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Abstract

The validity of any test for nonlinearity based on resampling techniques depends heavily on
the consistency of the generated resampled data to the null hypothesis of linear stochastic process.
The surrogate data generating algorithms AAFT, IAAFT and STAP, as well as a residual-based
bootstrap algorithm, all used for the randomization or bootstrap test for nonlinearity, are reviewed
and their performance is compared using different nonlinear statistics for the test. The simulations
on linear and nonlinear stochastic systems, as well as chaotic systems, reveals a variation in the
test outcome with the algorithm and statistic. Overall, the bootstrap algorithm led to smallest test
power whereas the STAP algorithm gave consistently good results in terms of size and power of
the test. The performance of the nonlinearity test with the resampling techniques is evaluated on
volume and return time series of international stock exchange indices.

*I would like to thank the reviewers for their valuable comments.
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1 Introduction

An important question when analyzing time series is aboaiptiesence of nonlin-
earity. In the setting of time series analysis based on dycamsystem theory, also
referred to as nonlinear or dynamic analysis of time setles term nonlinearity
refers to the nonlinear dynamics of the underlying to theetsaries system. The
dynamics is assumed to be mainly deterministic and possdstypted by dynamic
or observational noise (Diks, 2000, Kantz and Schreibed719Nonlinearity is es-
tablished by ruling out that the generating mechanism ohdam-like stationary
time series is a linear stochastic process. In this settiegjynamics of the stochas-
tic component is downweighted and there is no distingugslmhnonlinearity in
the mean or in the variance. On the other hand, in the setfistpohastic time
series analysis, there are other alternatives to a lineahastic process, involv-
ing the stochastic component, its moments and interactitim tve deterministic
component. Thus the alternative hypothesis may regardneanlty in the mean,
e.g. a nonlinear autoregressive process (NAR), or in thawee, e.g. an autore-
gressive process with conditional heteroscedasticityGAIR(Fan and Yao, 2003,
Granger and Terasvirta, 1993, Tong, 1990). Such testsefeered to as linear-
ity tests, though they are essentially the same as the tegbfdinearity used in
the dynamical analysis setting (Cromwell, Labys, and Taaa2994, Patterson and
Ashley, 2000).

Linearity tests abound in time series analysis. Most comarerthe tests for
the null hypothesis of linearity in the conditional mean, B[E(z;|A;)=A,0]=1,
or simply

Ho : 2y = A0 + ¢, Q)

where{z,;}, is the time series4, is the information on, at timet — 1 (in au-
toregression of ordey, this is A;=[z,_1,...,2,_,]) and{e};_, denotes a series
of independent and identically distributed (iid) variabl&or a specific alternative
hypothesis of the form H x,= A0+ f(A;)+¢, wheref is a nonlinear function,
a number of test statistics have been proposed, such as tBEREest that as-
sumes a polynomial form of,0 (Ramsey, 1969), the neural network tests of White
(1989) and Terasvirta, Lin, and Granger (1993), other ifipdorms for f, such
as the smooth transition autoregressive model (STAR) (koo&n, Saikkonen,
and Terasvirta, 1988a), the logistic STAR and the expoak8TAR (Terasvirta,
1994), the exponential autoregressive model (EXPAR) affcegeited threshold
autoregressive model (SETAR) (Tong, 1990), and the Hamiket that uses a non-
specific nonlinear form fof (Hamilton, 2001). Tests for a non-specifig Hclude
the bicorrelation and bispectrum tests (Hinich, 1982, 1986 well as the general-
ized spectrum test (Hong and Lee, 2005), the McLeod tesgissjnared residuals
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from a linear fit (McLeod and Li, 1983), the Keenan and Tsaystesing residu-
als of a linear fit ofr; andx? (Keenan, 1985, Tsay, 1986), and the BDS test that
measures the density structure of residuals from a linear i embedded space
(Brock, Dechert, and Scheinkman, 1996). All these testgvgpéemented using the
asymptotic distribution of the test statistic undey, idalled also null distribution,
and they are referred to asymptotic tests Though asymptotic tests have been
used up to-date (e.g. see for BDS in (JaSi¢ and Wood, 28@6Jerasvirta’s neu-
ral network test in (Dagum and Giannerini, 2006) and for \Whinheural network
test in (Kyrtsou, 2005)) the analytic null distribution magt always be accurate,
altering the size and power of the tests (Brooks and Henr§02CGhan and Ng,
2004, Davies and Petruccelli, 1986, Hjellvik and Tjosthel 996, Lee, Kim, and
Newbold, 2005, Yuan, 2000).

In dynamic analysis of time series a number of nonlinear oregshave been
developed that have been used or can potentially be usedtastdéstics for the
linearity test, or as we call it here test for nonlinearitheBDS statistic, which has
been widely used in econometrics, is actually based on aurea$the density of
points within a given distance (a basic measure used alsgrivecestimates of frac-
tal dimension and entropy). Other nonlinear measures tat heen used in the
test for nonlinearity include entropy measures, such asineial information and
the conditional mutual information (Diks and Manzan, 2088giumtzis, 2001),
the largest Lyapunov exponent (e.g. used in BrzozowskaaRdrlowski (2004))
and the local linear fit, found to have the largest power angomgmber of nonlinear
test statistics in Schreiber and Schmitz (1997). The nsttidhution of these statis-
tics is unknown and randomization or bootstrap tests atectalctually the focus
has been on randomization tests making use of differenhseféor the generation
of the so-called surrogate data (Kugiumtzis, 2000, 20QZxbreiber and Schmitz,
1996, 2000, Theiler, Eubank, Longtin, and Galdrikian, 199ere are plenty of
bootstrap approaches for correlated time series (e.g.d#is F2003), Wu (2006)),
but it appears that bootstrap approaches have been lessnusexjunction with
statistics from dynamical system theory (Brzozowska-Rog &rlowski, 2004,
Fernandez-Rodriguez, Sosvilla-Rivero, and AndraelixF2005, Wolff, Yao, and
Tong, 2004, Yao and Tong, 1998, Ziehmann, Smith, and Kuit®39).

