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Adsorption and depletion of polyelectrolytes from charged surfaces
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Mean-field theory and scaling arguments are presented to model polyelectrolyte adsorption from
semidilute solutions onto charged surfaces. Using numerical solutions of the mean-field equations,
we show that adsorption exists only for highly charged polyelectrolytes in low salt solutions. Simple
scaling laws for the width of the adsorbed layer and the amount of adsorbed polyelectrolyte are
obtained. In other situations the polyelectrolyte chains will deplete from the surface. For fixed
surface potential conditions, the salt concentration at the adsorption—depletion crossover scales as
the product of the charged fraction of the polyelectrolitand the surface potential, while for a

fixed surface charge density, it scales agr?*f?3, in agreement with single-chain results. ZD03
American Institute of Physics[DOI: 10.1063/1.1580798

I. INTRODUCTION high-salt regime. We find that the high-salt adsorption regime
of Ref. 8 is pre-empted by an adsorption—depletion transi-

The phenomenon of adsorption of charged polymettion, in analogy with single-chain results. The mean-field

chains (polyelectrolyte to surfaces has generated a greatequations and their numerical solutions are formulated in

deal of interest due to its numerous industrial applicationssec. Il, some simple scaling relationships in Sec. Ill, and the

and relevance to biological systems. The theoretical treatadsorption—depletion transition in Sec. IV. A general discus-

ment is not yet well established because of the multitude ofion and comparison with other models are presented in

length scales involved, arising from different interactions:Sec. V.

electrostatic interactions between monomers and counteri-

ons, excluded volume interactions and entropic consideri. THE MEAN FIELD EQUATIONS AND THEIR

ations. Furthermore, when salt is added to the solution, thelUMERICAL SOLUTION

interplay between polyelectrolytéBE9 and salt ions as well

; ; Consider an aqueous solution of infinitely long PEs, to-
as the ion entropy has to be taken into account. d y long

i i ether with their counterions and an added amount of salt.
The adsorption of PE chains onto charged surfaces ha%n w I countert u ]

been addressed theoretically in several models in the past roughout this paper we assume thatﬁboth the salt ions and
They include amon others¥ solutions of linearized mepan_cbunterions are monovalent. Lg(r) = yc(r) be the square
ney 17 g others: . : root of c(r), the local monomer concentratiom,the mono-
field equations;’ numerical solutions of full mean-field

equation$-1° various scaling theories for single-chain mer size, and the charge fraction on each PE chain. Also let
adsorptior;”'lzand formulation of a phenomenological crite- Po= Ve, be the square root of the bulk monomer concentra-
on d "b' the ad i deoletion o f tion ¢, and yAr) the electrostatic potential. The mean-field
rion describing _?5 adsorption—depietion transition oM., q energy can be obtained either from phenomenological or
charged surfaceS1® Other approaches employed muilti-

Stern layer model¥~*®where a discrete lattice is used and field theoretical approaches,

each lattice site can be occupied by either a monomer, a

solvent molecule or a small ion. The electrostatic potential

can then be calculated self-consistently together with the a2 1

concentrations of the monomers and counterions. _ f ool= kBT(—|V¢|2+—v(¢4— dh—-u(e =], (@
In this article we re-examine the mean-field equations 6 2

describing the PE adsorption and their numerical solutions,

with specific emphasis on the adsorption—depletion transi-  fio,=kgT >, [c'Inc'—c'—ul(c'—c})], 3

tion. The present paper can be regarded as an extension of =+

Ref. 8. It agrees with the previously obtained low-salt ad- €

sorption regime but proposes a different interpretation of the  fq=(c*—c~ +fp?ey— §|Vz//|2. (4)

F:f dr(fpol+fion+fel)i ()]

a o . While the full details can be found in Refs. 8—10, here we
Electronic mail: shafira@post.tau.ac.il . . . .

bElectronic mail: andelman@post.tau.ac.il just briefly explain each of the terms. The first termfgf,

