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Abstract. - The effect of electrostatic interactions on the distribution of polymers in a good 
solvent is investigated for semi-dilute solutions containing charged polymers (polyelectrolytes) 
and small ions. A m a n  field approach is used to derive two coupled differential equations: a 
modified Poisson-Boltzmnn equation for the electrostatic potential, and a self-consistent field 
equation for the polymer order parameter, We compare several monomer charge distributions; 
smeared, annealed and quenched. The polymers are confined between two charged surfaces, and 
are in contact with a reservoir of polymers and electrolyte. This makes the annealed and 
quenched cases equivalent. Non-monotonous profiles are obtained for the case of competing 
surface interactions: electrostatic adsorption us. short-range desorption. 

The motivation for studying the behaviour of polyelectrolyte solutions between charged 
surfaces stems from at least two sources. On the one hand, the presence of polymers (in many 
cases charged) in a solution has a prominent effect on the stability of colloidal suspen- 
sions [1,2]. Industrial applications range from stabilization of ink and paint to waste water 
treatment and paper making131. On the other hand, the presence of proteins and other 
partially charged biopolymers in the intercellular fluid (aqueous solution) affects the 
interactions between adjacent membranes [4]. 
Our model system consists of weakly (positively) charged polymers and small ions in a 

good solvent between two parallel and uniformly charged surfaces. The small ions are of 
three kinds: (negative) counter-ions and a 1:l electrolyte composed of (positive) co-ions and 
(negative) counter-ions. We take all the counter-ions to be identical, but this assumption does 
not affect the results. 

The system can be viewed as a combination of two coupled problems[5,6]. The first 
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consists of an electrolyte solution between two charged surfaces and was investigated 
extensively in the framework of the Gouy-Chapman theory[7], extending from the 
Poisson-Boltxmann equation. The second consists of adsorption (or depletion) of neutral 
polymers immersed in solution between two walls. This problem was investigated for the last 
twenty years, and good understanding was reached [8,9]. 

One approach to treat the full polyelectrolyte problem is the multi-Stern-layer model [lo], 
in which the spacing between the two surfaces is divided into parallel and discrete lattice 
layers. A set of discrete self-consistent equations are then solved numerically, e.g. by 
iterations. Another approach used in the present work is a self-consistent mean field[5], 
where continuous and spatially varying functions such as the electrostatic potential are used 
to describe the free energy of the system. The thermodynamic equilibrium of the system is 
then determined by a set of differential equations obtained using a variational principle. 

Taking the monomer concentration e, (r) ,  the ion concentrations c + (r)  and c - (T ) ,  and the 
electrostatic potential q(r) as continuous and local functions of the position, and assuming 
ground-state dominance [ll, 121, the monomer concentration e, ( r )  is replaced by the 
so-called polymer order parameter @(T),  where I @(r) I ' = e, (r). The system is in contact 
with a reservoir of polymers and electrolyte characterized by their respective bulk values: 
Gb, cb+ , e;. The bulk value of the electric potential is set to zero (qb = 0). 

We limit ourselves to weakly charged polymers, for which the chains remain flexible. 
Three types of charge distribution (for the polymer) are considered: i) Smeared: the charge is 
distributed uniformly along the chain. Each monomer carries a fractional charge equal to pe  
where e is the elementary charge unit and p << 1. ii) Annealed: each monomer can acquire one 
elementary charge with a nominal probability p .  However, the efective charge configuration 
can change dynamically as it depends on the local electric potential at equilibrium. 
Experimentally, the annealed case can be realized by synthesizing weak acidic (or basic) 
polymers. The pH of the solution controls the dissociation of ions from the polymer[l3]. 
iii) Quenched: each monomer can have one elementary charge with a fixed (quenched) 
probability p .  Here, the charge configuration is frozen in contrast with the annealed case. The 
quenched case can be obtained experimentally by synthesizing a random heteropolymer from 
charged and uncharged monomers [131. However, as was previously noted [14], the reservoir 
allows the system to choose only those chains with charge distribution best adapted to the 
local potential. In this sense it is equivalent to the annealed case, and indeed a detailed 
calculation verifies this conclusion[l5]. The dynamics of reaching this state might be 
different, but, as we consider only equilibrium properties, we will treat only the smeared 
and annealed cases. 

