
do not use an equidistantorderpolicy. Instead,duringa
cycle of 12 units of time order0.5 feet3 of item 2 at the
two replenishmentepochs occurringjust after an order
of item 1 is placed, andat all otherreplenishmentepochs
of item 2 let the order size be 1 foot3. More precisely,
item 2 is ordered at t=0.1,0.6,1.6,2.6,.
..,10.6,
11.6, 12.1, 12.6, 13.6,.... We note that duringa cycle
of 12 time units, item 2 is ordered13 times. The peaks
in the storage requirement occur at t = 0, 0.1, 12,
12.1, . . . each for 48.1 feet3. Thus, the averagecost of
this policy, which does not satisfy the SBO property,is
576/12 + 13.0 *2/12 + 48.1 = 96.32 < 96.4
showing in fact that no optimalpolicy satisfies the SBO
property.
For the reason stated in the Introductionwe restrict
ourselves to the class of policies satisfying the SBO
property even though this class is not guaranteedto
containthe optimalstrategy(see Example 1). Let 4' =
{all replenishmentpolicies satisfyingthe SBO property}.
Also, let Ti denote the replenishmentintervalof item i
where Xi = S1Tirepresentsits orderquantityin feet3.
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We complete this section with the following lemma
which was provedby Inmanand Jones in the contextof
the ELSP. This lemma is used in the continuationto
establishthe worst case gaps of the heuristicsdiscussed
below.

def

1,... ., n} and Y(T1,..., Tn) = inf{peak stock volume (in feet3) as encounteredby policy
Q QQEP(T1,.. ., T)}

(2)

Observe that Y(T1, . .. , T1) represents the lowest stor-

Lemma 1. Given a sequence {(ai, bi)} I ai> 0,
bi> 0, i = ,..., n such that a, /bI < a2/b2 <
(a,/bn then
(iEai E

)

E
S (aibi)l/2 ?

(i +

)

def

where X= (a, /bl)l(an/bn).
2. LOWERBOUND
In this section, we derive a simple lower boundfor the
peak stock volume of a given policy in the class 4): We
first derive the lower boundfor a subclassof policies in
4), namely the class (2 C 4) of power of two policies.
Observethatthe total inventoryvolumeat the warehouse
of policies in the class (2 follows a cyclic pattern,and
thus is much simpler to control than that of general
policies in (D.Laterwe show thatthe same lower bound
remainsvalid for generalpolicies in (D.The expression
obtainedis then used to calculatea simple lower bound
on the optimalaveragesystem-widecosts for all policies
in F.

The following definitionswill be used.
Definition 1. The Inventory Level Graph (ILG) is a
graph representingthe total stock volume at the warehouse of a given order policy Q (not necessarilyin 4)
as a function of the time t. Let CQ(t) denote the
correspondingfunction.
One can easily verify that CQ(t) is a piecewise linear
function, right continuousand decreasingat a constant
rate of - S = _ E n=1Si. The points of discontinuity
correspondto the replenishmentepochs at which the
total inventoryvolume is raisedby a certainamount.
Definition 2. The Multi-Item Replenishment Graph
(MIRG)for (T1, . . ., Tn) is an ILG for an orderpolicy
of the items {1, ... ., n} in the class 4) such that Xj =
SjTj feet3 of item j are orderedat equidistantintervals
of Tj time units. The sequence of order intervals
(T1, 2,. . ., Tn) does not uniquely determine the MIRG.

The form of the MIRG depends on the replenishment
epochs phasingas well as the orderquantities.
For a given sequenceof orderintervalsT1, T2, . .., Tn
def
let P(T1. ..
,
Tn)= {all replenishmentpolicies in 4)
thatorder Xi= SiT feet3 of item i every Ti time units

age space requirementassociatedwith the MIRGscorresponding to (T1, .* , Tn).
Suppose that the sequence (T1, . . . , Tn) is a power of
two sequence, i.e., Ti = 122ki, kieZ (Z = the set of
integers) and ( > 0. Also let T* =max1<i:n~i.