9Electronic mail: netz@theorie.physik.uni-muenchen.de accounts for chain elasticity, the second describes the ex-
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cluded volume interaction between monomers, wheres =—4moelekgT=—4m(ole)lg, where o is the surface
the second virial coefficient. The third accounts for thecharge density. For the latter, the surface potential is held
coupling with a reservoir with bulk polymer concentration fixed with a valuey(0)=ys. The other boundary condition
#2=c, and chemical potentigk. Thef,, contribution to the  for the polymer concentratiog is taken as a nonadsorbing
free energy takes into account the entropy of small ions andurface; namelyg$(0)=0. Note that far from the surface,
their chemical potentigh ™. Last, f is the electrostatic free x—c, Egs.(9) and(10) already satisfy the boundary condi-
energy. Its first term is the interaction energy between thdion: y=0 and¢= ¢, (or n=1).

electrostatic potential and the charged objects; namely, the Equations(9) and(10) are two coupled nonlinear differ-
small ions and monomers. The last term is the self-energy oéntial equations that do not have a known analytical solution.
the electric field— (&/8) [dr|V 4|2 The numerical solutions of these equations for low salt con-

Minimizing the free energy with respect i ¢,c*, ¢, ditions were presented in Ref. 8 and are reproduced here in
and using the bulk boundary conditiongi(x—=>)=0, Figs. 1 and 2, using a different numerical scheme. The nu-
H(x—2) =y, Cp =Ceait b2, andc; =cqy, the profile  merical results have been obtained using the relaxation
equations of Ref. 8 are reproduced, method® based on a linearization procedure done on a dis-

_ 2 crete one-dimensional grid. Then, the equations are trans-
¢ =(Csart fpp)e, ®) formed to a set of algebraic equations for each grid point.
ct=ce e P, (6)  The sum of the absolute difference between RHS and LHS
over all grid points is minimized iteratively until conver-
gence of the numerical procedure is achieved.

In calculating the numerical profiles of Figs. 1 and 2 we
a2 assume positively charged polymers and a constant negative
Z V2¢p=u(g3— ¢§¢)+Bfez,b¢, 8) surface pote_ntla_ll. In Fig.(&) the redu_ced eIectnc_aI potential
6 y= Bey profile is shown as a function of the distance from

where 8= 1/kgT is the inverse of the thermal energygT. the x=0 surface: Similarly, in Fig.@) the monomer res-
Equations(5) and (6) show that the small ions obey Boltz- Caled concentration profile(x)/cy, is shown. In both fig--
mann statistics, while Eq7) is the Poisson equation where ures a consta_nt surface potential boundary gondmon is im-
the salt ions, counterions, and monomers can be regarded B8S€d- The different curves correspond to different surface
the sources of the electrostatic potential. Equat®nis the potentialsys, monomer charge fractiorisand monomer size

mean-field(Edwards equation for the polymer order param- & From the numerical profiles of the electrostatic potential
eter ¢(r), taking into account the excluded volume interac-and monomer concentration it can be clearly seen that there
tion and external electrostatic potenti) is a distinct peak in both profiles. Although they do not occur

The adsorption onto a flat, homogeneous and chargef*@ctly at the same distance from the surface, the corre-
surface placed at=0 depends only on the distangdrom  SPONding peaks in Figs. 1 and 2 vary in a similar fashion
the surface. In this case the above equations can be reduc\é’&h system parameters. _The peak in the conce_ntrz(ﬁum
to two coupled ordinary differential equations. Defining di- 2) marks a PE accumulation at the surface and is regarded as

mensionless variables= ¢/ ¢, andy= ey, Egs.(7) and & signature of adsorption. The peak in the poterifidg. 1)
(8) then read marks an overcompensation of surface charges. At the peak

of ¥(x), the electric field vanisheg = —dy/dx=0, mean-

8we 47e
V2= S inhgey < (gFef 1), (7)

d’y ing that the integrated charge density from the surface up to
22 20y 2

a2« sinhy +kiy(€/—77°), ©) this distance exactly balances the surface charge.