Little work has also been done on comparing bootstrap andgate data in the
test for nonlinearity, and in a single work we are aware of inith, Mendes, and
Stone (2005) the comparison is limited to surrogate dat&#urssian time series,
the so-called Fourier transform (FT) surrogates (Theilexl.e 1992). For the null
hypothesis of underlying linear stochastic process the series does not have to
be Gaussian, and the surrogate data have to preserve bdihettwestructure and
the marginal distribution of the time series.

In this work, we consider three prominent algorithms forgleeeration of such
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surrogate data, namely the Amplitude Adjusted Fourier 3i@m (AAFT) (Theiler
et al., 1992), the Iterative AAFT (IAAFT) (Schreiber and &ute, 1996), and the
Statically Transformed Autoregressive Process (STAPp{#mtzis, 2002a). Also,
we include in the simulation study a residual-based basafgorithm. Represen-
tative linear and nonlinear stochastic systems, includiolgaotic system, are tested
for nonlinearity employing these resampling techniques.tke tests, we use three
nonlinear statistics for non-specific alternative hypstbeepresenting different as-
pects of the data, the bicorrelation as a measure of nomlangacorrelation, the
mutual information as a measure of entropy and informaton, the local average
fit as a non-specific nonlinear model, which is however budinty for modeling
nonlinear dynamics.

The algorithms for the generation of surrogate and bogisteda and the test
statistics are briefly presented in Sec. 2. Then the sinonagtup is given and the
results are discussed in Sec. 3. The test is then appliedumecand return time
series of international stock exchange indices in Sec. dallyi the pros and cons
of the different approaches in the test for nonlinearitydiseussed in Sec. 5.

2 Randomization and Bootstrap Tests for Nonlinear-
ity

Randomization and bootstrap are both resampling appredchegenerate random
samples from the original data under given conditions. Rettést for nonlinearity,
the conditions for the resampled time serfeg}; ; are that it preserves the linear
correlation and marginal distribution of the original tiseries{x, }}" ;.

2.1 Surrogate data for the test for nonlinearity

In the surrogate data test, the null hypothesis of stoahlisgar process is postu-
lated in terms of a Gaussian process and reads that the time §g }7_, is gen-
erated by a standard Gaussian prodess under a static (instantaneous) transform
h,

Ho:zy = h(s:), {s:} ~N(0,1,p,), 2

wherep; is the autocorrelation dfs, }. The transformh may be linear or nonlinear,
and monotonic or non-monotonic. The underlying Gaussiacgss accounts for
the presence of only linear dynamics in the observed timesand the transform
h allows for deviations from the Gaussian marginal distiout

The algorithms AAFT, IAAFT and STAP that generate surrogidta for the
randomization test preserve exactly the condition for trergimal distribution,
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fe(xy) = f.(z), where f,(x;) is the marginal probability density function (pdf)
of {z:}}_, (we refer to the pdf rather than the cumulative density fiomc{cdf)
F,(z;), as done elsewhere, in order to facilitate presentatiomstd@ram estimates
later on). The three algorithms approximate the conditmmtifie linear correla-
tion in different ways: AAFT and IAAFT approximate the samplower spectrum,
Se(f)~S.(f), whereS,(f) is the periodogram ofz;}} ,, whereas STAP approx-
imates the sample autocorrelation(r) ~ r.(7), for a sufficient range of lags.
The AAFT and IAAFT algorithms follow the constrained realion approach di-
rectly attempting to generate data that fulfill the two cdiodis, whereas the STAP
algorithm uses a typical realization approach and attetogisild a proper autore-
gressive model in order to generate data that match the tnaitoans (see Theiler
and Prichard (1996) for comparisons of the two types of agghves but for the
hypothesis of Gaussian time series).

The AAFT algorithm was built under the assumption of monatan(Theiler
et al., 1992). In Kugiumtzis (1999) it was shown that wHen} is Gaussian and
h is non-monotonic, AAFT cannot match the linear structuréof?_,. Discrep-
ancies in the linear structure may also occur with IAAFT heseait approximates
S.(f) iteratively starting from a flat spectrum and the algoritemmtinates at about
the same accuracy of approximation for each surrogate datergtion. In some
cases, the discrepancy in approximation in conjunctioh gie small variance of
S.(f) causes a bias in the linear structure approximation andfévass rejection
of Hy. Such problems in the application of AAFT and IAAFT on chaaystems
have been reported using Monte Carlo simulations with dffetest statistics in
Kugiumtzis (2001). Problems with the two Fourier-baseatyms were reported
also in Mammen and Nandi (2004).

The STAP algorithm uses a typical realization approach atichates an AR
model from the so-called Gaussian autocorrelatigir). To findr,(7), the auto-
correlation transformp is estimatedy, = (r,), from the sample static transform
g of a Gaussian time serigs; }7, to {x;}7, given asz;=g(u;)=F,; (P (w)),
where®(u) is the standard normal cdf. The uselohere instead of the sample cdf
of normal iid (used initially in Kugiumtzis (2002a)), givesique solution for the
AR model and better accuracy of the STAP algorithm. Then &angime series
{u,}}, are generated by the AR model and are rescaled to the finalgsertime
series{z;}7_, underg transform in order to attair,(z;) (or F,(x;)) (Kugiumtzis,
2002a). Thus the sample autocorrelatiod aff}_, may vary a lot whem is small
and this affects the variance of the nonlinear statistic ael. wn this way, subtle
nonlinearities in the original time series may be maskedthedest may become
conservative and have small power, depending always orhibheea test statistic.