In the smeared case the excess free energy with respect to the bulk is an integral over 
space of the free-energy density: f ( r )  = fpol (r)  + fent ( T )  + fel (r) ,  where 

The free energyf , ( r )  is the contribution of the semi-dilute polymer solution in good-solvent 
conditions 1121. It includes a chain elasticity term, where a is the Kuhn step length and kB T is 
the thermal energy, and an excluded-volume interaction term v (with units of a volume). The 
last term represents the coupling with the polymer reservoir, pp being the chemical potential 
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of the polymer. The entropic contribution of the small ions is represented by f , t(r).  It 
includes the change in the entropy of the ions with respect to the bulk, and the chemical 
potential p i  of the i-type ion. Finally, fel is the electrostatic energy of the system. The first 
three terms are the interaction energies of the charges with the local electric field, while the 
last term represents the self-energy of the electric field, where E is the dielectric constant of 
the solution. 

Using the variational principle on the smeared free energy, eqs. (1)-(3), with respect to @, 
c' and q: 6f/6@ = Sf/Scf = 6f /Sq  = 0, we obtain four equations. Using, in addition, the 
charge neutrality condition leads to 

where the ion distributions are given by the Boltzmann factors: c + = cb exp [ -Be+] and c - = 
= (cb + p@; ) exp [Beq]. Equation (4) is the self-consistent field equation in the presence of an 
external electrostatic potential, and eq. (5) is the Poisson-Boltzmann equation with the 
charged polymer as an additional charge carrier. Similar equations applied only for smeared 
charges were introduced previously without the excluded-volume term [5,10]. 

We turn now to the annealed case where one has to average the partition function over all 
charge configurations. As a result, the above two equations become 

- 2  

where pa = p exp [ -/3eq]/( 1 - p + p exp [ -Bel/,]) can be interpreted as a Boltzmann 
weighted-charge probability. Note that in the limit of low charge probability (p << 1) and low 
electrostatic potentials Veq << l), the annealed and smeared cases become identical. 

The structure function S( q )  and its Fourier transform (the concentration fluctuation) have 
been calculated by several authors [16-191 using the random phase approximation (RPA). We 
would like to note that exactly the same expressions for S(q) can also be obtained by 
linearizing eqs. (4), (5) around the bulk values[15]. 

The chosen boundary conditions consist of two flat uniformly charged parallel surfaces. We 
have chosen Neumann boundary condition where the surface charge density U is given(I). 
The electrostatic boundary condition is 6 * Vq I = - 4 n u / ~ ,  where 6 is the normal to the 
surface. To model the polymer surface adsorption we use the Cahn boundary condition[8]: 
(6 V@)/@ I = 1/D, where D is the polymer adsorption length inversely proportional to the 
strength of the short-range interaction of the monomer with the surface. D is negative 
(positive) for an attractive (repulsive) surface. 

The set of differential equations (4), (5)  or (61, (7) with their boundary conditions were 
solved numerically for, respectively, smeared and annealed cases. Several useful 
characteristic lengths can be defined in the problem: the Edwards correlation length 5 = 

(l) Alternatively, Dirichlet boundary condition where the surface potential q8 is fixed can be used. 
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Fig. 1. - The effect of competing surface and electrostatic interactions on the polymer concentration 
profile for the smeared (solid line) and annealed (filled circles) models. The monomers of size a = 5 A 
and with v = a3 = 125 A3 are positively charged with a fractional charge p = 0.01. The surfaces are 
negatively charged with a charge density of -3000e/A2, while the short-range repulsion is 
characterized by a desorption length D = 20 A All charges are monovalent, T = 300 K and E = 80 
(water). The distance between the plates is d = 550 A The electrostatic screening lengths are K;' = 
= 44 A for the salt and K;' = 106 A for the polymer. These values correspond to polymer and electrolyte 
bulk concentrations of cb = 5.10-'M and q5; = 10-6A-3, respectively. The polymer correlation length 
is = 260 k The electrostatic potential decays roughly in an exponential manner from its surface value 
( B e v s  = - 1) towards its mid-plane value. The inset shows the neutral monomer concentration profile, 
with the same surface interaction. Note the high values of polymer adsorption in the charged cases vs. 
the neutral one (inset). The dashed horizontal line corresponds to the bulk polymer value. 