a’ d’y

5 a2 ~ven(n - m+tyn, (10

. . . Ill. SCALING ESTIMATE OF THE ADSORPTION LAYER:
-1_ -1/2
wherex ™ *= (8l gCqan) is the Debye—Hckel screening COUNTERION ONLY CASE

length, determining the exponential decay of the potential
due to the added salt. Similarly, *= (47l gpf ) ~Y? deter- So far, numerical solutions within mean-field theory,
mines the exponential decay due to the counterions. ThEgs.(9) and(10), have been described. We proceed by pre-
Bjerrum length is defined als,=e?/ekgT. For water with  senting simplified scaling arguments, which are in agreement
dielectric constant =80, at room temperaturg; is equal to  with the numerical mean-field results. Note that the treatment
about 7 A. Note that the actual decay of the electrostatitiere does not capture any correlation effect which goes be-
potential is determined by a combination of salt, counterionsyond mean-field. The concept of polymer “blobs” can be
and polymer screening effects. useful in order to describe PE adsorption, where such poly-
The solution of Eqs(9) and(10) requires four boundary mer blobs can be regarded as macro-ions adsorbing on a
conditions. Two of them are the boundary values in the bulkcharge surface. The blob size is determined by taking into
Xx—o: p(x—x)=1 andy(x—«)=0, while the other two account the polymer connectivity and entropy as well as the
are the boundary conditions on tke=0 surface. In this ar- interaction with the charged surface. A single layer of ad-
ticle we use either constant surface charge derisigumann  sorbing blobs is assumed instead of the full continuous PE
boundary conditionsor constant surface potentidDirichlet  profile as obtained from the mean-field equations. Therefore,
boundary conditions For the former, w/dx|,—, the blob size characterizes the adsorption layer thickness.
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FIG. 1. (a) Numerical profiles of the rescaled electrostatic potentialBeys as function of the distance from the surfacaising Egs.(9) and (10), and
constant surface potential. The solid line is ®or5 A, f=1, y;=—1.0, the dotted line foa=5A, f=1, y;=—0.5, the dashed line is fa=10 A, f
=1, ys=—0.5, and the dashed—dotted line fo=5 A, f=0.1,y,=—0.5. All profiles havece,=0.1 mM, $2=10"5 A3, v =50 A%, £¢=80, T=300 K.
The profiles reproduce those of Ref. 8 using a different numerical sch@n®ame profiles as in pa¢d) but in rescaled variableg/D andy/|y|.

A. Fixed surface charge density the surface—monomer attraction. As a result the blob attrac-
ion with the surface is of ordéeT. It is now easy to get an

. . . t
The two largest contributions to the PE adsorption free™ . :
g P timate of the blob sizB,

energy are the electrostatic attraction with the surface and the>
chain entropy loss due to blob formation. ~
. .. . . g
For simplicity, the electrostatic attraction of the mono- fg—e’D=kgT, (12)
mers with the surface is assumed to be larger than the mono- &
mer excluded volume and monomer—monomer electrostatic

repulsion. With this assumption the chain has a Gaussian D~agU2~( a? )1/3 )
behavior inside each surface bldb~ag®? whereg is the gfa)
number of monomers in a blob of sif® as is shown sche-
matically in Fig. 3. The entropy loss of the chain balances g=(lgfas) %3 (13

300 T . T | T
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FIG. 2. (a) The concentration profile(x)/c,= d)z(x)/(bﬁ for the numerical calculations specified in Fig. 1. The profiles reproduce those of Ref.Same
as in part(@) but in rescaled variables/D andc(x)/c, .
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D~ag"” gfelys=kgT, (16)
a
D=ag!’= ——, (17)
. 7% N Y X flysl
1/2
D ~ag 1 19
9=
flys|
Together with the neutralization conditiomy=5/(Dfg) it
yields
3
FIG. 3. A schematic drawing of polyelectrolyte adsorption onto flat surfaces No= %, (19
and formation of Gaussian surface blobs each of Biand havingy mono- I ga
mers. The monomer size &
lysl?
Cm=Nog~|—32- (20)
B

using a rescaled surface density=|o/e|. These results are Note that the above results are in accord with the ones pre-

in agreement with those describing the statistics of singleviously derived in Ref. 8.
chain adsorptiofi:** Just like in Sec. IIlA the self-consistent check can be

The assumption that the electrostatic attraction to théepeated here for the dorBL”SQCfZIQf the sur;‘ace;—monomer
surface is larger than the monomer—monomer electrostati@teractions, yieldindy|>f*45"a"*" and f>v*/(a’lyJ).
repulsion and excluded volume can now be checked selfThis condition has been verified, in addition, by examining
consistently, yielding two conditions:g>fa"2 and numerically the mean-field adsorbing profiles.