One could argue that the test be applied to the back transfbdata to Gaus-
sian cdf, denotedw,}} ,, by applying the inverse transform. This would work
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in the case of a monotonic in Hy and in fact it would render the statistics piv-
otal using FT surrogates, as pointed in Theiler and PricflE986). However, for

a non-monotonic, {w;}}_; may not be a Gaussian time series though it has al-
ways marginal Gaussian cdf. Thus a non-Gaussiafy}_, may be derived either
from a time serieqz,}}_, consistent taH, (linear stochastic but non-monotonic
h) or a time seriegx;};, inconsistent taH, (not linear stochastic), as pointed in
Kugiumtzis (2000). Therefore the analysis cannot be donf@#_, as it can lead

to false rejection (for the first case) at the cost of havinddal with non-pivotal (or
less pivotal) statistics and thus reaching lower powerl$sfoz the test.

2.2 Bootstrap data for the test for nonlinearity

The standard approach in nonparametric testing is rathetistsap than random-
ization. When the original sample contains correlatiosspatime series, people
use either block bootstrap (joining together randomly ehnadslocks) or residual-

based (called also model-based) bootstrap approachamésg the residuals of a
model and feeding them into the model to generate bootstchiyme series) (Poli-

tis, 2003). For the latter, the simplest is the naive apgrpdawing the bootstrap
residualse; randomly by replacement from the model residuglsThere are also

variations of this approach, such as the wild bootstrap, (1298). In the time se-

ries literature most common is the naive approach that wewse here (e.g. see
Chen and Liu (2001), Hjellvik and Tjostheim (1995)).

In residual-bootstrap, an AR model is typically fitted{tg }}_, where its order
is estimated by an order selection criterion, such as thek&kaformation criterion
(AIC). We denote this residual-based bootstrap algoritsrhBboot. The use of
AR model in ARboot aims at preserving the original lineausture. We observed
that for some systems a better match of autocorrelationddoglattained with a
higher order of AR than the one estimated by AIC, and we fodldwhis whenever
it was necessary. Redrawing from the residuals does noteafisel preservation
of the marginal cdf, which is preserved exactly by all suategalgorithms. Large
discrepancies in the marginal cdf may cause false rejectmrthe test as we show
in the next Section. STAP and ARboot are both typical redbmaapproaches
in that they both use an AR model to preserve the linear streaif the original
time series, but STAP preserves exactly the original matgidf, sharing partly an
attribute of the constrained realization approaches.

2.3 Test statistics

We use test statistics for non-specific alternatives astigsfis on the quality of the
resampled data rather than the power of the test for a spaltéimative hypothesis.
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We consider measures applied directly on the time seridswitremoving first the
linear correlations, as is done in BDS. We use three stdistigarding different
aspects of the data: the bicorrelation, extending the atanautocorrelation to the
third order autocorrelation, the mutual information, domsted under information
and entropy ideas, and the fit with a local average mappirigrrireg to a simple

nonparametric and nonlinear model.

Bicorrelation (BIC) The bicorrelation test is the equivalent of the bispectrest t
in time domain (Brooks and Hinich, 2001, Hinich, 1982, 199B)e bicorrelation

function (called also third-order moment or three-poirtbaorrelation) at two pos-
itive lagsT ands (7 < s) is defined as

n—s

G(rs)=(n—s)7" Y a(t)a(t+7)a(t+ ). (3)
t=1
The portmanteau statistic of bicorrelation is
L s—1
H = ZZ (n — 8)G?(1, 5), 4)
s=2 =1

where the number of lagsis a free-parameter set by the user. For the null hypoth-
esis of independence it was shown that~ X7, , (Hinich, 1996). However,
this asymptotic result is not useful for the test for nonding (unless the linear
correlation is first removed).

In Barnett and Wolff (2005), Schreiber and Schmitz (199§ bicorrelation
in (3) was used to detect nonlinear correlation at specifis.ldn the same way,
we use the bicorrelation at specific smalas test statistics, denoted BIC, and we
always set=2r.

Mutual Information (MUT)  The mutual information is an entropy-based mea-
sure that estimates the general correlation (linear antineam) between:; and
x;_, for different lagsr. It is defined as (e.g. see Kantz and Schreiber (1997))

Dij
=Y pilog L. (5)
r bip;

Here the histogram-based estimate is used and in the abpxession the summa-
tion is over the bins of the partition of the data,is the estimated probability that
a data point; is in binz, p; is the estimated probability that a data paint. is in
bin j, andp; ; is the estimated joint probability that is in bin: andx,_ is in bin
j. The bins are equidistant and the number of bins is settg5. The test statistic
is I(7) at specific small lags, denoted MUT.
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Local Average Mapping (LAM) The local average mapping defines the one-step
ahead predictiom,,, of a target poink,;, wherex,=[z;, z;_1, ..., Zi—m+1]’, @s the
average of the one step ahead mappings ofthearest points ta; (Kantz and
Schreiber, 1997). The goodness of fit is measured with thealared root mean
square error (NRMSE). The test statistic is the NRMSE aethiffit embedding di-
mensionsn, denoted LAM. Among a number of statistics including BIC &ndT,

LAM was found to give larger power to the surrogate data mstdnlinearity when
applied to chaotic time series (Kugiumtzis, 2001, Schiredimel Schmitz, 1997).

2.4 Implementation of the test with resampled data

The null distribution for a statistig is formed by the values af computed on an
ensemble ofA/ resampled time serieg;, ¢, ..., qy. Then if the statistic com-
puted on the original time series, denotgd is in the tails of the empirical null
distribution, H is rejected.