Clearly, the total inventoryvolume undera policy using
the order intervals (T1, . . . , Tn) follows a periodic pat-

tern with a cycle length TV. Moreover, the area below
the MIRGfor a time interval[t, t + T*), for any t > 0,
equals T*_i =IlXi /2. Let mi = T*/ Ti denotethe number of ordersfor item i placed during[0, T*). First we
wish to bound from below the value Y(T1, ..., Tn)
namely,the minimumstoragespace requiredby a policy
in P(T1, . . . , Tn). In order to do that we consider a
broader set of policies - P'(T1, ... , Tn), which contains
P(T1, . . . , Tn) as a subset: P'(T1, .. . , Tn) consists of

all the periodicpolicies with a cycle length T* for which
the inventorylevel at the warehouseis not allowed to
drop below zero, but the inventorylevel of each item
separatelycan be negative. Moreover, we requirethat
the area below the ILG during one cycle equals
T* _i=IXi /2 and exactly mi orders of item i are
placedduringa cycle; each is for Xi feet3, i = 1, . , n.
The inventory level graphs associated with
the policies in P' do not necessarilyuse equal order
intervals for each item; however, they satisfy these
properties:
1. they are positive piecewise linear decreasing at a
constantslope - S;
2. they follow a cyclic patternwith a cycle length of
T*;

3. the area under the curve during one full cycle is
IXi /2;

T*i=

4. the accumulatedjump size (total increment)of the
graph during one cycle of T* time units equal to
57n miXi

feet3.

We also define Y(T1, . . . , Tn) = inf{peak stock volume

(in feet3) of policy Q IQeP'(TI, . . . , Tn)}. Obviously,
Y(T1,.

..

, Tn) < Y(T1, . . , Tn). We say that an ILG

correspondingto policy Q*, Q* EP'(T1,. . . , Tn) is opdef
timal if C`
supt>OCQ*(t)= inf{sup,>OCQ(t)
P'(T1,,.

. , Tn)} '

Next we analyzethe form of the optimalILGs correspondingto policies in P', i.e., the graphsthatbringthe
peak stock volumeto a minimum:The next claim shows
thatthese are the ones thatsmooththe total stock volume
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over time. In otherwords, any local maximaof the ILG
is also a global maxima.
Claim 2. Let QeP'(T1,.

optimal ILG for
(T1,...,Tn),

..,

Inventory Level
feett)

T,,) correspond to an

1X. \~~X

the power of two sequence

that is

max CQ(t) = Y(T,

Q
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., Tn)
time
tL--

Then:
a. each orderpoint of the policy Q correspondsto an
order of a single item 1, 1 ? 1< n for a quantity of
XI feet3;
b. the total stock volume at the warehouseaccording
to policy Q reaches the same level at all replenishment epochs.
Proof. Suppose by contradictionthat there exists at
least one optimal ILG associated with policy Qe
P'(T1,. . . , Tn) which does not satisfy the claim. We
need to distinguishbetweentwo cases: 1) Accordingto
Q at time tk, tk < T* at least two orderstakeplace; one
order is for XI feet3 of item 1 and the other is for Xk
feet3 of item k. In thatcase define t1 = tk. 2) According
to Q, suppose that at tk ( T*, the function of CQ(.)
reachesa global maximaand, moreover,the local maxima precedingthe one at tk is not a global maxima.Let
ti, t1 < tk be the occurrencetime of the orderpreceding
the one at tk, thus CQ(t) < CQ(tk). Similar to the
previous case, assume that Xk feet3 of item k are
orderedat tk.
In both cases, considerthe modificationof the policy
Q: first, delay the ordersfor item k thatoccur at t = tk
modulo (T*) to t = (tk + A) modulo (T*) and second,
advancethe ordersfor item 1 thatoccurat t = tj modulo
(T*) to t = t1- 6 modulo (T*) for E = XkA /XI.
Moreover,choose A small enoughsuch that
a. accordingto Q, no orders take place in [t- ,
t) U (tk, tk + A], and
b. A < Xi / S - (tk - t) X1 / Xk. (It is easily
verified that the right-handside of the last inequalityis
positive in both cases.)
Let Q' be the new policy. The choice of A and E
ensuresthatthe area under CQ,(t) over a full cycle T*
is unchangedby the modification(see Figure 1). Also
CQ(t)

