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Abstract

The validity of any test for nonlinearity based on resampling techniques depends heavily on
the consistency of the generated resampled data to the null hypothesis of linear stochastic process.
The surrogate data generating algorithms AAFT, IAAFT and STAP, as well as a residual-based
bootstrap algorithm, all used for the randomization or bootstrap test for nonlinearity, are reviewed
and their performance is compared using different nonlinear statistics for the test. The simulations
on linear and nonlinear stochastic systems, as well as chaotic systems, reveals a variation in the
test outcome with the algorithm and statistic. Overall, the bootstrap algorithm led to smallest test
power whereas the STAP algorithm gave consistently good results in terms of size and power of
the test. The performance of the nonlinearity test with the resampling techniques is evaluated on
volume and return time series of international stock exchange indices.
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1 Introduction

An important question when analyzing time series is about the presence of nonlin-
earity. In the setting of time series analysis based on dynamical system theory, also
referred to as nonlinear or dynamic analysis of time series,the term nonlinearity
refers to the nonlinear dynamics of the underlying to the time series system. The
dynamics is assumed to be mainly deterministic and possiblycorrupted by dynamic
or observational noise (Diks, 2000, Kantz and Schreiber, 1997). Nonlinearity is es-
tablished by ruling out that the generating mechanism of a random-like stationary
time series is a linear stochastic process. In this setting,the dynamics of the stochas-
tic component is downweighted and there is no distinguishing of nonlinearity in
the mean or in the variance. On the other hand, in the setting of stochastic time
series analysis, there are other alternatives to a linear stochastic process, involv-
ing the stochastic component, its moments and interaction with the deterministic
component. Thus the alternative hypothesis may regard nonlinearity in the mean,
e.g. a nonlinear autoregressive process (NAR), or in the variance, e.g. an autore-
gressive process with conditional heteroscedasticity (ARCH) (Fan and Yao, 2003,
Granger and Teräsvirta, 1993, Tong, 1990). Such tests are referred to as linear-
ity tests, though they are essentially the same as the test for nonlinearity used in
the dynamical analysis setting (Cromwell, Labys, and Terazza, 1994, Patterson and
Ashley, 2000).

Linearity tests abound in time series analysis. Most commonare the tests for
the null hypothesis of linearity in the conditional mean, H0: P[E(xt|At)=A

′

tθ]=1,
or simply

H0 : xt = A′

tθ + ǫt, (1)

where{xt}
n
t=1 is the time series,At is the information onxt at timet − 1 (in au-

toregression of orderp, this isAt =[xt−1, . . . , xt−p]) and{ǫt}n
t=1 denotes a series

of independent and identically distributed (iid) variables. For a specific alternative
hypothesis of the form H1: xt=A

′

tθ+f(At)+ǫt, wheref is a nonlinear function,
a number of test statistics have been proposed, such as the RESET test that as-
sumes a polynomial form ofA′

tθ (Ramsey, 1969), the neural network tests of White
(1989) and Teräsvirta, Lin, and Granger (1993), other specific forms for f , such
as the smooth transition autoregressive model (STAR) (Luukkonen, Saikkonen,
and Teräsvirta, 1988a), the logistic STAR and the exponential STAR (Teräsvirta,
1994), the exponential autoregressive model (EXPAR) and self excited threshold
autoregressive model (SETAR) (Tong, 1990), and the Hamilton test that uses a non-
specific nonlinear form forf (Hamilton, 2001). Tests for a non-specific H1 include
the bicorrelation and bispectrum tests (Hinich, 1982, 1996), as well as the general-
ized spectrum test (Hong and Lee, 2005), the McLeod test using squared residuals
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from a linear fit (McLeod and Li, 1983), the Keenan and Tsay tests using residu-
als of a linear fit ofxt andx2

t (Keenan, 1985, Tsay, 1986), and the BDS test that
measures the density structure of residuals from a linear fitin an embedded space
(Brock, Dechert, and Scheinkman, 1996). All these tests areimplemented using the
asymptotic distribution of the test statistic under H0, called also null distribution,
and they are referred to asasymptotic tests. Though asymptotic tests have been
used up to-date (e.g. see for BDS in (Jašić and Wood, 2006),for Teräsvirta’s neu-
ral network test in (Dagum and Giannerini, 2006) and for White’s neural network
test in (Kyrtsou, 2005)) the analytic null distribution maynot always be accurate,
altering the size and power of the tests (Brooks and Henry, 2000, Chan and Ng,
2004, Davies and Petruccelli, 1986, Hjellvik and Tjöstheim, 1996, Lee, Kim, and
Newbold, 2005, Yuan, 2000).

In dynamic analysis of time series a number of nonlinear measures have been
developed that have been used or can potentially be used as test statistics for the
linearity test, or as we call it here test for nonlinearity. The BDS statistic, which has
been widely used in econometrics, is actually based on a measure of the density of
points within a given distance (a basic measure used also to derive estimates of frac-
tal dimension and entropy). Other nonlinear measures that have been used in the
test for nonlinearity include entropy measures, such as themutual information and
the conditional mutual information (Diks and Manzan, 2002,Kugiumtzis, 2001),
the largest Lyapunov exponent (e.g. used in Brzozowska-Rupand Orlowski (2004))
and the local linear fit, found to have the largest power amonga number of nonlinear
test statistics in Schreiber and Schmitz (1997). The null distribution of these statis-
tics is unknown and randomization or bootstrap tests are called. Actually the focus
has been on randomization tests making use of different schemes for the generation
of the so-called surrogate data (Kugiumtzis, 2000, 2002a,b, Schreiber and Schmitz,
1996, 2000, Theiler, Eubank, Longtin, and Galdrikian, 1992). There are plenty of
bootstrap approaches for correlated time series (e.g. see Politis (2003), Wu (2006)),
but it appears that bootstrap approaches have been less usedin conjunction with
statistics from dynamical system theory (Brzozowska-Rup and Orlowski, 2004,
Fernández-Rodrı́guez, Sosvilla-Rivero, and Andrada-F´elix, 2005, Wolff, Yao, and
Tong, 2004, Yao and Tong, 1998, Ziehmann, Smith, and Kurths,1999).