= a / m  for neutral polymers; the Debye-Huckel screening length K;' = ( &kB T/8ne2 cb  

coming from the screening by the salt and, similarly, K ;  = ( &kB T/4ne $8 )lI2 which depends 
on the bulk concentration of the (charged) polymers. Two other lengths are the surface 
separation d and the adsorption length D. At high polymer (salt) concentration ( ( K - ' )  
decreases, thus limiting the range of the polymer (electrostatic) interaction. A strong 
coupling of polymer and electrostatic effects is expected when the two length scales are of 
similar range. In addition, the two surfaces will interact strongly when the inter-surface 
distance is less than or of the same order of magnitude as the screening lengths. 

Since we do not consider any inhomogeneities in the directions parallel to the surface, the 
only relevant spatial coordinate is the distance from the surfaces, x, whose origin is taken at  
the mid-plane between the two surfaces. 

In fig. 1 we present an interesting case of competing surface interactions: short-range 
repulsion (D > 0) vs. electrostatic attraction (negative surface charge). We compare the 
reduced monomer concentration profiles u 2 ( x )  = $2(x)/$6 for the smeared case (solid line) 
and annealed case (circles) with the same set of physical parameters. The inset of fig. 1 shows 
the concentration profile for neutral polymers having the same adsorption characteristics. 
The relatively small surface charge (a = - e/3000 A) is enough to substantially increase the 
average monomer concentration (in resealed units) ( u 2 )  E su2 (x) dxld, from 0.04 for neutral 
polymers to 11.1 (14.3) for smeared (annealed) polymer charges, where d = 550A is the 
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chosen inter-surface distance. This effect is mainly due to the longer range of the charged 
surfaces. A depletion layer, whose width is about the adsorption length D = 20 i%, has 
appeared near the surfaces as a result of the short-range repulsion. We note that 
non-monotonous profiles have been previously obtained. However, we believe that they were 
due either to the constraint on the amount of polymer between the plates, or to discretization 
effects [6,10]. 

The electrostatic potential is maximal near the surfaces (where lpely 1 c- 1) and decays to 
its mid-plane value due to screening. The electrostatic screening is dominated by the 
electrolyte, whose screening length irF1 = 44 A is shorter than the screening due to the 
polymer charges (and their counter-ions), K; = 106 A As a result, the electrostatic-potential 
profile (smeared and annealed) is very similar to that of a pure electrolyte solution (no 
polymers). The difference between the smeared and annealed cases is most pronounced near 
the surface where the electrostatic potential is high. When the electrostatic potential is small, 
the difference between the two cases diminishes. This can be demonstrated by expanding the 
electrostatic free energy in the annealed case f$" in powers of Bely: 

where f$) is the contribution of the charged monomers to the smeared case, eq. (3). Another 
point is that the annealed free energy is lower than the smeared one. This can be easily 
understood since the annealed charges can adjust according to the local electrostatic 
potential, and allow a better optimization of the free energy. As can be seen from fig. 1, the 
polymer concentration in the annealed case is higher than in the smeared case, especially 
close to the wall where lpely I 3 1. 

In conclusion, we have investigated the behaviour of charged-polymer solutions in the 
presence of salt for several monomer charge distributions. We have seen that the difference 
between the smeared and annealed cases depends on the electrostatic potential. At low 
electrostatic potentials ( I << l), the simplified smeared case is a good approximation for 
the more realistic annealed case, while at high electrostatic potentials (IBelyI 2 l), the 
difference between the two cases becomes more evident. This difference is in particular large 
close to the surfaces. In our annealed example, although p is very small ( p  = O.Ol), the 
effective dissociation close to the surface is pa - 0.17 due to the large electric potential there. 
The effect of surface charges on the surface excess of pol etween the surfaces can be 
very large. As was demonstrated, even a moderate surface density may increase the 
amount of polymer between the surfaces by three or 

Several extensions to this research can be of interest. ression for the 
local free energy, eqs. (1)-(3), allows the calculation of th sure between the two 
surfaces for a given profile. Such measurements olyte solutions are 
available [20,21] using a surface force apparatus [221 and can bei used to test our results [15]. 
Another direction might be extending the formalism beyhd one dimension, either by 
considering non-flat geometries such as charged spheres ip'a solution, or by allowing the 
surfaces to become non-homogeneous. 