=

CQ,(t)
- E, tj) U [ tk, tk + A) (modulo

T*) .

If CQ,( ) obtains a local maxima at tj or tk, then
obviouslyits value is smallerthan CQ(tk). The two new
peaks in the total stock volume of Q' during one full

to+A

tkk

Figure 1. The bold lines denote the total stock volume
accordingto Q where the dottedlines show
the change in that quantityaccordingto Q'.
(Suppose that at tl(tk) a single order takes
place. A similar graph also holds for the
generalcase.)

cycle occur at t1- E and tk

A; however

+

CQ'(tk + A) = CQ(tk) -SA < CQ(tk)
CQ'(tl-E)

= CQ'(tk) + (tk-

tl+ c)S

< CQ'(tk) + Xk

CQ(tk)

=

where the strict inequalityfollows from & = XkA /XI
andthe choice of A. It is also easy to checkthatthe total
area underthe graphduringa cycle of T* time units is
not affectedby this modification.
If the new policy Q' does not contradictour assumption that Q is optimal by requiring a smaller stock
volume peak than Q', then the same procedurecan be
repeatedon Q' until a contradictionis obtained.
We can proceed with the exact specificationof the
optimalILGsassociatedwith policies in P'(T1, ..., Tn).
For that purpose we define Ai = Xi /S and recall that
mi = T*/ Ti.
Theorem 1. Given a power of two sequence
(T1, - . *, Tn)

a. Eni mjA V=T*.
b. Let Q be an optimal policy, with respect to the
storage space requirement, in P'(T1,. . . , Tn) and
suppose that tl < t2 are two consecutive order
points of Q such that an order for X, feet3 of
item I is placed at t2. Then t2- tI =Xl/S=
.
AI
C. Y( To

for any to [ tj

t

d. Y(Ti

Proof

n

n
a.ZmjAj=
i=1

1i Ti IS.

2 Ein= 1Si+2

.. Tn)

X(TO

n T*

.i
i=1

Ti

Tn).

Xi
S

T* n S.T

Z

S

i=1

Ti

T*
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b. In view of Claim 2, CQ(tl) = CQ(t2), but
CQ(t2) = CQ(tU) - (t2 - t1)S + Xi
t - t = X, /s =-A,

which imply that

c. In view of partsa andb, optimalpolicies in P' are
obtainedby dividing [0, T*) into _i=mi subintervals;
mi of them are of length Ai. (Accordingto part a the
collectionof these subintervalscovers [0, T*).) At each
right end-pointof an interval Ai, an order is placed for
Xi feet3 of item i. The areaunderthe correspondingset
of ILGs during [0, T*) is obtainedby subtractingthe
areasof the >n 1mi triangles, mi of them with base A
andheight Xi, i = 1,.. , n, fromthe areaof the rectangle with height Y= Y(T1,. , Tn) and base T*, (see
Figure2).
Therefore
n

n
YT*

Xi/2

miAiXi/2=T*
i=1

i=1

which impliesthat
1 n T* X2

YT*

-

2 i=1

s

Ti

Theorem 2. The peak stock volume (= storage
requirement) over the infinite horizon of any policy
in 4) that follows the sequence of order intervals
(T,... ., Tn) is bounded from below by
X( Tl

*, TO

or equivalently

Supt>OCQ(t). (For simplicity we write C()
U

- 6 < C(O)

