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This research is based on the Intuitive Mental Models Theory by Fischbein (1987, 1989, 1994). This theory attributes students' mathematical misconceptions to the influence of intuitive mental models acting uncontrolled in the reasoning process. Fischbein argues that there is a conflict between the deductive, formal nature of mathematics and the human tendency to rely on empirical evidence. To cope with this difficulty, we create intuitive models of concepts and formal operations, which replace concepts and operations in the reasoning process and are behaviorally meaningful. The main aims of this research are: to examine whether the theory of intuitive models, until now related solely to concepts and arithmetical operations, could be applied also to algebraic procedures; to  examine if these models tacitly exist over a period of time, and to attempt to rule out mistakes made due to the influence of tacit models, by metacognitive skills.

Consequently three main research questions were formulated, on the basis of which three sub-researches were devised.

The Research Questions

Is it possible to explain students' difficulties in performing basic algebraic procedures by the existence of algorithmic mental models?

Do these mental models continue to exist over a period of time?

Is it possible by means of metacognitive methods:


To reduce the rate of students' typical mistakes while performing basic algebraic procedures.


To enrich pedagogical content knowledge of preservice teachers who are middle school mathematics majors, as to students' typical mistakes while performing basic algebraic procedures, the sources of these mistakes and their remedies.

Methodology

A sub-research was defined to examine each of the research questions, with its sample and corresponding research tools. 

To answer the first research question, a mathematical knowledge questionnaire was devised and distributed to 137 students in grades 7-9, of whom 17 were interviewed. 

Sixty one preservice teachers from two teaching colleges answered in writing a subject matter knowledge questionnaire, in order to explore the second research question, relating to the survival of intuitive algorithmic mental models, after the learner has acquired formal basic mathematical procedures. 

One hundred and ninety four students from a comprehensive high school and 35 preservice teachers participated in the third stage of the research which included three parts. In the first part, 194 students in the 9th grade answered a pretest to explore their formal knowledge of basic algebraic technique formulae and their error frequency in reducing algebraic fractions. In the second part a study unit: " Multiplication formulae and their use in reducing algebraic fractions" (appendix 6), was applied. The experimental group included 65 students from two classes. The control group included 129 students from another four classes. In the third part, the same 194 students now in the 10th grade, answered a mathematical knowledge questionnaire, in order to examine the influence of the intervention program on their knowledge of multiplication formulae and their error frequency in reducing algebraic fractions.  

Thirty-five preservice teachers answered two questionnaires:

a) 
Didactical questionnaire relating to students' errors in reducing algebraic fractions using multiplication formulae, logarithmic and basic trigonometry  rules, their sources and remedies.

b) 
Mathematical knowledge questionnaire relating to the same subjects.

Later on a study unit relating to general and specific psycho-didactical aspects of mainly multiplication formulae was applied.

To examine the influence of the intervention program, the 35 preservice teachers answered, a year later, the same didactical questionnaire as before.

Findings and Conclusions

1. 
The findings confirm the hypothesis that algorithmic mental models, like intuitive models of concepts and formal operations, unconsciously take part in the reasoning process and can cause wrong answers. Influence of two main algorithmic mental models can be identified:

(a) 
Linear Model, emanates from the mistaken inclusion of the linearity property, according to which the result of acting upon a combination of two elements is the same as combining the results of the same action upon each element separately.

(b) 
Multiplicative Model, emanates from the lack of distinction between factor and term and is mainly expressed in faulty reduction of algebraic fractions.

2. 
Adults' typical errors are similar to those of young students. They are affected by algorithmic mental models.

3. 
Learning by metacognitive methods improves formal knowledge of multiplication formulae and reduces the use of mental intuitive models which conflicts with formal knowledge.

4. 
Preservice teachers who are middle school mathematics majors, who studied the metacognitive study unit relating to algebraic expressions, identify typical students' errors of reducing algebraic fractions while using multiplication formulae, but find it difficult to describe the possible sources of these errors.  

According to the findings it is highly important that algebra teachers in middle schools be aware of the influence of algorithmic mental models and recognize the importance of metacognitive skill applications. This research also had the aim of increasing awareness of preservice teachers who are middle school mathematics majors, to the influence of tacit intuitive mental models. It is important to explore complementary methods to increase teachers' and preservice teachers' awareness of this theory and its implications on teaching as well as learning processes.  

