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Meaning of an individual “Feynman path”
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In this article we give an operational meaning to an individual “Feynman path.” In other words, we
describe a process of dense measurements, made in temporal sequence, which check whether the particle
moves along any given trajectory in space-time. We show that in this process the two assumptions of the
space-time formulation of quantum mechanics, are realized: (a) The weight that the particle moves along a
trajectory that has been checked by this process is the same for all trajectories, and in fact, we show that
the particle follows, with probability 1, the trajectory that is being checked. (b) A phase is systematically
accumulated, so that, at the end of this process, the state is multiplied by the familiar factor
expl(i/#) § L dt]. As an immediate extension of the above formalism, we suggest a setup that measures the
relative phase between any two trajectories. Finally, our approach points toward the possibility of extending
the Feynman formalism in order to cover more general Hamiltonians.

INTRODUCTION

In 1948 Feynman published what is essentially a
third formulation of quantum mechanics.! As is
well known, the main idea in this formulation is to
associate a probability amplitude, exp [(/%) [ L at],
with each possible classical trajectory that con-
nects two space-time points [L is the classical
Lagrangian, and the integral is evaluated along the
path X(¢)]. Each possible trajectory is assigned
the same weight, and the sum (integral) over the
contributions from all possible trajectories has to
be carried out in order to get the transition am-
plitude between these two space-time points.

The concept of a trajectory in quantum mechanics
is not a straightforward one because of the uncer-
tainty principle involved.? Therefore, attempts
have been made to apply the notion of continual ob-
servation® (which was mentioned by Feynman?,

p- 370) in order to investigate the operational
meaning of the trajectories, which are the building
blocks of this formalism. '

This notion of continuous observations (or mea-
surements) in quantum mechanics has recently
attracted some attention,*” because of the in-
teresting features that were revealed. In particu-
lar, the following paradoxical property of such
measurements was found: Consider the case where
repeated observations are carried out in order to
find the exact moment at which a transition from
some initial state takes place. It turns out that,
because of these observations, the transition never
occurs. A particular example is the decay of an
unstable system®: If the system is continuously
observed, then it will never decay. Another ex-

ample is the one of continuously observing a sys-
tem that is initially confined to a finite space re-
gion,® and because of these observations it remains
confined there. In this paper,we first show that the
above paradoxical situation is a special case of a
more general property of continuous measure-
ments. Namely, if one checks by continuous ob -
servations if a given quantum system evolves
from some initial state, to some other final state,
along a specific trajectory in Hilbert space, the
result is always positive, whether or not the sys-
tem would have done so on its own accord.

When the above result is applied to the evolution
of a state along a trajectory considered by Feyn-
man, we find that the particle follows, with cer-
tainty, the trajectory that is being checked. There-
fore, it is now meaningful to consider measure-
ments of individual trajectories in space-time and
their properties. In particular, the phase associ-
ated with the probability amplitude for motion
along a given trajectory can be evaluated.

When this calculation is carried out, the phase
turns out to be the one assumed by Feynman,
(within a constant independent of the trajectory).

The possibility is therefore open to consider
setups that measure directly the relative phase of
any two individual trajectories (which have com-
mon end points); we describe in detail such a
setup.

Finally, we point out that our analysis can be
applied to more general trajectories in Hilbert
space than those corresponding to the classical
trajectories. We discuss briefly the relevance of
this to the question of extending the Feynman form-
alism in order to cover arbitrary Hamiltonians.
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CONTINUOUS MEASUREMENTS ON A SPIN-HALF SYSTEM

Consider a spin-half particle placed in a con-
stant magnetic field pointing in the z direction with
the initial direction of the spin in the +x direction.
The time evolution in this case is simply a rotation
in the xy plane with the Larmor frequency (de-
fined by H= Y '_B'Eéh'wag). If we now want to check
when the spin moves out of its initial orientation
by performing a dense set of measurements (in
time) of §,, we find that it does not move out at all
(in analogy to the results discussed in the litera-
ture®7’). This can be seen as follows: In the in-
finitesimal time 6¢ the free Hamiltonian rotates
the direction of the spin, or equivalently changes
the state by

| o(62)) =exp(— %ﬁﬁt) |o,=+1)

=exp (—-% w&zﬁt)l 0,=+ 1)

where
| 0(6t)) is the eigenstate of the operator,
6(5¢)=6,(0) coswdt + §,(0) sinwdt ,

with the eigenvalue plus one. ‘
If we now measure §,, the probability that the
state collapses to |oy=+1) is

P (0,=+1)=[{o,=+1|o(8L))]?

2 WO o _ (w&¢)?
2 4
If we repeat the same measurement at intervals of

ot the probability that all of them will give the
same result is obviously [1 — (w5¢)2/4]¥. We now
note that if 6¢=T/N, where T is the total period of
observation, and we approach the limit of very
dense measurements (N - ), we end up freezing
the state in its initial value |o,=+1), since

=cos (for wdt<<1).

lim(1 - 1/N2)¥= lim exp(~1/N)=1.
For future reference we refer to this as case a.