Little work has also been done on comparing bootstrap and surrogate data in the
test for nonlinearity, and in a single work we are aware of in Hinich, Mendes, and
Stone (2005) the comparison is limited to surrogate data forGaussian time series,
the so-called Fourier transform (FT) surrogates (Theiler et al., 1992). For the null
hypothesis of underlying linear stochastic process the time series does not have to
be Gaussian, and the surrogate data have to preserve both thelinear structure and
the marginal distribution of the time series.

In this work, we consider three prominent algorithms for thegeneration of such
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surrogate data, namely the Amplitude Adjusted Fourier Transform (AAFT) (Theiler
et al., 1992), the Iterative AAFT (IAAFT) (Schreiber and Schmitz, 1996), and the
Statically Transformed Autoregressive Process (STAP) (Kugiumtzis, 2002a). Also,
we include in the simulation study a residual-based bootstrap algorithm. Represen-
tative linear and nonlinear stochastic systems, includinga chaotic system, are tested
for nonlinearity employing these resampling techniques. For the tests, we use three
nonlinear statistics for non-specific alternative hypothesis representing different as-
pects of the data, the bicorrelation as a measure of nonlinear autocorrelation, the
mutual information as a measure of entropy and information,and the local average
fit as a non-specific nonlinear model, which is however built mainly for modeling
nonlinear dynamics.

The algorithms for the generation of surrogate and bootstrap data and the test
statistics are briefly presented in Sec. 2. Then the simulation setup is given and the
results are discussed in Sec. 3. The test is then applied to volume and return time
series of international stock exchange indices in Sec. 4. Finally, the pros and cons
of the different approaches in the test for nonlinearity arediscussed in Sec. 5.

2 Randomization and Bootstrap Tests for Nonlinear-
ity

Randomization and bootstrap are both resampling approaches that generate random
samples from the original data under given conditions. For the test for nonlinearity,
the conditions for the resampled time series{zt}

n
t=1 are that it preserves the linear

correlation and marginal distribution of the original timeseries{xt}
n
t=1.

2.1 Surrogate data for the test for nonlinearity

In the surrogate data test, the null hypothesis of stochastic linear process is postu-
lated in terms of a Gaussian process and reads that the time series{xt}

n
t=1 is gen-

erated by a standard Gaussian process{st} under a static (instantaneous) transform
h,

H0 : xt = h(st), {st} ∼ N(0, 1, ρs), (2)

whereρs is the autocorrelation of{st}. The transformh may be linear or nonlinear,
and monotonic or non-monotonic. The underlying Gaussian process accounts for
the presence of only linear dynamics in the observed time series and the transform
h allows for deviations from the Gaussian marginal distribution.

The algorithms AAFT, IAAFT and STAP that generate surrogatedata for the
randomization test preserve exactly the condition for the marginal distribution,
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fx(xt) = fz(zt), wherefx(xt) is the marginal probability density function (pdf)
of {xt}

n
t=1 (we refer to the pdf rather than the cumulative density function (cdf)

Fx(xt), as done elsewhere, in order to facilitate presentation of histogram estimates
later on). The three algorithms approximate the condition for the linear correla-
tion in different ways: AAFT and IAAFT approximate the sample power spectrum,
Sx(f)≃Sz(f), whereSx(f) is the periodogram of{xt}

n
t=1, whereas STAP approx-

imates the sample autocorrelation,rx(τ) ≃ rz(τ), for a sufficient range of lagsτ .
The AAFT and IAAFT algorithms follow the constrained realization approach di-
rectly attempting to generate data that fulfill the two conditions, whereas the STAP
algorithm uses a typical realization approach and attemptsto build a proper autore-
gressive model in order to generate data that match the two conditions (see Theiler
and Prichard (1996) for comparisons of the two types of approaches but for the
hypothesis of Gaussian time series).

The AAFT algorithm was built under the assumption of monotonic h (Theiler
et al., 1992). In Kugiumtzis (1999) it was shown that when{st} is Gaussian and
h is non-monotonic, AAFT cannot match the linear structure of{xt}

n
t=1. Discrep-

ancies in the linear structure may also occur with IAAFT because it approximates
Sx(f) iteratively starting from a flat spectrum and the algorithm terminates at about
the same accuracy of approximation for each surrogate data generation. In some
cases, the discrepancy in approximation in conjunction with the small variance of
Sz(f) causes a bias in the linear structure approximation and thusfavors rejection
of H0. Such problems in the application of AAFT and IAAFT on chaotic systems
have been reported using Monte Carlo simulations with different test statistics in
Kugiumtzis (2001). Problems with the two Fourier-based algorithms were reported
also in Mammen and Nandi (2004).

The STAP algorithm uses a typical realization approach and estimates an AR
model from the so-called Gaussian autocorrelationru(τ). To find ru(τ), the auto-
correlation transformψ is estimated,rx=ψ(ru), from the sample static transform
g of a Gaussian time series{ut}

n
t=1 to {xt}

n
t=1 given asxt =g(ut)=F−1

x (Φ(ut)),
whereΦ(u) is the standard normal cdf. The use ofΦ here instead of the sample cdf
of normal iid (used initially in Kugiumtzis (2002a)), givesunique solution for the
AR model and better accuracy of the STAP algorithm. Then Gaussian time series
{ut}

n
t=1 are generated by the AR model and are rescaled to the final surrogate time

series{zt}
n
t=1 underg transform in order to attainfx(xt) (or Fx(xt)) (Kugiumtzis,

2002a). Thus the sample autocorrelation of{zt}
n
t=1 may vary a lot whenn is small

and this affects the variance of the nonlinear statistic as well. In this way, subtle
nonlinearities in the original time series may be masked andthe test may become
conservative and have small power, depending always on the chosen test statistic.