Often in surrogate data testing a parametric approach lewied for the test
decision. Here, we use a distribution-free approach arettef, if ¢, is smaller
than ther /2 quantile or larger than thie«/2 quantile of the sefqo, ¢1, g2, - - -, qu }
(assuming a two-sided test). In all simulations we ii5e1000 and fora=0.05 and
a two-sided test, Klis rejected ifg is in the first or last 25 positions of the ordered

sequence ofy, ¢1, G2, - - -, ¢1000-

3 Monte Carlo Simulations

The simulation study is focused mainly on the appropriadsred the resampled
approaches to form the null distribution of the test stagstMoreover, the size and
power of the test with the three statistics is assessed &br egampling technique.

3.1 The systems

To assess the resampled techniques and test statisticpliedape test with each
one of them to time series from different systems listedwelo

1. A power transform of an AR(1) process with normal inputsegiconsistent
to Hg,
xy=s¢, $=034+08s_1+¢, €~N(,1), (6)

and{¢;} is an iid process. We consider a monotonic transfornufet and a
nonmonotonic transform for=2.
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2. An AR(1) process with conditional heteroscedasticitR@H(1,1), used in
Luukkonen, Saikkonen, and Terasvirta (1988b) and Hjeldnd Tjostheim
(1995)

Ty = 0.6..'lft_1 + €, €t = Tt/ 0.2+ 0.86%_1, e ~ N(O, 1), (7)

and{n,} is an iid process. This process is nonlinear in the conditivari-
ance.

3. The bilinear autoregressive process, BL(1,1), usedialtoukkonen et al.
(1988b) and Hjellvik and Tjostheim (1995)

Ty = ¢o + Q121 + Y1161 + &, € ~ N(0,1). (8)

Two parameter settings are used. The firstdge2.0, p1=—0.9, v;=—0.1,
gives strong alternating autocorrelation, and the sedond;,=1.0, ¢;=0.3,
11=—0.2, gives weak autocorrelation. The two BL systems are deridtdd
and BL2, respectively. The nonlinearity source for the Blsteyns is the
interaction of the stochastic component with the stateatdei

4. The chaotic Henon map corrupted by observational additivnoise
Ty =5 +€, s =1—14s" +03s 9, &~ N(0,02). 9

Three noise levels are used, givervasbo,, for b=0.05, 0.4, 0.8 ando, the
standard deviation of the noise-free data. The nonlineheite is in the deter-
ministic dynamics, which is masked by the added noise at sedatppending
onb.

3.2 The simulation setup

For each system, 1000 Monte Carlo realizations of sizd 28 andn=512 were
generated and 400 realizations of sizel 024 (for the large data size a smaller num-
ber of realizations was found to give stable results at a gaiale computational
load). The three statistics BIC, MUT and LAM, were computacach time series
and on an ensemble af=1000 surrogate time series generated by AAFT, IAAFT
and STAP, and bootstrap time series generated by ARboost fhinee randomiza-
tion tests and one bootstrap test were carried out for eatbtaistic. Actually, the
test statistics were 9 as each one was computed for a vargnagneterr=1, 2, 3

for BIC and MUT, andn=1, 2, 3 for LAM. Thus for each Monte Carlo realization,
36 tests were performed (for 9 test statistics and 4 resagppproaches).
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3.3 Consistency of resampled time series

The consistency of the surrogate and bootstrap time sgtjés ; to Hy is deter-
mined by the preservation ¢f (x;) andr,(7) of {x;}}_,. The time series generated
by ARboot do not matclf, (z;) and actually the shape ¢f(z;) can be very differ-
ent. This is shown in Fig. 1a for a time series from the cubmgroof the AR(1)
process. Note that for all surrogate time series jt.is;)=/.(z;) by construction.
On the other hand, the AAFT and IAAFT surrogate time serieg Ina&e bias in the

@) (b) ©
08 08

—original —original —original
0.5 ARboot| AAFT IAAFT

0.6 0.6

X 03 € 04

r (0

0.4

0.2 0.2

o
-50 0 50 100 % 2 4 6 8 % 2 4 6 8
X T T

Figure 1: (a) Histogram-based estimate of the distributibfi;}?!2 from the cu-
bic power of the AR(1) process and the same for 1000 ARboat series. (b)
Autocorrelation for{x,}2 from the square power of the AR(1) process and for
1000 AAFT time series. (c) Autocorrelation fér, }7'2 from the cubic power of
the AR(1) process and for 1000 IAAFT time series.

estimation ofr,(7), as shown for AAFT and the square power of the AR(1) process
in Fig. 1b and for IAAFT and the cubic power of the AR(1) praeesFig. 1¢c. Note
that for IAAFT the variance of.(7) is much smaller and makes the small bias to
be significant. The STAP time series and the ARboot time ser&imate-, (1)
without bias, provided that the order of the AR generatinacpss is appropriately
set. The discrepancies jfy(z;) for ARboot time series and in.(7) for the AAFT

and IAAFT time series may favor rejection of,M/hen the test statistic is sensitive
to these features. In the following results on size and paf/éne test we include
r.(7) for 7=1,2, 3 as test statistics, denoted AUT.

3.4 Size and power of the test

Even for simple systems consistent tg (duch as the square and cubic power of
an AR(1) process), AAFT, IAAFT and ARboot generate time eethat are not
consistent to kKl (see Fig. 1). This results in false rejections and large s,
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as shown in Fig. 2 for the cubic power of an AR(1) processaad 28, and for
the three nonlinear statistics and AUT=1 for AUT, MUT and BIC, andm =3
for LAM). The small mismatch in autocorrelation of IAAFT @ealso Fig. 1c) is

1 1 .
"""""""""""" — AAFT
i -IAAFT
08 1 0.8 - STAP
2 - ARboot
g6 —AAFT 506
8 -IAAFT 8
v STAP v
E_/ 0.4 - ARboot E_’ 0.4

—AAFT

- - -|AAFT - = -IAAFT
08 ~-- STAP 1 08 - - STAP
- ARboot - ARboot|
goe gos
3 5
2, 9
g g
T04 T04
02} 02