.Case b. Still with the same system as before,
we show how it is possible to bypass the feature of
freezing while insisting on continuous observa-
tions. To achieve this we use the so-called “de-
terministic observations,”® namely, we measure
the dense set of operators defined as follows:

A _a o 45 sina
G,=0,cosa +0,sina, ,

where o, =wndf, w is the Larmor frequency, énd
n=1,...,N. We then obviously find 0,=1 for

n=1, ..., N. Thus it seems that we have found a
way to monitor the time evolution of a system
without freezing it in its initial state.®

Case c. In this case we show that the seemingly
innocent deterministic observations described
above have unsuspected features. Consider again
the spin-half particle, initially with o, =+ 1, but
without a magnetic field. If we measure the same
dense set of operators as in case b, we find the
following:

The conditional probability to get ¢,=1 if
O,y =+11is

P,(n)=|{o,=+1 |0, =+1)|?

=_1_+-_(_:_0§S_w_5_t= cos?(wbt/2),

where we have used the eigenvector of G, (that
belongs to ¢,=+1), namely

1

=+1)=
IO;. ) V3 i

Thus, for sufficiently large N, the probability of
finding o, =+1 in all the measurements is essential-
ly one. This is soeventhough no magnetic field was
present; therefore, the only reasons for the spin
rotation are those measurements. This result is
quite surprising because of the accepted assump-
tion that if the outcome of a measurement of some
dynamical variable is certain (i.e., with probability
one), then the state of the system was not dis-
turbed.

The above conclusion can also be derived by the
following simple argument: If we analyze case a
from a rotating-frame-of-reference point of view,
so that in the new frame the inertial field exactly
cancels the original constant magnetic field,'° we
end up in the same situation as incase c (in which
the continuous measurements were made at the
rate dictated by the Larmor frequency). There-
fore, if we accepted that the measurements in
case a froze the system in the state |0x=+1>, we
end up with the result of case ¢ as a necessary
consequence.

THE PARTICLE FOLLOWS A TRAJECTORY
IN PHASE SPACE

We have shown in a simple example that it is
possible to define a set of operators that repre-
sent a dense sequence of measurements, so that
the initial state of the system evolves along the
eigenstates of these operators, and the probability
to get each of the corresponding eigenvalues is
one. This idea can be generalized to more com-
plicated systems, and we now apply it to obtain an
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operational definition of a “Feynman path.” We
recall that in Feynman’s formulation of quantum
mechanics,! trajectories in space-time are as-
signed equal weights, and each trajectory is mul-
tiplied by the factor exp[(i/h) [ Ldt], L is the
Lagrangian of the system, and the integral is along
the trajectory. The sum (integral) of the contribu-
tions of all trajectories gives the transition am-
plitude between the two end points.

As in the case of the spin-half system, we can
define a dense sequence of measurements which
check whether the particle moves along any given
trajectory in space-time. This will lead to a posi-
tive answer, i.e., the particle moves along any
chosen trajectory with probability one.

Consider the set of projection operators

ﬁ"= |n)n |, forn=1,...,N,

where |z) (in the ¥ representation) is given by
|n) = C exp{- [x -Xx(t,)]*/ (2aX)* } exp [;—;P(t")X] .

X(¢,), P(t,) are evaluated along a particular clas-
sical trajectory, at a sequence of times {,=»0¢, the
total period of observation is T and 6¢=T/N, C is
a normalizing factor, and AX is the uncertainty.
Note that since the classical trajectory is smooth,
X(¢,) and P(¢,) are well defined and so are 6X,
=X(t,)6t and 6P ,= P(t,)5t.

We shall now prove that if the initial state is a
localized wave packet around X(¢,)=X,, and we
measure the set of operators ﬁﬂ (while letting
N - ) the initial state will evolve along the eigen-
states of {1, with probability one. We will also
show that the change of the phase associated with
the evolving state is well defined in terms of the
sequence of operations; this change will be evalu-
ated and shown to be equal essentially to the clas-
sical action (divided by 7).

We first note that in the infinitesimal time &¢
between any two measurements, the state evolves
according to the Schrddinger equation and we can
write the following general expression'!:

|9(t,+6t)) = |n) exp(— ;lé(n II;I |n)6t)

+b[PE)+0(087), (1

where |¢;) is a state orthogonal to |#) and b is
proportional to 8f. I we now measure II ,, and get
a positive answer (which is indeed the case'?), we
end up in the state |z +1), and the probability am-
plitude for this transition is

(n+ 1|t 08 =(n+ 1 |n) exp [—%(n|ﬁ|n)6t]

+0(82). (2)

It then follows that

. N N
| ¢(final)) = | N) exp [—P—Zi Z;(nII?[n)ét] H(n+ 1|n)
+0(6¢). (3)

For a particle described by a Hamiltonian®®
H=p?/2m+V(X), the expression (n|H|n) turns out
to be

(nlﬁ]n)=<n|p2/2m+ V(&) |n)

= <ol“’ "sz I\ v —xt))

0)

LD yix )y p(ax?)s <o‘f—7;‘o> L@

2m

In the limit in which AX - 0,'* the above expres-
sion will simply be the classical Hamiltonian eval-
uated along the classical trajectory X(¢) plus a
constant term independent of the trajectory.