One could argue that the test be applied to the back transformed data to Gaus-
sian cdf, denoted{wt}

n
t=1, by applying the inverseg transform. This would work
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in the case of a monotonich in H0 and in fact it would render the statistics piv-
otal using FT surrogates, as pointed in Theiler and Prichard(1996). However, for
a non-monotonich, {wt}

n
t=1 may not be a Gaussian time series though it has al-

ways marginal Gaussian cdf. Thus a non-Gaussian{wt}
n
t=1 may be derived either

from a time series{xt}
n
t=1 consistent toH0 (linear stochastic but non-monotonic

h) or a time series{xt}
n
t=1 inconsistent toH0 (not linear stochastic), as pointed in

Kugiumtzis (2000). Therefore the analysis cannot be done on{wt}
n
t=1 as it can lead

to false rejection (for the first case) at the cost of having todeal with non-pivotal (or
less pivotal) statistics and thus reaching lower power levels for the test.

2.2 Bootstrap data for the test for nonlinearity

The standard approach in nonparametric testing is rather bootstrap than random-
ization. When the original sample contains correlations, as for time series, people
use either block bootstrap (joining together randomly chosen blocks) or residual-
based (called also model-based) bootstrap approaches (resampling the residuals of a
model and feeding them into the model to generate bootstrapped time series) (Poli-
tis, 2003). For the latter, the simplest is the naive approach, drawing the bootstrap
residualse∗t randomly by replacement from the model residualset. There are also
variations of this approach, such as the wild bootstrap (Liu, 1998). In the time se-
ries literature most common is the naive approach that we also use here (e.g. see
Chen and Liu (2001), Hjellvik and Tjöstheim (1995)).

In residual-bootstrap, an AR model is typically fitted to{xt}
n
t=1 where its order

is estimated by an order selection criterion, such as the Akaike information criterion
(AIC). We denote this residual-based bootstrap algorithm as ARboot. The use of
AR model in ARboot aims at preserving the original linear structure. We observed
that for some systems a better match of autocorrelation could be attained with a
higher order of AR than the one estimated by AIC, and we followed this whenever
it was necessary. Redrawing from the residuals does not assure the preservation
of the marginal cdf, which is preserved exactly by all surrogate algorithms. Large
discrepancies in the marginal cdf may cause false rejections for the test as we show
in the next Section. STAP and ARboot are both typical realization approaches
in that they both use an AR model to preserve the linear structure of the original
time series, but STAP preserves exactly the original marginal cdf, sharing partly an
attribute of the constrained realization approaches.

2.3 Test statistics

We use test statistics for non-specific alternatives as the focus is on the quality of the
resampled data rather than the power of the test for a specificalternative hypothesis.
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We consider measures applied directly on the time series without removing first the
linear correlations, as is done in BDS. We use three statistics regarding different
aspects of the data: the bicorrelation, extending the standard autocorrelation to the
third order autocorrelation, the mutual information, constructed under information
and entropy ideas, and the fit with a local average mapping, referring to a simple
nonparametric and nonlinear model.

Bicorrelation (BIC) The bicorrelation test is the equivalent of the bispectrum test
in time domain (Brooks and Hinich, 2001, Hinich, 1982, 1996). The bicorrelation
function (called also third-order moment or three-point autocorrelation) at two pos-
itive lagsτ ands (τ <s) is defined as

G(τ, s) = (n− s)−1

n−s∑

t=1

x(t)x(t + τ)x(t+ s). (3)

The portmanteau statistic of bicorrelation is

H =

L∑

s=2

s−1∑

τ=1

(n− s)G2(τ, s), (4)

where the number of lagsL is a free-parameter set by the user. For the null hypoth-
esis of independence it was shown thatH ∼ X 2

(L−1)L/2 (Hinich, 1996). However,
this asymptotic result is not useful for the test for nonlinearity (unless the linear
correlation is first removed).

In Barnett and Wolff (2005), Schreiber and Schmitz (1997), the bicorrelation
in (3) was used to detect nonlinear correlation at specific lags. In the same way,
we use the bicorrelation at specific smallτ as test statistics, denoted BIC, and we
always sets=2τ .

Mutual Information (MUT) The mutual information is an entropy-based mea-
sure that estimates the general correlation (linear and nonlinear) betweenxt and
xt−τ for different lagsτ . It is defined as (e.g. see Kantz and Schreiber (1997))

I(τ) =
∑

i,j

pi log
pi,j

pipj
. (5)

Here the histogram-based estimate is used and in the above expression the summa-
tion is over the bins of the partition of the data,pi is the estimated probability that
a data pointxt is in bin i, pj is the estimated probability that a data pointxt−τ is in
bin j, andpi,j is the estimated joint probability thatxt is in bin i andxt−τ is in bin
j. The bins are equidistant and the number of bins is set to

√
n/5. The test statistic

is I(τ) at specific small lagsτ , denoted MUT.
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Local Average Mapping (LAM) The local average mapping defines the one-step
ahead prediction̂xt+1 of a target pointxt, wherext=[xt, xt−1, . . . , xt−m+1]

′, as the
average of the one step ahead mappings of thek nearest points toxt (Kantz and
Schreiber, 1997). The goodness of fit is measured with the normalized root mean
square error (NRMSE). The test statistic is the NRMSE at different embedding di-
mensionsm, denoted LAM. Among a number of statistics including BIC andMUT,
LAM was found to give larger power to the surrogate data test for nonlinearity when
applied to chaotic time series (Kugiumtzis, 2001, Schreiber and Schmitz, 1997).