- Rt . e
B P 1 - e
- - -
B ”_" ‘—‘_‘_,—"’ s
0% . . . o)

0.05 0.1 0.15 0.2 0.25 03
a

Figure 2: Probability of rejection of {Has a function of significance level esti-
mated by the relative frequency of rejection over 1000 radibbns of sizex=128
from the cubic power of the AR(1) process. The line types figr tandomization
and bootstrap tests are denoted in the legend. The statis8CAUT ¢=1) in (a),
BIC (7=1) in (b), MUT (7=1) in (c) and LAM (m=3) in (d). The diagonal line and
thea=0.05 line are shown in grey color to facilitate comparisons.

actually very significant as it gives large size of the teshvAUT (see Fig. 2a).
This results in large actual test size also with MUT and LAMt hot BIC. The
mismatch off,(z,) with the ARboot time series gives rise to very large test size
with BIC and MUT, but not LAM. The AAFT and STAP perform propehere with
AAFT showing somehow larger actual size than the nomin& arm the opposite

http://www.bepress.com/snde/vol12/iss1/art4
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is observed for STAP. These features of the resampled gabsiand statistics hold
also for larger data sizes and for other parameter valudsedest statistics.

Summary results are shown in Table 1 for all systems, stastjsesampled tech-
niques, and data sizes. The columns 3 to 9 display the estihpabbability of re-
jection of H, ata=0.05 for each system, where in each cell the values from top to
bottom are fom=128, 512, 1024. The estimated probabilities of rejection are calcu-
lated from 1000 Monte Carlo simulations fe£128, 512, and 400 simulations for
n=1024. Note that the probabilities of rejection in the third coluef Table 1 for
the monotonic transform of the AR(1) process corresponbdaritersection points
of the curves with the vertical line at=0.05 in Fig. 1.

For the non-monotonic transform of the AR(1) process (séeno 4 in Ta-
ble 1), both AAFT and IAAFT show a mismatch in AUT, but only AAFarries
this mismatch to the nonlinear statistics giving large aksize of the test, which
actually increases with. ARboot gives also large actual size (with BIC and MUT)
due to the mismatch irfi,.(x,) as for the monotonic transform. Note that ARboot
along with STAP match perfectly the autocorrelation and assalt there are no
rejections with AUT ¢=1) for all systems (the same holds fe£2 andr=3). So,
only the test with STAP does not involve type | error, as shéevrthe two linear
stochastic processes, and the actual test size tends tonehew smaller than the
nominal size, suggesting that the test using STAP may bescaative.

For the ARCH process, AAFT and IAAFT again cannot match the@arre-
lation and the rejection rate for AUT increases witl{see column 5 in Table 1).
Therefore the high rejection rates obtained with AAFT andfA and the three
nonlinear statistics cannot be assigned to high power skthests. Note that sim-
ilarly high rejection rates were obtained for linear statiasystems solely due
to the mismatch in autocorrelation. The ARboot time seriesgrve the original
fz(x;) of the ARCH process (the simulations showed only small dizancies at
the peak) and are appropriate for the test. Indeed ARbooBSdAdP tend to give
about the same power for the test, which is about the samel@®aBd MUT and
very low for LAM, even forn=1024. The latter shows the inappropriateness of
LAM to detect nonlinearities in the variance.

The mismatch of-, with AAFT and IAAFT occurs when the bilinear (BL)
process has strong but not when it has weak, (BL1 and BL2 in columns 5 and
6 of Table 1). This explains that the probability of rejeatiwith AAFT and IAAFT
is higher than for STAP in the first case but only slightly regithan for STAP in
the second case. ARboot preserves well the origfpat;) for both BL processes
and the power of the test with ARboot is at the same level asnailer than for
STAP. For BL1, the test has no power with MUT and LAM statistnd increases
the power withn only with the BIC statistic and at a larger rate with STAP. fie t
contrary, for BL2, MUT and LAM give larger power than BIC wherincreases.

11
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statistic algorithm | AR(1) AR(1) ARCH BL1 BL2 Henon Henon
r=s3 x =52 40% 80%

0.09 0.64 0.48 0.89 0.04 0.06 0.01

AAFT 0.07 0.98 0.66 0.95 0.10 0.62 0.05

0.06 1.00 0.71 0.97 0.14 0.92 0.21

0.63 0.64 0.49 0.67 0.05 0.07 0.05

IAAFT 0.99 0.95 0.89 0.72 0.04 0.10 0.06

0.99 0.97 0.95 0.71 0.05 0.15 0.07

AUT (7=1) 0.00 0.00 0.00 0.00 0.00 0.00 0.00
STAP 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.01 0.00 0.00 0.00 0.00 0.00 0.00

ARboot | 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.06 0.23 0.30 0.16 0.15 0.78 0.29