f>0%/(al%lg). The overall charge of the polymer in the adsorbed layer
The average monomer concentratiger unit volume IS then
in the adsorption layec,,, is the blob concentration in the [=cpnD=|y¥2 12 1a 1~ |y ¥ 12 (21)

adsorption layeng, times the number of monomers per blob
g, vieldingc,,=ngg. It is now possible to get an estimate of
the blob concentration per unit volume in the adsorption
layer,ny, by assuming that the adsorbed layer neutralizes the
Surface Charges up to a numerica| prefactor of Order a?nty Wh|Ch again Vel’ifieS that the adsorbed amount Scales I|ke the

Hence,n,=5/Dfg. This assumption, which is in agreement Surface charge. _ _
with our numerical solutions, leads to The numerical results of the mean-field equations for

constant surface potentigl condition and in the low salt
regime Csy=0.1 mMM) are consistent with this scaling pic-
ture, as can be seen in Figs. 1 and 2. In Fip) the rescaled
potential y/|y4| is plotted in terms of a rescaled distance:
Cm=Nog=(Iga 2f 2543~ 5% ~23, (15  x/D, with D taken from Eq.(17). In Fig. 2b) the concen-
tration profile is rescaled bg,,, Eq. (20), and plotted in
Equation(14) is just the Graham equatithrelating the sur- terms of the same rescaled distan¢®. The figures clearly
face charge density with the counterion density at the surfacehow a data collapse of the two profiles, indicating that the
vicinity. The only difference is that the counterions are re-characteristic adsorption length is indeed given by the
placed by the charged polymer blobs. Furthermore,(E§).  scaling predictions. Note that the agreement with the scaling
is in accord with the results of Ref. 14. argument occurs as long as the system stays in the low salt
The total amount of PEs in the adsorption layer islimit. The other limit of high salt is discussed next.
I'=c,D=4a/f. In other words, the overall polymer charge in
the adsorption layer(up to a numerical prefactoris |, 11e ApSORPTION-DEPLETION TRANSITION
fl“j:o._ This is just another. way to phrase the charge neury PRESENCE OF ADDED SALT
tralization by the PEs mentioned above.

lys |dw
v |32 -1 —1__ |27 s
fT =]y ¥4 5 a -b~|dx &, (22)

x=0

n0=|55'2, (14)

The same numerical procedure outlined in Sec. I, is
used to find when the chains stop adsorbing and instead will

Using the boundary condition of a fixed surface potentialdeplete from the surface. This is not a sharp transition but
=g, the scaling laws foD andg can be obtained in a rather a crossover which is seen by calculating numerically
similar fashion as was done in Sec. Ill A. Alternatively, onethe PE surface excess, as depicted in Fig. 4. The profiles
can(in the absence of saltelate the surface potential to the were obtained by solving numerically the differential equa-
surface charge density by,=oD/«. tions for several values of near the adsorption—depletion

The adsorption energy of a blob of chargée onto a  transition using a fixed surface potential boundary condition.
surface held at potential is justgfey,. Requiring that this  For salt concentration of aboat,~=0.18y|f/(Iga?) (solid
energy is of order okgT we obtain in analogy to Eq$11)—  line in Fig. 4, the figure show the disappearance of the con-
(13), centration peak. Namely, a depletion—adsorption crossover.

B. Fixed surface potential
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7 T . negative ones in the depletion regime. In Figr)3he depen-
dence ofl" on f is shown for several salt concentrations
L 4 ranging from low- to high-salt conditions. For low enoufgh
I'<0 indicates depletion. A§ increases, a crossover to the
T adsorption regionl’>0, is seen. In the adsorption region, a
N peak inI'(f) signals the maximum adsorption amount at
N constantcg,:. As f increases further, beyond the pedk,

. decreases as+{f. Looking at the variation oF with salt, as
Csait INCreases, the peak iff(f) decreases and shifts to
higher values off. For a very large amount of salt, e.g.,
Csa= 0.5 M, the peak occurs in the limft—1. In Fig. §b),
we plotI'(cg,y for severalf values. The adsorption regime
crosses over to depletion quite sharplycgg increases, sig-
naling the adsorption—depletion transition. The salt concen-
tration at the transitioncy,;, increases with the charge frac-
tion f. The dependence df on cg,; and f for constant
surface charge density is plotted in Fig. 6. Both salt &nd
dependencies show a similar behavior to those shown in Fig.
5 for constant surface potential.