2.4 Implementation of the test with resampled data

The null distribution for a statisticq is formed by the values ofq computed on an
ensemble ofM resampled time series,q1, q2, . . . , qM . Then if the statistic com-
puted on the original time series, denotedq0, is in the tails of the empirical null
distribution, H0 is rejected.

Often in surrogate data testing a parametric approach is followed for the test
decision. Here, we use a distribution-free approach and reject H0 if q0 is smaller
than theα/2 quantile or larger than the1−α/2 quantile of the set{q0, q1, q2, . . . , qM}
(assuming a two-sided test). In all simulations we useM=1000 and forα=0.05 and
a two-sided test, H0 is rejected ifq0 is in the first or last 25 positions of the ordered
sequence ofq0, q1, q2, . . . , q1000.

3 Monte Carlo Simulations

The simulation study is focused mainly on the appropriateness of the resampled
approaches to form the null distribution of the test statistics. Moreover, the size and
power of the test with the three statistics is assessed for each resampling technique.

3.1 The systems

To assess the resampled techniques and test statistics we applied the test with each
one of them to time series from different systems listed below.

1. A power transform of an AR(1) process with normal input noise, consistent
to H0,

xt = sa
t , st = 0.3 + 0.8st−1 + ǫt, ǫt ∼ N(0, 1), (6)

and{ǫt} is an iid process. We consider a monotonic transform fora=3 and a
nonmonotonic transform fora=2.
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2. An AR(1) process with conditional heteroscedasticity, ARCH(1,1), used in
Luukkonen, Saikkonen, and Teräsvirta (1988b) and Hjellvik and Tjöstheim
(1995)

xt = 0.6xt−1 + ǫt, ǫt = ηt

√
0.2 + 0.8ǫ2t−1, ηt ∼ N(0, 1), (7)

and{ηt} is an iid process. This process is nonlinear in the conditional vari-
ance.

3. The bilinear autoregressive process, BL(1,1), used alsoin Luukkonen et al.
(1988b) and Hjellvik and Tjöstheim (1995)

xt = φ0 + φ1xt−1 + ψ1xt−1ǫt−1 + ǫt, ǫt ∼ N(0, 1). (8)

Two parameter settings are used. The first, forφ0=2.0, φ1=−0.9, ψ1=−0.1,
gives strong alternating autocorrelation, and the second,for φ0=1.0, φ1=0.3,
ψ1=−0.2, gives weak autocorrelation. The two BL systems are denotedBL1
and BL2, respectively. The nonlinearity source for the BL systems is the
interaction of the stochastic component with the state variable.

4. The chaotic Henon map corrupted by observational additive iid noise

xt = st + ǫt, st = 1 − 1.4s2
t−1 + 0.3st−2, ǫt ∼ N(0, σ2

ǫ ). (9)

Three noise levels are used, given asσǫ=bσs, for b=0.05, 0.4, 0.8 andσs the
standard deviation of the noise-free data. The nonlinearity here is in the deter-
ministic dynamics, which is masked by the added noise at a degree depending
on b.

3.2 The simulation setup

For each system, 1000 Monte Carlo realizations of sizen=128 andn=512 were
generated and 400 realizations of sizen=1024 (for the large data size a smaller num-
ber of realizations was found to give stable results at a manageable computational
load). The three statistics BIC, MUT and LAM, were computed on each time series
and on an ensemble ofM=1000 surrogate time series generated by AAFT, IAAFT
and STAP, and bootstrap time series generated by ARboot. Thus three randomiza-
tion tests and one bootstrap test were carried out for each test statistic. Actually, the
test statistics were 9 as each one was computed for a varying parameter:τ=1, 2, 3
for BIC and MUT, andm=1, 2, 3 for LAM. Thus for each Monte Carlo realization,
36 tests were performed (for 9 test statistics and 4 resampling approaches).
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3.3 Consistency of resampled time series

The consistency of the surrogate and bootstrap time series{zt}
n
t=1 to H0 is deter-

mined by the preservation offx(xt) andrx(τ) of {xt}
n
t=1. The time series generated

by ARboot do not matchfx(xt) and actually the shape offz(zt) can be very differ-
ent. This is shown in Fig. 1a for a time series from the cubic power of the AR(1)
process. Note that for all surrogate time series it isfz(zt)=fx(xt) by construction.
On the other hand, the AAFT and IAAFT surrogate time series may have bias in the
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Figure 1: (a) Histogram-based estimate of the distributionof {xt}
512
t=1 from the cu-

bic power of the AR(1) process and the same for 1000 ARboot time series. (b)
Autocorrelation for{xt}

512
t=1 from the square power of the AR(1) process and for

1000 AAFT time series. (c) Autocorrelation for{xt}
512
t=1 from the cubic power of

the AR(1) process and for 1000 IAAFT time series.

estimation ofrx(τ), as shown for AAFT and the square power of the AR(1) process
in Fig. 1b and for IAAFT and the cubic power of the AR(1) process in Fig. 1c. Note
that for IAAFT the variance ofrz(τ) is much smaller and makes the small bias to
be significant. The STAP time series and the ARboot time series estimaterx(τ)
without bias, provided that the order of the AR generating process is appropriately
set. The discrepancies infx(xt) for ARboot time series and inrx(τ) for the AAFT
and IAAFT time series may favor rejection of H0 when the test statistic is sensitive
to these features. In the following results on size and powerof the test we include
rx(τ) for τ=1, 2, 3 as test statistics, denoted AUT.