AAFT 0.05 0.43 0.40 0.82 0.21 1.00 0.78

0.05 0.69 0.42 0.98 0.28 1.00 0.96

0.02 0.04 0.27 0.23 0.14 0.82 0.30

IAAFT 0.08 0.07 0.45 0.83 0.21 1.00 0.79

0.14 0.09 0.51 0.98 0.27 1.00 0.96

BIC (7=1) 0.01 0.01 0.22 0.10 0.13 0.81 0.29
STAP 0.00 0.01 0.32 0.79 0.21 1.00 0.79

0.01 0.01 0.34 0.98 0.27 1.00 0.96

0.39 0.46 0.32 0.07 0.15 0.71 0.18

ARboot | 0.76 0.92 0.48 0.14 0.21 1.00 0.77

0.94 1.00 0.51 0.25 0.28 1.00 0.96

0.10 0.43 0.41 0.37 0.18 1.00 0.34

AAFT 0.08 0.97 0.89 0.43 0.72 1.00 0.91

0.06 1.00 0.99 0.34 0.96 1.00 1.00

0.13 0.06 0.18 0.14 0.17 1.00 0.35

IAAFT 0.37 0.09 0.41 0.08 0.70 1.00 0.93

0.56 0.10 0.49 0.09 0.96 1.00 1.00

MUT (7=1) 0.05 0.01 0.10 0.01 0.13 0.96 0.18
STAP 0.10 0.00 0.29 0.00 0.67 1.00 0.83

0.11 0.01 0.39 0.00 0.94 1.00 0.99

0.37 0.20 0.08 0.00 0.11 0.96 0.18

ARboot | 0.86 0.87 0.32 0.01 0.52 1.00 0.79

0.99 1.00 0.37 0.01 0.82 1.00 0.99

0.09 0.48 0.24 0.69 0.16 1.00 0.60

AAFT 0.07 0.92 0.48 0.84 0.46 1.00 0.98

0.06 0.98 0.64 0.92 0.80 1.00 1.00

0.11 0.07 0.10 0.27 0.15 1.00 0.60

IAAFT 0.10 0.05 0.21 0.28 0.45 1.00 0.98

0.09 0.08 0.28 0.39 0.79 1.00 1.00

LAM (m=3) 0.01 0.00 0.04 0.00 0.06 1.00 0.28
STAP 0.00 0.00 0.09 0.00 0.36 1.00 0.91

0.00 0.00 0.13 0.00 0.74 1.00 1.00

0.04 0.00 0.02 0.00 0.08 1.00 0.46

ARboot | 0.04 0.00 0.07 0.00 0.39 1.00 0.92

0.06 0.00 0.10 0.00 0.76 1.00 1.00

Table 1: Summary results for the nonlinearity test from Mo@Garlo simulations.

For the chaotic Henon map, the noise amplitude affects tinepof the test,
as expected, but also the quality of the AAFT and IAAFT suategtime series
with AAFT giving significant discrepancies if. when the noise amplitude is 40%
(see column 8 of Table 1). For this noise level, the power lo$tatistics is very
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high, ranking LAM first (being 1 even for=128) and BIC third (0.7-0.8 forn=
128). All resampling techniques give about the same power withFSand ARboot
performing similarly. This is not true when the noise levelreases to 80%, where
for n=128 AAFT and IAAFT give about double power than STAP and ARboot
for MUT and LAM. This difference reduces for=512 and they all approach one
at n=1204. For BIC, the power is the same with all resampling techrsqaied
generally smaller than for MUT and LAM. The LAM statistic & out to give the
highest power of the test independent of the resamplinghtqale, which agrees
with the conclusion in Schreiber and Schmitz (1997).

Among the three statistics, LAM gives highest test powettierchaotic system,
BIC for ARCH and BL with strong-,, and MUT for BL with weakr,. The estima-
tion of mutual information is data demanding and this is o#éld in the increasing
power of MUT withn, which is faster compared to BIC and LAM in many cases.
LAM turns out to have smaller power than MUT when the nonlntgaegards the
stochastic component (mostly for ARCH but also for BL2). €éae MUT seems
to be the statistic of choice when the time series is largeratise one should use
LAM if the alternative aims at nonlinearity in the system dymcs and BIC if it
regards stochastic nonlinearity.

Similar results to these presented in Table 1 were obtain#dother parame-
ter values of the statistics, but for larger lags the autetation levels off for all
systems and the nonlinear effects vanish as well. For LAMebdiscrimination is
actually obtained forn=1 in the case of BL2 and the probability of rejection for
both STAP and ARboot increases to about 0.15, 0.56 and Or8%afa sizes 128,
512 and 1024, respectively. The statistics MUT and LAM ingobther method-
specific parameters. For MUT, the choice of the number of @rgitical. Our
simulations showed that adjusting the number of bins to #mepde size as/n/5
gives better results than using a fixed number of bins. Fomele using 16 bins
the probability of rejection reduces to half of this disgdyin Table 1 for the sys-
tems of BL2 and Henon with 40% and 80% noise and STAP surregbte LAM,
we used a fixed number of neighboring poikts5 for the results in Table 1, but
other simulations have showed that the performance of LAk better with an
increasing: with n.

4  Application to financial time series

The performance of the resampling techniques and tesstitatis evaluated on
time series from 6 international stock exchange indicesjahathe US stock ex-
change indices Dow Jones, NASDAQ and S&P500, the AthenskS&change
index (ASE), the index of the 100 largest companies listethatLondon Stock
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Exchange (FTSE100), and the Hang Seng index (HSI) of the Hkamgy Stock
Exchange. For each index, the randomization and bootstsip tor nonlinearity
are applied using/=1000 resampled time series and the statistics MUT, BIC and
LAM, as well as AUT, for a range of the free parameter for edatigic (- andm).

4.1 Daily volumes of stock exchanges

First we consider the volume of the daily stock exchangelsarperiod 3/12/2002 —
28/9/2004. The selected time series contain slow driftstHmiaugmented Dickey-
Fuller test did not show evidence of unit-root type of noatisinarity for varying
number of lags and in any of the six time series (Greene, 20Bibwever, one
should be cautious about concluding for nonlinearity whegaating H, in the pres-
ence of drifts (though statistically insignificant).