FIG. 4. Numerical polyelectrolyte concentration profiles exhibiting the tran- The, numenc_al pha;g diagrams supportmg the
sition from adsorption to depletion. The dashed line corresponds tAdsorption—depletion transition are presented in Fig. 7 for
f=0.12, the dotted—dashed linefte-0.1, the solid line td =0.09, and the ~ constant surface charge conditions. The phase diagrams were
dotted line to f=0.08. All profiles have|yJ=05, ¢{=10"°A"°, obtained by solving numerically the mean-field equations.
;’;:3 é Bcacjrsfér} et 97%;'::\2'5 Torr‘fjir"’]‘dst‘(;ip“:gEcéep;f;'lo';ztrans'“on 'S We scanned thef(csy) parameter plane for 50 values bf
o PONEING f0sa=5. Y5/ Tea between 0.0xf<1 [Fig. 7(a)] and the §,cs,) plane for
50 values ofG=|o/e| between 10°A2< & <10 *A 2
The dependence df= [5dx(¢p2— ¢2) onceyrandf for  [Fig. 7(b)]. From the log—log plots it can be seen that the
the constant surface potential is presented in Fig. 5. Thadsorption—depletion transition is described extremely well
place wherel’=0 indicates an adsorption—depletion transi-by a line of slope 2/3 in both Figs(& and 1b). Namely, at

tion, separating positivd™ in the adsorption regime from the transitiorc®,~ f2* for fixed & andc®, ~ &2 for fixed f.
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FIG. 5. (a) Surface excess of the PE adsorptibnas a function of the chain charged fractifinfor several salt concentrations: 1.0 nisblid line), 10 mM
(dashed ling 0.1 M (dashed—dotted line0.5 M (dotg, and for the constant surface potential. As the salt concentration increases, the psaiftis to higher

f values and disappears fog,=0.5 M. The depletion—adsorption transition occurslfer 0. (b) Surface excess as a function of salt concentratigy, for
severalf values:f=0.03(dot9, 0.1(dashey 0.3 (dotted—dashed1.0(solid line). I' is almost independent af,, for low salt concentrations in the adsorption
region. It is then followed by a steep descent into a depletion region at a threshold value. Other parameters upgd—eted, v=>50 A2,
$2=10"° A3 a=5A, T=300 K, ands=80.
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FIG. 6. (a) Surface excess of the PE adsorptibnas function of the chain charged fractibnfor several salt concentrations: 4.0 n{sblid line), 8.0 mM
(dashed ling 21 mM (dashed—dotted line63 mM (dots, and for constant surface charge density. As the salt concentration increases, thelpshKisito
higherf values and disappears fog, =63 mM. The depletion—adsorption transition occurskfer 0. (b) Surface excess as function of salt concentration,
Csair, fOr severalf values:f=0.1(dotg, 0.2 (dashey 0.45(dotted—dashed1.0(solid line). I' is almost independent af,;; for low salt concentrations in the
adsorption region. It is then followed by a steep descent into a depletion region at a threshold value. Other parameters a/sed-at€™* A2,
v=50 A%, $2=10"°A"3 a=5A, T=300 K, ande=80.

To complete the picture, the adsorption—depletion tranplane for 50 values of between 0.0&f<1 [Fig. 8a)] and
sition is also presented in Fig. 8 for constant surface potenthe (yd|,Cs,) plane for 50 values ofyy between 0.k
tial. The phase diagrams are obtained by solving numericallyy | < 1.0 [Fig. 8()]. From the figure it is apparent that the
the differential equations. We scanned thec{,,) parameter adsorption—depletion transition line fits quite well with a line