3.4 Size and power of the test

Even for simple systems consistent to H0 (such as the square and cubic power of
an AR(1) process), AAFT, IAAFT and ARboot generate time series that are not
consistent to H0 (see Fig. 1). This results in false rejections and large testsize,
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as shown in Fig. 2 for the cubic power of an AR(1) process andn=128, and for
the three nonlinear statistics and AUT (τ=1 for AUT, MUT and BIC, andm=3
for LAM). The small mismatch in autocorrelation of IAAFT (see also Fig. 1c) is
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Figure 2: Probability of rejection of H0 as a function of significance levelα esti-
mated by the relative frequency of rejection over 1000 realizations of sizen=128
from the cubic power of the AR(1) process. The line types for the randomization
and bootstrap tests are denoted in the legend. The statistics are AUT (τ=1) in (a),
BIC (τ=1) in (b), MUT (τ=1) in (c) and LAM (m=3) in (d). The diagonal line and
theα=0.05 line are shown in grey color to facilitate comparisons.

actually very significant as it gives large size of the test with AUT (see Fig. 2a).
This results in large actual test size also with MUT and LAM, but not BIC. The
mismatch offx(xt) with the ARboot time series gives rise to very large test size
with BIC and MUT, but not LAM. The AAFT and STAP perform properly here with
AAFT showing somehow larger actual size than the nominal size and the opposite
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is observed for STAP. These features of the resampled techniques and statistics hold
also for larger data sizes and for other parameter values of the test statistics.

Summary results are shown in Table 1 for all systems, statistics, resampled tech-
niques, and data sizes. The columns 3 to 9 display the estimated probability of re-
jection of H0 atα=0.05 for each system, where in each cell the values from top to
bottom are forn=128, 512, 1024. The estimated probabilities of rejection are calcu-
lated from 1000 Monte Carlo simulations forn=128, 512, and 400 simulations for
n=1024. Note that the probabilities of rejection in the third column of Table 1 for
the monotonic transform of the AR(1) process correspond to the intersection points
of the curves with the vertical line atα=0.05 in Fig. 1.

For the non-monotonic transform of the AR(1) process (see column 4 in Ta-
ble 1), both AAFT and IAAFT show a mismatch in AUT, but only AAFT carries
this mismatch to the nonlinear statistics giving large actual size of the test, which
actually increases withn. ARboot gives also large actual size (with BIC and MUT)
due to the mismatch infx(xt) as for the monotonic transform. Note that ARboot
along with STAP match perfectly the autocorrelation and as aresult there are no
rejections with AUT (τ=1) for all systems (the same holds forτ=2 andτ=3). So,
only the test with STAP does not involve type I error, as shownfor the two linear
stochastic processes, and the actual test size tends to be somehow smaller than the
nominal size, suggesting that the test using STAP may be conservative.

For the ARCH process, AAFT and IAAFT again cannot match the autocorre-
lation and the rejection rate for AUT increases withn (see column 5 in Table 1).
Therefore the high rejection rates obtained with AAFT and IAAFT and the three
nonlinear statistics cannot be assigned to high power of these tests. Note that sim-
ilarly high rejection rates were obtained for linear stochastic systems solely due
to the mismatch in autocorrelation. The ARboot time series preserve the original
fx(xt) of the ARCH process (the simulations showed only small discrepancies at
the peak) and are appropriate for the test. Indeed ARboot andSTAP tend to give
about the same power for the test, which is about the same for BIC and MUT and
very low for LAM, even forn=1024. The latter shows the inappropriateness of
LAM to detect nonlinearities in the variance.

The mismatch ofrx with AAFT and IAAFT occurs when the bilinear (BL)
process has strongrx but not when it has weakrx (BL1 and BL2 in columns 5 and
6 of Table 1). This explains that the probability of rejection with AAFT and IAAFT
is higher than for STAP in the first case but only slightly higher than for STAP in
the second case. ARboot preserves well the originalfx(xt) for both BL processes
and the power of the test with ARboot is at the same level as or smaller than for
STAP. For BL1, the test has no power with MUT and LAM statistics and increases
the power withn only with the BIC statistic and at a larger rate with STAP. To the
contrary, for BL2, MUT and LAM give larger power than BIC whenn increases.
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statistic algorithm AR(1) AR(1) ARCH BL1 BL2 Henon Henon
x=s3 x=s2 40% 80%
0.09 0.64 0.48 0.89 0.04 0.06 0.01

AAFT 0.07 0.98 0.66 0.95 0.10 0.62 0.05
0.06 1.00 0.71 0.97 0.14 0.92 0.21
0.63 0.64 0.49 0.67 0.05 0.07 0.05

IAAFT 0.99 0.95 0.89 0.72 0.04 0.10 0.06
0.99 0.97 0.95 0.71 0.05 0.15 0.07
0.00 0.00 0.00 0.00 0.00 0.00 0.00

STAP 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.01 0.00 0.00 0.00 0.00 0.00 0.00

ARboot 0.00 0.00 0.00 0.00 0.00 0.00 0.00

AUT (τ=1)

0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.06 0.23 0.30 0.16 0.15 0.78 0.29

AAFT 0.05 0.43 0.40 0.82 0.21 1.00 0.78
0.05 0.69 0.42 0.98 0.28 1.00 0.96
0.02 0.04 0.27 0.23 0.14 0.82 0.30

IAAFT 0.08 0.07 0.45 0.83 0.21 1.00 0.79
0.14 0.09 0.51 0.98 0.27 1.00 0.96
0.01 0.01 0.22 0.10 0.13 0.81 0.29

STAP 0.00 0.01 0.32 0.79 0.21 1.00 0.79
0.01 0.01 0.34 0.98 0.27 1.00 0.96
0.39 0.46 0.32 0.07 0.15 0.71 0.18

ARboot 0.76 0.92 0.48 0.14 0.21 1.00 0.77

BIC (τ=1)