In Fig. 3 the results of the distribution-free approach fa test are shown for
ASE. The AAFT and IAAFT are inappropriate for the test as |AAlderestimates
and AAFT overestimate,(7) giving rejections with AUT for a long range of
values. ARboot also mismatches(7) for = > 4. Rejection of H is obtained
for a range of parameter values of MUT and LAM, also with STARttis more
conservative but more reliable for this case. BIC does na gignificant rejection
with STAP except when=7. The well-established rejection ofHhere should not
be directly interpreted as evidence of nonlinearity (anssfialy nonlinear dynamics
given the rejection with LAM) because it could be the effettlepartures from
stationarity (though not statistically significant). Irdthe ASE volume time series
contains more prominent slow drifts than the other volunreetseries. Moreover,
this time series is more spiky having skewed distributiod Bimg right tail and
this, in conjunction with significant autocorrelation agssanany lags, may cause
the inability of AAFT and IAAFT to cope with the two conditignn H,. The larger
autocorrelation in AAFT surrogate time series explaing thetter local fit (smaller
NRMSE) than for the ASE volume time series (see Fig. 3d).

The resampled time series generated by STAP and ARboot fa#itonditions
of Hy for the other volume time series as well but not the surrogate series
generated by AAFT and IAAFT. As shown in Table 2, fhealues regarding AUT
for 7=1 are small for all but the S&P500 time series when using IAAKT &or
ASE and FTSE100 when using AAFT. This significant differemcAUT may ex-
plain the discrimination with nonlinear statistics in tlespective cases, particularly
when it cannot be established also by STAP or ARboot. For el@nthe test on
HSI using IAAFT and MUT ¢=1) givesp ~ 0.01 (as for AUT), but using STAP
and ARboot the-values are large.

The results with STAP and ARboot show some evidence for neality only
in ASE when using MUT# < 0.01) and in FTSE100 when using BI@ & 0.01).
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Figure 3: The rank of the statistjg on the volume time series of ASE in the ordered
list of 1001 values, wher@/ =1000 resampled time series of different types are
used, as given in the legend. In (a) the statistic is AUT#et, . . ., 10, in (b) BIC
for r=1,...,10, in (c) MUT for 7=1,...,10, and in (d) LAM form=1,..., 10.
The lower and upper thresholds f@+0.05 are shown with horizontal grey lines.

ARDboot gives also marginal rejection for Dow Jones with BJCx{ 0.06) and for
ASE with LAM (p =~ 0.08). For the latter, rejection is obtained for other values of
m also with STAP (see Fig. 3d).

4.2 Monthly returns of stock exchanges

We investigate the existence of nonlinearity in monthlyres of the same 6 stock
exchange indices in the period 1/1987 to 9/2004. All timéeseshow no apparent
drift but larger volatility from 1997 onwards that could lzdeén as evidence of non-
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index |statisti Resampling techniques
AAFT [IAAFT |STAP |ARboOL
AUT | 0.148] 0.026 | 0.703| 0.855
MUT | 0.068| 0.901 | 0.633| 0.869
Dow Jones g | 0.158| 0.076 | 0.160| 0.058
LAM | 0.012| 0.234 | 0.436| 0.218
AUT | 0.098] 0.030 | 0.458] 0.701
MUT | 0.150| 0.819 | 0.428| 0.989
BIC | 0.498| 0.513 | 0.525| 0.334
LAM | 0.074| 0.424 | 0.408| 0.551
AUT | 0.917| 0.114 | 0.372] 0.795
MUT | 0.070| 0.168 | 0.184| 0.599
BIC | 0.861| 0.793 | 0.811| 0.971
LAM | 0.947| 0.809 | 0.370| 0.699
AUT | 0.038] 0.000 | 0.290] 0.791
MUT | 0.016| 0.000 | 0.000| 0.006
BIC | 0.136| 0.424 | 0.935| 0.326
LAM | 0.080| 0.032 | 0.128| 0.078
AUT | 0.000] 0.028 | 0.781] 0.837
MUT | 0.140| 0.032 | 0.551| 0.294
BIC | 0.002| 0.002 | 0.004| 0.002
LAM | 0.004| 0.953 | 0.843| 0.641
AUT | 0.156| 0.016 | 0.965] 0.907
MUT | 0.789| 0.008 | 0.176| 0.178
BIC | 0.200| 0.208 | 0.625| 0.424
LAM | 0.102| 0.665 | 0.969| 0.196

NASDAQ

S&P500

ASE

FTSE100

HSI

Table 2: Thep-values of the test for nonlinearity with different resaimgltech-
niques and statistics for the 6 volume time series of worldketa as given in the
first column. For the statistics AUT, MUT and BI€=1 and for LAM m=3. Thep-
values are computed for the two-sided test based on 1000 pés@ data (surrogate
or bootstrap) and using the distribution-free approach.

stationarity in variance or as an effect of an ARCH undedymnocess. The results
of the test for nonlinearity are shown in Table 3. Overakrthis little evidence for
nonlinearity, regardless of the resampling technique #atsic used for the test.
All algorithms generate proper resampled time series witlly AAFT failing
in the case of Dow Jones and S&P500 (the respegtivalues of AUT in Table 3
are below 0.05). All algorithms give clear rejection of With the BIC statistic
(7=1) for ASE and all but the AAFT algorithms give marginal rejectwith LAM
(m=3) for FTSE100. The return time series have approximatelynabdistribution
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index

statisti

Resampling techniques

AAFT

IAAFT

STAP

ARboot

Dow Jones

AUT
MUT
BIC
LAM

0.026
0.859
0.182
0.072

0.715
0.567
0.180
0.244

0.857
0.719
0.226
0.318

0.997
0.392
0.246
0.212

NASDAQ

AUT
MUT
BIC
LAM

0.438
0.252
0.513
0.801

0.426
0.440
0.482
0.989

0.829
0.472
0.565
0.865

0.863
0.733
0.639
0.899

S&P 500

AUT
MUT
BIC
LAM

0.042
0.979
0.268
0.408

0.937
0.404
0.312
0.847

0.863
0.573
0.356
0.863

0.923
0.274
0.388
0.769

ASE

AUT
MUT
BIC
LAM

0.240
0.102
0.000
0.154

0.188
0.228
0.002
0.246

0.791
0.288
0.000
0.330

0.857
0.751
0.002
0.368

FTSE100

AUT
MUT
BIC
LAM

0.226
0.549
0.757
0.138

0.232
0.833
0.717
0.036

0.905
0.977
0.795
0.018

0.889
0.484
0.985
0.076

HSI

AUT
MUT
BIC
LAM

0.993
0.258
0.372
0.360

0.745
0.208
0.402
0.312

0.929
0.410
0.382
0.603

0.871
0.831
0.294
0.386

Table 3: As in Table 2 but for the 6 monthly return time seribworld markets.

and the autocorrelation decreases fast to the zero leved. niéy explain that the
resampling techniques perform similarly.