* * *  
We would like to thank Y. KANTOR and Y. RABIN for useful discussions. One of us (IB) 

would like to thank the Service de Physique Thborique (GE-Saclay) for its hospitality. 
Support from the German-Israeli Foundation (GIF) unde'r grant No. 1-0197 is gratefully 
acknowledged. 



504 EUROPHYSICS LETTERS 

R E F E R E N C E S  

[l] DICKINSON E. and ERIKSSON L., Adv. Colloid Interjiace Sei, 34 (1991) 1, and references therein. 
[21 JOANNY J. F., LEIBLER L. and DE GENNES P.-G., J. Polym. Sci ,  17 (1979) 1073. 
[31 CABANE B., WONC K., WANC T. K., LAFUMA F. and DUPLESSIX R., Colloid Polym. Sei, 266 (1988) 

[4] ALBERTS B., BRAY D., LEWIS J., RAFF M., ROBERTS K. and WATSON J. D., Molecular Biology of the 

[5] VAROQUI R., JOHNER A. and ELAISSARI A., J. Chem. Phys., 94 (1991) 6873; VAROQUI R., J. Phys. 

161 PODCORNIK R., J. Phys. Chem., 96 (1992) 695. 
[7] For general references see: ISRAELACHVILI J. N., Intermolecular an& Suvace Forces, 2nd edition 

(Academic Press, London) 1990; VERWEY E. J. W. and OVERBEEK J. TH. G., Theory of the Stability 
of Lyophobic Colloids (Elsevier, New York, N.Y.) 1948; ANDELMAN D., Electrostatic Properties of 
Membranes, in Handbook of Biological Physics: Structure and Dynamics of Membranes, Vol. 1 
(Elsevier Science B. V., Amsterdam) 1995, p. 559. 

101. 

Cell, 3rd edition (Garland, New York, N.Y.) 1994. 

IZ, 3 (1993) 1097. 

[8] DE GENNES P.-G., Macromolecules, 14 (1981) 1637; 15 (1982) 492. 
[9] FLEER G. J., COHEN STUART M. A., SCHEUTJENS J. M. H. M., COSGROVE T. and VINCENT B., 

Polymers at Zntefaces (Chapman & Hall, London) 1993, chapt. 11. 
[lo] BOHMER M. R., EVERS 0. A. and SCHEUTJENS J. M. H. M., Macromolecules, 23 (1990) 2288. 
[ll] EDWARDS S. F., Proc. Phys. Soc., 85 (1965) 613; 88 (1966) 265. 
[ E ]  DE GENNES P.-G., Scaling Concepts in Polymer Physics (Cornell University, Ithaca, N.Y.) 1979; 

DES CLOIZEAUX J. and JANNINK G., Polymers in Solution: Their Modeling and Structure 
(Clarendon Press, Oxford) 1990. 

[13] RAPHAEL E. and JOANNY J. F., Europhys. Lett., 13 (1990) 623. 
[14] CATES M. E. and BALL R. C., J. Phys. (Paris), 49 (1988) 2009. 
[15] BORUKHOV I., ANDELMAN D. and ORLAND H., in preparation; see also BORUKHOV I., M. Sc. Thesis 

[16] BORUE V. Yu. and ERUKHIMOVICH I. YA., Macromolecules, 21 (1988) 3240. 
[17] JOANNY J. F. and LEIBLER L., J. Phys. (Paris), 51 (1990) 547. 
[18] BRERETON M. G. and VILCIS T. A., Macromolecules, 23 (1990) 2044; VILGIS T. A. and BORSALI R., 

[19] MUTHUKUMAR M., J. Chem. Phys., 86 (1987) 7230. 
[ZO] LUCKHAM P. F. and KLEIN J., J. Chem, Soc. Faraday Trans. 1, 80 (1984) 865. 
[21] DAHLCREN M., Langmuir, 10 (1994) 1580, and references therein. 
[22] ISRAELACHVILI J. and ADAMS G. E., J. Chem. Soc. Fa&y Tmns. 1, 74 (1978) 975. 

Tel-Aviv University, 1994, unpublished. 

Phys. Rev. A., 43 (1991) 6857; BRERETON M. G. and VILGIS T. A, J. Phys. I ,  2 (1992) 581. 