< U for a given E > 0. Moreover, be-

cause of the optimalityof Q, any policy that is obtained
from Q by truncationof an initial part must requirea
storagespace of U feet3. Thus, we can find an infinite
sequence of replenishmentepochs 0 = -0 < ij < -.
such that U - E < C(r) < U and C(rA_1) < C(-r'),
i= 1,2...
Define a new sequenceof epochs:
C( T') - C(O)

-

j=T'r+
Ti +

then 7+ <

- EXISi/S
2i=1

1n

Ti>

T',

C(T^)

d. This follows directlyfrom the fact that P c P' and
Y(Y) is the lowest storagerequirementfor the policies
in P(P'), thus Y(T1, . . ., T) >, Y(T1,. . ., T1).
The extensionof the lower boundon the storagespace
requirementfor general policies satisfyingthe ZIO and
SBO properties, but not necessarily powers of two,
requiresa morecarefulanalysisbecauseof the complications involved in the control of the peak stock volume
which may be acyclic and may not reach a maximum
level.

c/S.

Y'<

/2 we guaranteethatif

= C(T,) -S(Tri-

i = O, 1 .

Tr')=C(O)

Let mi(t) = the numberof orders for item i placed in
[0, t]. Clearly
mi(t)

>- WTJ

(3

and
n

C(t) = C(0) + E mi(t)Xi- St
i=l

which implies that for t = Tk, k = 1, 2, . . ., 0 = C(Tk)
- Szk, or equivalently, that
- C(0) = En lmi(k)Xi
n

n
Emi(
i=l

Tk)Xi/S=

i

A (t)
A2

A4
I

Xi

then no order is placed in the intervals (Ti', ri].

Zmi(Tk)
i-l

(4)

Ai=Tk*

(The resultin (4) is the analogto the one in Theorem1,
part a for power of two policies.) Let A(t) denote the
area underthe given MIRGduring [0, t]. Observethat
there are at least [t/ T7J full cycles of length T, each,
for item i's stock during[0, t]. Thus

Inventory Level

|

1,2,...

i=
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In light of (3), (4) and (5) we derive a lower bound
, T1) on the peak stock volume during
[0, Tk] k = 1, 2,. ., for all policies in 41 using the cycle

Xrk(T . ...

sequence (T1, .T.

1n). The overall lower bound on the

,

peak stockvolumeduring[0, oo)will thenbe obtainedby
calculatinglimk+X~k(TT1,. ., T1,).
In view of (4) the total demandin [0, Tk] equals the
total order volume during the same period. A similar
trick as for the power of two policies is also used here:
Insteadof finding a lower bound on the storage space
requiredby the MIRG correspondingto policy Q, we
considera largerset of graphs,namelyall the ILGsthat:
1) have exactly mi(rk) jumps each for Xi feet3 of item
i during[0, Tk], i= 1, . . ., n, and 2) the areabelow the
graphduring [0, Tk] equals A(rk). Following the same
argumentas the ones in the proofs of Claim 2 and
Theorem1, we write

= T.,= T*,
It is worth noting that if T1= T2=
then our lower bound Y on the peak stock volume
coincides with the optimal storage requirementderived
by Hall for that special case. Moreover, if the set of
items consists of a single commodity Y = SiTi which is
again tight with the storagerequirementneeded by that
item when using an orderintervalof Ti time units.
We are ready to proceed with the derivationof the
lower boundon the optimalaveragecost of all policies in
4). Define V* = the optimalaveragecost of all policies
in 4); and V*(T1, .. , T1)= the optimalaveragecost of
all policies in 4 which orderitem i every Ti time units

i= 1i ... . n. Thus
n

... ., Tn) =EKilTi

V*(TI

in

2i1 n h-T, + Y( TI, *
+-E
2 i=1

in
Em

YT Tk -

(2

V* T

Tn)