5 Discussion

Randomization and bootstrap tests for nonlinearity are tséorm the null distri-
bution of the nonlinear statistics because the asymptaticdmstribution is either
insufficient, as for the bicorrelation statistic, or unkmgvas for the statistics of
mutual information and local average mapping. We consdi¢hese three test
statistics that measure different nonlinear features eftiime series in order to
evaluate the performance of the resampling techniques. ARtel and IAAFT
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algorithms (of constrained realization type making use adirier-transform) and
the STAP algorithm (of typical realization type making usean AR generating
model) are used to generate the so-called surrogate dateefaandomization test.
The ARboot algorithm (residual-based bootstrap) is usegbteerate the bootstrap
time series. All resampled data have to fulfill the two coiodis underlined by the
H, of linear stochastic process, namely to preserve the |steacture and marginal
distribution of the original time series.

It has been shown that AAFT, IAAFT and ARboot do not alwayéilfuhe two
conditions of H. AAFT and IAAFT may give bias in the estimation of the auto-
correlation of the original time series and ARboot may giiashn the estimation
of the original marginal distribution. However, the exagtisce of these shortcom-
ings cannot always be determined and it seems that it deentie system. The
problem of ARboot tends to occur when the time series hasilyeskewed distri-
bution, probably due to the replacement principle of baagstvhen drawing from
AR model residuals. Our simulations on different linear aodlinear stochastic
systems showed that the algorithms of AAFT, IAAFT and ARbmaly be inappro-
priate in generating resampled data that can preserve @tharginal distribution
and the linear structure of the original time series at d#ifé cases each. Mismatch
of either of the two data attributes favors rejection @fahd gives large actual test
size and false test power. On the other hand, STAP matchbeddaitires but with
a variance in the estimation of the original autocorretativat is somehow larger
than for AAFT and much larger than for IAAFT. This results arder variance of
the nonlinear statistics that decreases with the increafigedime series length.
Consequently, the actual size of the test with STAP is smidbn the nominal size
and the power is smaller than for AAFT and IAAFT (in the cade=ytfulfill the
conditions of H). The power of STAP is at the level of the power of ARboot (pro-
vided it fulfills the conditions of i). This can be explained by the fact that both
algorithms generate resampled data based on AR-modelharefdre attain the
same level of variance in the estimation of the autocoiiiat

The smaller power of typical realization approaches (STA® ARboot) com-
pared to the constrained realization approaches (AAFT AAET) when the con-
ditions of H, are fulfilled may be attributed to the use of non-pivotal ttatistics,
as pointed out by Theiler and Prichard (1996) for the tesGfaussian time series.
Indeed the variance of the nonlinear test statistics iseatawel of the variance of
the autocorrelation, which is larger for the typical realian approaches and results
to smaller power. However, the variance decreases witmttrease of sample size
and the two approaches converge in terms of power. The fiedihthis work have
shown that for the correct implementation of the resamplesg for nonlinearity
the consistency to the two conditions of I3 far more important than the effect of
the statistics being pivotal.
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The statistics are derived from measures that are definedmnstof one or more
parameters, so that the test results depend on the selettiomparameters. In our
simulations, all the systems have fast decreasing autlation, so that a small
lag for the mutual information and bicorrelation gives ahble statistics. The same
yields for the local average mapping when using a small edlihgddimension.
For other systems, the selection of the parameters mayresguiexploratory study
first. Anyway, the parameters should not be optimized on tiggnal time series, as
that would favor rejection of § This holds in particular for the mutual information
and local average mapping that involve also other methedip parameters (the
number of bins for the data discretization and the numbereajhiboring points,
respectively).

The test for nonlinearity was applied to the daily volume arahthly returns of
six international stock exchange indices. For the first typeata the autocorrela-
tion decreases slowly (this can be taken as evidence of tadiotgarity but formal
unit-root tests rejected it), so that the test statisticewemputed for a larger range
of parameters. The problems of AAFT and IAAFT in matchingakiocorrelation
were observed for many of the real time series, so that rejexof H, with nonlin-
ear statistics in these cases were not reliable. On the b#ret, ARboot fulfilled
always the conditions of fand had similar performance to STAP, as expected from
the simulation study. STAP and ARboot gave rejection gffét the volume and
return time series of ASE and FTSE100, but only with one otlinee statistics in
each case (but for a range of the parameter specific to edidtisjaVisual inspec-
tion of these time series does not indicate that they posktesent features that
could indicate departure from linearity or stationarity.

The intension of the work on the real time series was rathgingpoint the prons
and cons of the resampling techniques than to draw conclsisibout nonlinearity
in these data. The overall conclusion is that AAFT, IAAFT akidboot are not
always proper for the test for nonlinearity and one has tarad#st that they fulfill
the conditions of ij. On the other hand, STAP generates always proper resampled
time series for the test, but the test with STAP may be at caseservative. Re-
garding the three statistics used in this work, the mutudakmation seems to give
generally the largest power when the time series lengthffiguntly large (more
than a couple of hundreds of samples). The bicorrelatiofopas at cases better
than the mutual information, and the local average mappingsgargest power
when there is deterministic nonlinear dynamics in the exachtime series.
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