1

I (a) ] (b)
10° = Depletion E Depletion ]
E .I-..:-I [ l'..-. g
I_.-l—l - ... B .I..- =
= [ -
o* 107k . 7 107 B
E ..- E i -.. ]
C .l' ] i .l.. i
- i m . 1
" Adsorption 1 ! Adsorption ]
10_2—2 — IIIllII—1 I — 0 5 l l l . 4
10 10 10 10 10

f lo /el [A 3]

FIG. 7. Numerically calculated adsorption—depletion crossover diagram for constant surface charge condione Iffi,c,) parameter plane is shown on

a log—log scale whilg=|o/€| is held constant &= 102 A 2. The full squares represent the lowest salt concentration for which depletion is detected. The
least-mean-square fit to the data points gives a straight line with slope aof 0.62. The figure shows that the numerical results agree with a 2/3 power law
as predicted in Sec. IV Ac%,~ 22, In (b) the crossover diagram is calculated numerically in flad€|,c.,) parameter plane on a log—log scale, wHilis

fixed to bef =0.1. The least-mean-square line has a slope of00r@2, showing that the numerical results agree with a 2/3 power law as predicted in Sec.

* 2/3
VA, ¢ty o
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FIG. 8. Numerically calculated crossover diagram on a log—log scale for constant surface potential conditions. Notations and symbols are thé-game as
6. In (a) the (f,cq,) parameter plane is presented for constgrt — 1.0. The least-mean-square fit has a slope of £@02, in excellent agreement with the
scaling arguments;y,~f. In (b) the (y4|,Csa) parameter plane is presented, for consfand.1. The least-mean-square fit has a slope of £@82, in
agreement with scaling arguments, V-

of slope 1.0 in both Figs.(8) and 8b) plotted on a log—log B. Scaling for the fixed surface potential

* H * s
scale. NamelyCs, -~ f for f'xid Ys, andCeyys for fixed f. For the boundary condition)= ¢, the potential decay

These scaling forms ofg,, at the transition can be ex- ¢ tha surface can be approximated to be
plained using the simplified scaling arguments introduced in

Sec. Il y(x)=yse (26)
and the same consideration as in E@2l) and(25) gives
f
A. Scaling for the fixed surface charge Csalt<%- (27
B

If the blobs are taken as charged spheres, the mere exis- . . .
tence of an adsorption process requires that the attraction 0 amely,*we expect an2 ad.sorptlon—deplethn transition o oc-
the monomers to the surface persists for all charges up - folr CS"F‘]'EZWSW(IBa )r’] in the C"?‘S‘"‘I ofa 1|‘|xed surface p%- .
distanced from the charged surface. For high ionic strengthf.nt'%' This supports the numerical results as presented in
solutions, the electrostatic potential at distancefor a '9. ©.

charged surface can be approximated by the linearized
Debye—Hukel potential, V. DISCUSSION

y(X)=4mclgr e . (23) We have presented numerical calculations of the mean-
field equations describing the adsorption of PE chains onto
arged surfaces, including multichain interactions. The
fmain finding is the existence of an adsorption—depletion
transition in the presence of added salt or weakly charged
chains. The numerical results are discussed in terms of
simple scaling arguments describing the adsorption of PEs.
xkD<1. (24)  The salt concentration at the adsorption—depletion transition
scales likeck,~f|ys for the fixed surface potential and
ct i~ (f5)?? for the fixed surface charge density. Within the
scaling picture, the condition for depletion is the same as for
Csa|t<52/3f2/3|§1/33_4/3- (25) a single chain, in agree_ment with our mean.—fielq solutions.
We briefly summarize the main approximations of our
The crossover between adsorption and depletion will occumean-field and scaling results. A nonadsorbing surface is
whenc,=(%f2;a~ %)% in accord with Refs. 6, 7, 12, used as the polymer boundary condition. However, if the
and with the numerical results discussed above and presentsdrface has a strong nonelectrostatic affinity for the PE
in Fig. 7. chains, the electrostatic contribution does not have to be the

This is valid as long as the potential is low enoughs 1.
The adsorption picture requires that the exponential decay
the potential will not vary substantially inside a region o
size D comparable to the size of surface blog$D)=ys.
Then, the exponential decay in E®J) yields

Namely, the Debye—Hikel screening length is smaller than
the adsorption layer thicknesd, Using Eq.(12) this yields
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