,

i~1

2

(Ti

HiTi

2

n
=KiK/T
2

1

1

n

+-ZHIT,
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n

2

Ki / Ti +-E
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mi(Tk)XiAi+A(Tk))
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where Y is given in (2). Therefore
n
1

i(Tk)XiAi=A(Tk)

which impliestogetherwith (3) and (5) that

Ik
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=

>3(2 Ki ((Hi

S3Ti

')

/S

+ Si) + S2 /S))

V.

i=l1

lim+
Y (T,

T)

-E SiTi

+

ST/

Theorem 3. The average system-wide cost of any
policy in 4) is boundedfrom below by

Therefore,we concludethat
in
k-~oo

2 i=1

V=

2 il

which impliesthatthe right-handside of the last inequality is a lower boundon the peak stock volume over the
infinite horizon for all policies 41 correspondingto
(T1,...

, Tn). Thus we define
21n

defi
2

We concludewith the following theorem.

2j~

/

n12
[2Kj(hi+Si+sI/S)]'/

i.e., V*)V.
3. WORSTCASE ANALYSISFOR THERC POLICY
In this section we provide a worst case analysis for the
RC heuristic proposedby Hall by comparingits performance to V-the lower bound on the average

/
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system-widecosts obtainedin the previoussection. Let
VRC(T) denote the average cost of a RC that uses a
cycle length of T. Hall shows that
1

n

KiI/ T+ (Hi+ Sj)T
2 j=1
i~~l

VRC(T)=

simple RC policy proposedby Hall. However, for small
values of X (say, X< 0.2) the performanceof other
heuristicsshould be verified as alternativesto the RC
policy. In the next section, we propose a new heuristic
which, we believe, may provide a significantlybetter
solution,especiallyfor small values of X.

in

+-

ZS
2 j=1

T/S.

4. THEDYNAMICROTATIONCYCLE(DRC)

Therefore, the optimal RC is obtainedby setting the
orderintervalto
n
TRC= (2?Ki

//n

(?(Hi+Si)

n
+ ??S1S

1/2

2

and
VRCdef

VRC(TRC)

n
n
n
22fKi K(
S/S))
(Hi+Si) +

1/2

Clearly, VRC V , V. Below we bound the gap between VRC and V.
For each item i, 1 < E < n, define ai = Ki and bi=
(Hi + S) + Si /S. Without loss of generality we can
assume that the items are numberedin ascendingorder
of the ratios ai / bi, i = 1, . . ., n. Define also X=
(a1 /bj)/(an/bn); then by invoking Lemma 1 we
concludewith the next theorem.
Theorem 4. Given a group of items {1,.. ., n}
numberedin ascendingorder of the ratios aa/ bi where
then
ai= K, bi =Hi +Si +S2IS, i- l,..n,
V

V

(R1
-

1/2de

+

~

2X

x72) -

(7)

where X- (a, / b1)/(a, / b,).
Inman and Jones develop a similar bound for the
ELSP; moreover,they analyzethe behaviorof the function f(X) as Xvaries. Their mainobservationis thatthe
functionf changesat an extremelyslow rate when X is
close to one. For example,if X= 1, i.e., all ratios ai / bi
are identical, f(l) = 1 which means that VRC = V
namely, the RC is the optimal solution. This fact is
intuitively true as the value TRC coincides with the
optimal Ti minimizing(6), i = 1,.. ., n. More surprising is the fact that f(O.75) = 1.006 or f(O.5) = 1.042,
i.e., VRC comes within 0.6% (4%) of the lower bound
V for X=0.75 (X= 0.5). However, if X=0.1, thenthe
RC policy can only be guaranteedto come within 82%
of the lower bound. Thus, for values of Xthat are close
to one practitionersshould not hesitate when using the