0.94 1.00 0.51 0.25 0.28 1.00 0.96
0.10 0.43 0.41 0.37 0.18 1.00 0.34

AAFT 0.08 0.97 0.89 0.43 0.72 1.00 0.91
0.06 1.00 0.99 0.34 0.96 1.00 1.00
0.13 0.06 0.18 0.14 0.17 1.00 0.35

IAAFT 0.37 0.09 0.41 0.08 0.70 1.00 0.93
0.56 0.10 0.49 0.09 0.96 1.00 1.00
0.05 0.01 0.10 0.01 0.13 0.96 0.18

STAP 0.10 0.00 0.29 0.00 0.67 1.00 0.83
0.11 0.01 0.39 0.00 0.94 1.00 0.99
0.37 0.20 0.08 0.00 0.11 0.96 0.18

ARboot 0.86 0.87 0.32 0.01 0.52 1.00 0.79

MUT (τ=1)

0.99 1.00 0.37 0.01 0.82 1.00 0.99
0.09 0.48 0.24 0.69 0.16 1.00 0.60

AAFT 0.07 0.92 0.48 0.84 0.46 1.00 0.98
0.06 0.98 0.64 0.92 0.80 1.00 1.00
0.11 0.07 0.10 0.27 0.15 1.00 0.60

IAAFT 0.10 0.05 0.21 0.28 0.45 1.00 0.98
0.09 0.08 0.28 0.39 0.79 1.00 1.00
0.01 0.00 0.04 0.00 0.06 1.00 0.28

STAP 0.00 0.00 0.09 0.00 0.36 1.00 0.91
0.00 0.00 0.13 0.00 0.74 1.00 1.00
0.04 0.00 0.02 0.00 0.08 1.00 0.46

ARboot 0.04 0.00 0.07 0.00 0.39 1.00 0.92

LAM ( m=3)

0.06 0.00 0.10 0.00 0.76 1.00 1.00

Table 1: Summary results for the nonlinearity test from Monte Carlo simulations.

For the chaotic Henon map, the noise amplitude affects the power of the test,
as expected, but also the quality of the AAFT and IAAFT surrogate time series
with AAFT giving significant discrepancies inrx when the noise amplitude is 40%
(see column 8 of Table 1). For this noise level, the power of all statistics is very
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high, ranking LAM first (being 1 even forn=128) and BIC third (0.7-0.8 forn=
128). All resampling techniques give about the same power with STAP and ARboot
performing similarly. This is not true when the noise level increases to 80%, where
for n=128 AAFT and IAAFT give about double power than STAP and ARboot
for MUT and LAM. This difference reduces forn=512 and they all approach one
at n=1204. For BIC, the power is the same with all resampling techniques and
generally smaller than for MUT and LAM. The LAM statistic turns out to give the
highest power of the test independent of the resampling technique, which agrees
with the conclusion in Schreiber and Schmitz (1997).

Among the three statistics, LAM gives highest test power forthe chaotic system,
BIC for ARCH and BL with strongrx, and MUT for BL with weakrx. The estima-
tion of mutual information is data demanding and this is reflected in the increasing
power of MUT withn, which is faster compared to BIC and LAM in many cases.
LAM turns out to have smaller power than MUT when the nonlinearity regards the
stochastic component (mostly for ARCH but also for BL2). Overall, MUT seems
to be the statistic of choice when the time series is large, otherwise one should use
LAM if the alternative aims at nonlinearity in the system dynamics and BIC if it
regards stochastic nonlinearity.

Similar results to these presented in Table 1 were obtained with other parame-
ter values of the statistics, but for larger lags the autocorrelation levels off for all
systems and the nonlinear effects vanish as well. For LAM, better discrimination is
actually obtained form=1 in the case of BL2 and the probability of rejection for
both STAP and ARboot increases to about 0.15, 0.56 and 0.88 for data sizes 128,
512 and 1024, respectively. The statistics MUT and LAM involve other method-
specific parameters. For MUT, the choice of the number of binsis critical. Our
simulations showed that adjusting the number of bins to the sample size as

√
n/5

gives better results than using a fixed number of bins. For example, using 16 bins
the probability of rejection reduces to half of this displayed in Table 1 for the sys-
tems of BL2 and Henon with 40% and 80% noise and STAP surrogates. For LAM,
we used a fixed number of neighboring pointsk=5 for the results in Table 1, but
other simulations have showed that the performance of LAM gets better with an
increasingk with n.

4 Application to financial time series

The performance of the resampling techniques and test statistics is evaluated on
time series from 6 international stock exchange indices, namely the US stock ex-
change indices Dow Jones, NASDAQ and S&P500, the Athens Stock Exchange
index (ASE), the index of the 100 largest companies listed atthe London Stock
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Exchange (FTSE100), and the Hang Seng index (HSI) of the HongKong Stock
Exchange. For each index, the randomization and bootstrap tests for nonlinearity
are applied usingM=1000 resampled time series and the statistics MUT, BIC and
LAM, as well as AUT, for a range of the free parameter for each statistic (τ andm).

4.1 Daily volumes of stock exchanges

First we consider the volume of the daily stock exchanges in the period 3/12/2002 –
28/9/2004. The selected time series contain slow drifts, but the augmented Dickey-
Fuller test did not show evidence of unit-root type of non-stationarity for varying
number of lags and in any of the six time series (Greene, 2007). However, one
should be cautious about concluding for nonlinearity when rejecting H0 in the pres-
ence of drifts (though statistically insignificant).

In Fig. 3 the results of the distribution-free approach for the test are shown for
ASE. The AAFT and IAAFT are inappropriate for the test as IAAFT underestimates
and AAFT overestimaterx(τ) giving rejections with AUT for a long range ofτ
values. ARboot also mismatchesrx(τ) for τ > 4. Rejection of H0 is obtained
for a range of parameter values of MUT and LAM, also with STAP that is more
conservative but more reliable for this case. BIC does not give significant rejection
with STAP except whenτ=7. The well-established rejection of H0 here should not
be directly interpreted as evidence of nonlinearity (and possibly nonlinear dynamics
given the rejection with LAM) because it could be the effect of departures from
stationarity (though not statistically significant). Indeed the ASE volume time series
contains more prominent slow drifts than the other volume time series. Moreover,
this time series is more spiky having skewed distribution and long right tail and
this, in conjunction with significant autocorrelation across many lags, may cause
the inability of AAFT and IAAFT to cope with the two conditions in H0. The larger
autocorrelation in AAFT surrogate time series explains their better local fit (smaller
NRMSE) than for the ASE volume time series (see Fig. 3d).

The resampled time series generated by STAP and ARboot fulfill the conditions
of H0 for the other volume time series as well but not the surrogatetime series
generated by AAFT and IAAFT. As shown in Table 2, thep-values regarding AUT
for τ=1 are small for all but the S&P500 time series when using IAAFT and for
ASE and FTSE100 when using AAFT. This significant differencein AUT may ex-
plain the discrimination with nonlinear statistics in the respective cases, particularly
when it cannot be established also by STAP or ARboot. For example, the test on
HSI using IAAFT and MUT (τ=1) givesp ≃ 0.01 (as for AUT), but using STAP
and ARboot thep-values are large.

The results with STAP and ARboot show some evidence for nonlinearity only
in ASE when using MUT (p < 0.01) and in FTSE100 when using BIC (p < 0.01).
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Figure 3: The rank of the statisticq0 on the volume time series of ASE in the ordered
list of 1001 values, whereM=1000 resampled time series of different types are
used, as given in the legend. In (a) the statistic is AUT forτ=1, . . . , 10, in (b) BIC
for τ=1, . . . , 10, in (c) MUT for τ=1, . . . , 10, and in (d) LAM form=1, . . . , 10.
The lower and upper thresholds forα=0.05 are shown with horizontal grey lines.

ARboot gives also marginal rejection for Dow Jones with BIC (p ≃ 0.06) and for
ASE with LAM (p ≃ 0.08). For the latter, rejection is obtained for other values of
m also with STAP (see Fig. 3d).

4.2 Monthly returns of stock exchanges

We investigate the existence of nonlinearity in monthly returns of the same 6 stock
exchange indices in the period 1/1987 to 9/2004. All time series show no apparent
drift but larger volatility from 1997 onwards that could be taken as evidence of non-
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index statistic Resampling techniques
AAFT IAAFT STAP ARboot

AUT 0.148 0.026 0.703 0.855
MUT 0.068 0.901 0.633 0.869
BIC 0.158 0.076 0.160 0.058Dow Jones

LAM 0.012 0.234 0.436 0.218
AUT 0.098 0.030 0.458 0.701
MUT 0.150 0.819 0.428 0.989
BIC 0.498 0.513 0.525 0.334

NASDAQ

LAM 0.074 0.424 0.408 0.551
AUT 0.917 0.114 0.372 0.795
MUT 0.070 0.168 0.184 0.599
BIC 0.861 0.793 0.811 0.971S&P500

LAM 0.947 0.809 0.370 0.699
AUT 0.038 0.000 0.290 0.791
MUT 0.016 0.000 0.000 0.006
BIC 0.136 0.424 0.935 0.326ASE

LAM 0.080 0.032 0.128 0.078
AUT 0.000 0.028 0.781 0.837
MUT 0.140 0.032 0.551 0.294
BIC 0.002 0.002 0.004 0.002FTSE100

LAM 0.004 0.953 0.843 0.641
AUT 0.156 0.016 0.965 0.907
MUT 0.789 0.008 0.176 0.178
BIC 0.200 0.208 0.625 0.424HSI

LAM 0.102 0.665 0.969 0.196

Table 2: Thep-values of the test for nonlinearity with different resampling tech-
niques and statistics for the 6 volume time series of world markets as given in the
first column. For the statistics AUT, MUT and BIC,τ=1 and for LAMm=3. Thep-
values are computed for the two-sided test based on 1000 resampled data (surrogate
or bootstrap) and using the distribution-free approach.

stationarity in variance or as an effect of an ARCH underlying process. The results
of the test for nonlinearity are shown in Table 3. Overall, there is little evidence for
nonlinearity, regardless of the resampling technique and statistic used for the test.

All algorithms generate proper resampled time series with only AAFT failing
in the case of Dow Jones and S&P500 (the respectivep-values of AUT in Table 3
are below 0.05). All algorithms give clear rejection of H0 with the BIC statistic
(τ=1) for ASE and all but the AAFT algorithms give marginal rejection with LAM
(m=3) for FTSE100. The return time series have approximately normal distribution
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index statistic Resampling techniques
AAFT IAAFT STAP ARboot

AUT 0.026 0.715 0.857 0.997
MUT 0.859 0.567 0.719 0.392
BIC 0.182 0.180 0.226 0.246Dow Jones

LAM 0.072 0.244 0.318 0.212
AUT 0.438 0.426 0.829 0.863
MUT 0.252 0.440 0.472 0.733
BIC 0.513 0.482 0.565 0.639

NASDAQ

LAM 0.801 0.989 0.865 0.899
AUT 0.042 0.937 0.863 0.923
MUT 0.979 0.404 0.573 0.274
BIC 0.268 0.312 0.356 0.388S&P 500

LAM 0.408 0.847 0.863 0.769
AUT 0.240 0.188 0.791 0.857
MUT 0.102 0.228 0.288 0.751
BIC 0.000 0.002 0.000 0.002ASE

LAM 0.154 0.246 0.330 0.368
AUT 0.226 0.232 0.905 0.889
MUT 0.549 0.833 0.977 0.484
BIC 0.757 0.717 0.795 0.985FTSE100

LAM 0.138 0.036 0.018 0.076
AUT 0.993 0.745 0.929 0.871
MUT 0.258 0.208 0.410 0.831
BIC 0.372 0.402 0.382 0.294HSI

LAM 0.360 0.312 0.603 0.386

Table 3: As in Table 2 but for the 6 monthly return time series of world markets.

and the autocorrelation decreases fast to the zero level. This may explain that the
resampling techniques perform similarly.