In this section, we propose a new heuristic called the
DynamicRotationCycle Policy (DRC) which is shown
to performat least as well as the RC. Moreover, we
show below that the worst case gap of that heuristicis
bounded by min{f(X), /2} where X and f( X) are
definedin (7). It is worthnotingthatthe RC policy may
yield an extremely poor solution when XO as
limX1of(X)= oo; thus, the worst case gap of the RC
heuristiccan be made arbitrarilylarge for values of X
which are sufficientlysmall. The worst case gap of the
DRC, on the other hand, is uniformlyboundedby the
constant+/2, in additionto the boundof f( X),whichever
is smaller, i.e., the DRC policy is guaranteedto come
within41 % of the optimalsolutionindependentlyof the
X-value.
Recallthataccordingto the RC policy all items share
a common replenishmentinterval TRC and the total
inventory volume at the warehouse reaches the same
level at all orderepochs. Thus, by using the RC policy
we may enjoy the benefit of smoothingthe inventoryat
the warehouseat the expense of high average setup and
holdingcosts for those items for which their EOQ order
intervalsdeviatetoo much from TRC_ the actualorder
intervalused by the RC strategy.Accordingto the DRC
policy the set of items { 1, ... , n} is partitionedinto
groups,such thatitems with similar cost parametersfall
into the samegroup.In each groupseparately,we use an
RC policy that smoothesthe inventoryvolume associated with the items of that group. Recall that the RC
policy is extremelyeffective when implementedon a set
of similaritems (X is close to one). These RC policies
are then combinedtogetherto obtainthe DRC heuristic.
We observethatthe taskof combiningthe rotationcycles
of the groupsis, in general, mucheasierthancombining
n differentorderintervalsbecausethe numberof sets is
usually much smaller than the number of items. This
task may be furthersimplified by roundingthe order
intervalsinto powers of two. In the following, we suggest a methodfor partitioningthe items into groups.
Let X = {W1, , WL} be a partitionof the set of
items W = {1, .. , n), i.e., U=1 W = W and W n wV
= 0, 1 < i<j j
L. Define C(X) to be the optimal
averagecost of a strategyusing the RC policy in each
set W,, / = 1, . . . , L, separately.Recall that the order
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intervalof the set WI is given by
(2 E

TRC(WI)=

Ki

E

(2 Kj(Hi + 2 Si))1/2. However, note that implementing
such a policy for each item in W= 1, ... , n} may
result in a total averagecost which is smaller than the
expressionin (9) because in automatedwarehousesdifferent items may share a common space. For simplicity
we use the namethe Independent Solution (IS) for this
heuristicas well and denote the respectivepartitionby

(Hi+Si)
1/2

?_ Es, zs!
iEwWI

))

ic-WI

The items in WI are scheduledin cycles of TRC( 1)
time units accordingto the RC policy proposedby Hall.
Therefore, the peak stock volume of the items in W,
equals
(E Si+S? E

Y

is-WI

2

is WI

is a,

Si)Tr

(

).

Assumingthat this space is acquiredby the warehouse
for storingthe items in WIand ignoringthe fact that in
automatedwarehousesthe total space requirementfor all
items may be less than _ij=1Yl,we write the average
cost due to the items in WIas
1/2

(2 E Ki (E
is WI

(Hi+ Si) +

is- WI

s
is-WI
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XIS, i.e., XIS = {{1},.

.,{n}}

and

n

C(XIS)

<c/(XIS)

+ 2Si))

= E (2Ki(Hi
i=1

The exact evaluationof C(x) for an arbitrarypartition
X of W involves the hard task of the determinationof
the peak stock volume at the warehouseover the infinite
horizon. Therefore,insteadof solving P we will focus
on the solutionof the RHS of (8) which we denoteby P'.
Problem P'
Minimize{C'(x): X is a partitionof W}. Alternatively,
P' can be writtenas

Lf-T~~(T
(2 E Ki

E Si))

min lE

is WI

.

m iEwn
=1

~

+ Si + S12/

E(Hi
i K?Wi

ic

sSi)))1/2

eW,

Therefore
I X = { W,. ..,
C(x)<

E(2
I=1

EKiE
(Hi+Si+S2
is-WI is-WI

= C'(x)

WL}

is a partitionof W}.