5 Discussion

Randomization and bootstrap tests for nonlinearity are used to form the null distri-
bution of the nonlinear statistics because the asymptotic null distribution is either
insufficient, as for the bicorrelation statistic, or unknown, as for the statistics of
mutual information and local average mapping. We considered these three test
statistics that measure different nonlinear features of the time series in order to
evaluate the performance of the resampling techniques. TheAAFT and IAAFT
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algorithms (of constrained realization type making use of Fourier-transform) and
the STAP algorithm (of typical realization type making use of an AR generating
model) are used to generate the so-called surrogate data forthe randomization test.
The ARboot algorithm (residual-based bootstrap) is used togenerate the bootstrap
time series. All resampled data have to fulfill the two conditions underlined by the
H0 of linear stochastic process, namely to preserve the linearstructure and marginal
distribution of the original time series.

It has been shown that AAFT, IAAFT and ARboot do not always fulfill the two
conditions of H0. AAFT and IAAFT may give bias in the estimation of the auto-
correlation of the original time series and ARboot may give bias in the estimation
of the original marginal distribution. However, the exact source of these shortcom-
ings cannot always be determined and it seems that it dependson the system. The
problem of ARboot tends to occur when the time series has heavily skewed distri-
bution, probably due to the replacement principle of bootstrap when drawing from
AR model residuals. Our simulations on different linear andnonlinear stochastic
systems showed that the algorithms of AAFT, IAAFT and ARbootmay be inappro-
priate in generating resampled data that can preserve both the marginal distribution
and the linear structure of the original time series at different cases each. Mismatch
of either of the two data attributes favors rejection of H0 and gives large actual test
size and false test power. On the other hand, STAP matches both features but with
a variance in the estimation of the original autocorrelation that is somehow larger
than for AAFT and much larger than for IAAFT. This results in larger variance of
the nonlinear statistics that decreases with the increase of the time series length.
Consequently, the actual size of the test with STAP is smaller than the nominal size
and the power is smaller than for AAFT and IAAFT (in the cases they fulfill the
conditions of H0). The power of STAP is at the level of the power of ARboot (pro-
vided it fulfills the conditions of H0). This can be explained by the fact that both
algorithms generate resampled data based on AR-models and therefore attain the
same level of variance in the estimation of the autocorrelation.

The smaller power of typical realization approaches (STAP and ARboot) com-
pared to the constrained realization approaches (AAFT and IAAFT) when the con-
ditions of H0 are fulfilled may be attributed to the use of non-pivotal teststatistics,
as pointed out by Theiler and Prichard (1996) for the test forGaussian time series.
Indeed the variance of the nonlinear test statistics is at the level of the variance of
the autocorrelation, which is larger for the typical realization approaches and results
to smaller power. However, the variance decreases with the increase of sample size
and the two approaches converge in terms of power. The findings of this work have
shown that for the correct implementation of the resamplingtest for nonlinearity
the consistency to the two conditions of H0 is far more important than the effect of
the statistics being pivotal.
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The statistics are derived from measures that are defined in terms of one or more
parameters, so that the test results depend on the selectionof the parameters. In our
simulations, all the systems have fast decreasing autocorrelation, so that a small
lag for the mutual information and bicorrelation gives suitable statistics. The same
yields for the local average mapping when using a small embedding dimension.
For other systems, the selection of the parameters may require an exploratory study
first. Anyway, the parameters should not be optimized on the original time series, as
that would favor rejection of H0. This holds in particular for the mutual information
and local average mapping that involve also other method-specific parameters (the
number of bins for the data discretization and the number of neighboring points,
respectively).

The test for nonlinearity was applied to the daily volume andmonthly returns of
six international stock exchange indices. For the first typeof data the autocorrela-
tion decreases slowly (this can be taken as evidence of non-stationarity but formal
unit-root tests rejected it), so that the test statistics were computed for a larger range
of parameters. The problems of AAFT and IAAFT in matching theautocorrelation
were observed for many of the real time series, so that rejections of H0 with nonlin-
ear statistics in these cases were not reliable. On the otherhand, ARboot fulfilled
always the conditions of H0 and had similar performance to STAP, as expected from
the simulation study. STAP and ARboot gave rejection of H0 for the volume and
return time series of ASE and FTSE100, but only with one of thethree statistics in
each case (but for a range of the parameter specific to each statistic). Visual inspec-
tion of these time series does not indicate that they possessdifferent features that
could indicate departure from linearity or stationarity.

The intension of the work on the real time series was rather topinpoint the prons
and cons of the resampling techniques than to draw conclusions about nonlinearity
in these data. The overall conclusion is that AAFT, IAAFT andARboot are not
always proper for the test for nonlinearity and one has to assure first that they fulfill
the conditions of H0. On the other hand, STAP generates always proper resampled
time series for the test, but the test with STAP may be at casesconservative. Re-
garding the three statistics used in this work, the mutual information seems to give
generally the largest power when the time series length is sufficiently large (more
than a couple of hundreds of samples). The bicorrelation performs at cases better
than the mutual information, and the local average mapping gives largest power
when there is deterministic nonlinear dynamics in the examined time series.
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Hjellvik, V. and D. Tjöstheim (1995): “Nonparametric tests of linearity for time
series,”Biometrika, 82, 351–368.
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