E Si))

is I

(8)

We also define problemP.
Problem P
Minimizes {C( x) I X is a partitionof W}. It is easily
verifiedthatfor
i. X= {W}: C(x)= C(x) = VRC, and for
En
ii. X = {{1}, 2, *
, {n}}:
C'(x) =
1(2Ki
/
+ 2
(Hi Si))?

Case ii is similar to the IndependentSolution(IS) in
the ELSP context: Each item is scheduledon the machine in equidistantintervalswhere for each item separately the interval is determinedby invoking the EOQ
formulawith the setupand holdingcosts of thatitem. Of
course, in the ELSP thereis no guaranteethatthe IS is a
feasible schedule. However, it provides a lower bound
on the averagecost of all feasiblepolicies. In the MIRSP,
allocating space in the warehousefor each item separately means, as previously mentioned,that SiTi feet3
should be reserved for item i. Therefore, the optimal
cycle time for the group of items consistingof a single
item i equals (2Ki/(Hi+2Si))1/2,
i= I, ... ., n, and
the average cost due to the group {I{i} } is given by

Both P and P' are partitioningproblems, i.e., a set of
elements is to be partitionedinto groups such that a
certain cost function is optimized. Generalpartitioning
problemsare known to be NP-hard;see Karp (1972).
Efficient (polynomial)algorithmsexist for very special
forms of the cost function;see Chakravarty,Orlin and
Rothblum (1982, 1985) and Anily and Federgruen
(199la). Barnes, Hoffmanand Rothblum(1989) forms
of cost functions;they obtainsome nice characterizations
of the geometricalaspectsof the optimalpartition;however, these are not sufficientyet for the developmentof
efficient algorithmsexcept for the cases discussed in
Chakravarty,Orlinand Rothblum(1985).
Note that the groupcost functionin P' is separablein
groups; however, the partitioningproblem associated
with it cannot be cast in any of the special structural
partitioningproblemswhich are known to be polynomially solvable. One cost function considered by
Chakravarty,OrlinandRothblum(1985) is similarto the
one in P'; they consider the following partitioning
problem(PC) describedbelow.
Supposethat a set of elements W= {1, ... , n} is to
be partitionedinto groups. Each element i is characterized by two attributesai and bi ai ) 0, bi) 0, i =
1,...,n.

Let X=(W1,

. . .,

WL} be an arbitrary parti-

tion of W. Assumealso thatthe group-costfunctionis a

242 /

ANILY

real valued function of the variables >icwai
E -w,bi. ProblemPC is given as follows.

and

Problem PC
Minimize

tion used. Thus, Lemma 2 cannot be implemented
directly.However, based on Lemma2 we will construct
the DRC heuristic for the MIRSP which generates a
good partition,althoughnot necessarilythe optimalone
for P'.
The Dynamic Rotation Cycle (DRC) Algorithm

{Eg
1=I

(

ai,

E

biWI) x
is- WI

is WI

WI

Step 0. Numberthe items in ascendingorder of the
ratios K/i (Hj + 2Si), i.e., K1 /(H1 + 2S1) < K2/

W

is a partitionof W. }
Lemma2 providessome conditionsunderwhich PC can
be solved in polynomialtime. First we need the following definitions.
Definition 3. A set W,C W is said to be consecutive
if the indices of its elements are consecutive integers,
e.g., the set {2,4, 5} is not consecutivebut {2, 3,4, 5} is
consecutive.
Definition 4. A partition X = I{W ,..., WL} is consecutive if W, is consecutive / = 1, . . . , L.
Lemma 2. (Chakravarty,Orlin and Rothblum 1985)
Suppose that the group cost function g(, *) is jointly
concave in both of its arguments. Then there exists an
optimal consecutivepartition for PC.
The computationof an optimal consecutivepartition
can be accomplishedby solving a shortestpathalgorithm
in complexity

0(n2).

(H2 + 2S2)

<*

.-

Step 1. (Solve the SPA)

G(n) = O;
i=n1;
while i ) 0 do

begin
G(i) = mini+
1
Sk /jm=i+

j <f{(2Ej=i+lKk
IKl(Hk

Sk?

+ G(j)};

ism))1/2

i= i-1;

end.
Clearly, duringthe execution of Step 1 one can also
store the correspondingpath, so that the optimalpartition can be recovered. The optimalaverage cost of the
partitiongeneratedby the DRC algorithmaccordingto
the cost functionC' is given by G(O).Let x DRC denote
the generatedpartition.Then
C(XDRC) <

G(0) =C/(XDRC).

It is also easily verifiedthatboth the partitionassociated
with the IS and the one associated with the RC are
feasible for the DRC algorithm.Therefore

Shortest Path Algorithm (SPA)
Let G(n)

=

C( xDRC) ? min{C'(XRC), C(XIS)}

0 and

- min VRC CC(XIS) }.

G(i)

min

i+ 1 Sj~n

g

E

k=i+1

ak,

E

k=i+1

bk +G(j)

i=n-

1,...,0.

The optimalcost of a partitiongiven by G(O),as well as
the optimalpartitionassociatedwith it, can be obtained
by solving recursivelythe above equations.
Unfortunately,P' does not satisfy all of the conditions
in Lemma 2. The cost function in (8) appearsto be
separablein the groups and, moreover, the group cost
function is jointly concave in the group-sumof two
attributes:

In the next theoremwe investigatethe worst case gap of
the DRC algorithm.
Theorem 5
c(XDRC)
V

< min{

where X andf(X)

But the second attributeis not independentof the parti-

are defined in (7).

Proof. In view of Theorem 4 and the fact that
C'( xD~c < VRC we obtainthe inequality

1. Ki;

2. (Hi + Si + S1/ie~wSi).

2,f(X)}

C' ( XDRC)

VRC
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In addition, C1(xDRC)
C'(X
2Si))1/2 which implies that

IS) =

El=1(2
i
Kj(Hi +

V

V

2Si)) 12

z=1(2Ki(Hi+

Enz=1(2Ki(Hi + Si + S3
z71(2Kj(2H

<

/

+2Sj)) 1/2

En J 2 Ki( Hi +

Si))'

2= 1.41.

Note that for X= 0.18, f(X) = 2. Therefore, we
can write the worst case gap of the DRC algorithmas

C/(x DRCX)f(X)
V

(2-
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C/ (Xs)

C/ (X DRC)

X) 0.18
X< 0.18.

It is also worthnotingthatthe worst case analysiswas
conductedon the basis of the two extreme heuristics,
namely the IS and the RC. We can expect that in
practicethe DRC heuristicwill provide a much better
solutionthan these two. Moreover, we observe that the
calculationof the functionC'(x) for a given partitionX
of W assumesthatthe sets' orderintervalsare combined
arbitrarilythus leading to a worst case storage space
requirement(i.e., the sum of the sets' peak stock volume). In practice, if the optimal partition does not
consist of a single set, the least sophisticatedmethods
that one may use while combiningthe sets' order intervals will result in a space requirementthat is smaller
thanthe conservativeone used by the functionC'(-).
Given the optimalpartitionX*, the task of efficiently
combiningthe sets' order intervalsmay be greatly simplified by roundingoff these quantitiesinto powers of
two as described, for example, by Maxwell and Singh
(1983) and Roundy (1985). They propose a rounding
procedureof the sets' order intervalssuch that the new
cost of each set is within2%(!) of the originalone. This
minor increase in the cost may be offset later by the
opportunityof saving on the space requirementat the
warehouse:An ILG of a power of two policy follows a
cyclic patternand, therefore,it is sufficientto focus on a
single cycle while combiningthe sets' order intervals
into a policy.
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