The scalar product of two adjacent eigenstates
in Eq. (2), gives the following contribution to the
phase:

i X@)eXE,) i
RT3 7

P(t,)X(t,)5¢

St

+ [P X ~Plt )X ()],

(5)

Using expressions (3)—(5), and going to the limit
N—-o (T~ f ), we find that the accumulated phase
associated with the probability amplitude for mo-
tion along the trajectory is the sum of the familiar
(i/%) [Ldt, the end terms in Eq. (5), and a term
independent of the trajectory ((0|p?/2m|0)T); note
that the terms proportional to (5¢)? are negligible
because N -« as 1/6¢ and therefore N x O(5t2) - 0.

SETUPS THAT MEASURE THE RELATIVE PHASE OF ANY
TWO TRAJECTORIES

No physical meaning can be attached to the phase
assigned to an individual trajectory. However, our
approach opens up the possibility of considering
experimental arrangements that can measure in
principle, the relative phase between any two tra-
jectories.

We shall now write the Hamiltonian describing
such a setup. This Hamiltonian has to include the
degrees of freedom of the measuring device (MD)
(following the well-known approach introduced by
Von Neumann'®), in order to hzve a full description
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of the process as well as to prove that, indeed, the

particle follows the observed trajectory with
probability one:

(0)
=R ) gt - )1 -0

1-4© " 4
P -1 1 -2 0o B, ()

where # ) is the projection operator |n)z|, with
the state |7) parametrized with the coordinates of
the first trajectory, and # {2’ is similarly defined.
The measuring device is described by the ¢ {"’
(r=1,2,..., N), such that initially they are, say,
in the spin-up state, and by a proper choice of the
function g(¢) (as given afterwards), a registration
(a positive result in the measurement of the pro-
jection operator |n){n|) at ¢=¢,=nb¢ will be in-
ferred from the fact that the nth spin did not flip.
The function g(¢) is defined as follows:
]

g, forOsts<e

gt)=
0 otherwise

and we eventually go to the limit € -0, g ~ =
while keeping g€ =7. This is an impulsive mea-
surement and therefore € <6f. H, is the Hamil-
tonian describing the particle and Hy, is the
Hamiltonian of the apparatus not including the
interaction term, (we obviously demand
[of™, Hyp]=0and [0{%, Hy, =0, i=x,y,2).

6.2 is the operator describing the spin of a par-
ticle in the measuring device that, according to
its initial value, the process of dense measure-
ments will evolve, i.e., if 0{°’=+1 the process will
evolve along trajectory one, if o,,“’): -1, along tra-
jectory two, and if in a superposition of the two
state, the process of measurements will also be a
superposition of two processes, in the sense de-
scribed below. We will show that if the initial
state of the whole system is given by

190D = 7 expl— (¢ =)/ @2x)] [exp (o) | o'+ D exp (7o)

+ exp(%xpg)] ol

N

. N
~1) exp (— ,—’Zxops)]l_l o=+ 1)

~cexp[- (x —x,)?/(24a%)?]| ol=41) H lox(")=+ 1) (7a)

[the last (approximate) equality is due to Ax — 0; remember that we always go to this limit“], then the final

state will be

. N
| ¥(final)) = 7%,exp{— [x -x(¢,)2/(2ax)?} [[ ol=41y+ exp(% a) | 0l0)=~ 1}] II on(" Y=4 1), (7b)

where a= f Ldi - f , L dt; this means that the direction of the zeroth spin is sensitive to a.
Let us outline the steps that lead to the above result: First, assume that the initial state (of the whole
system) is the one corresponding to the measurement of the first trajectory; then we find that the state

evolves as follows:

(a) In the infinitesimal time 5 before the first measurement we end up with [see Eq. (1)]

| #(e) = [| 0) exp (- Lio| |00t - ,fxopo> +b |¢t,>+0(at2)] |MD©@) |

where |MD‘?) means no spins have been flipped in the measuring device, etc.
(b) At ¢=6¢ we have an impulsive measurement (i.e., only the interaction with the MD is relevant'®). This

changes |y(¢)) into

|9t =t =[<1| 0) exp (- L] | 0ot —%xoPo) +O(6t2)] |1)| MD(®)

[ 10 exp(~£ 011|001 —xoP) s0(@0)] [¥| D),

where |¢7) is a state orthogonal to |1).

This procedure can be repeated, i.e., the free Hamiltonian acts on the state (in between measurements),
and then the interaction term (which is impulsive) takes over, etc., N times.
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Letting N— « and 0¢— 0 while keeping N0t =T we realize that the probability that one of the spins had
been flipped (in the measuring device) is a sum of N terms each proportional to (5¢)* (and higher orders),
so that N(6¢)>—,_, 0. This is so because of the fact that terms in the amplitude that are proportional to
8t are multiplied by orthogonal states of the measuring device. Then, using Egs. (3)-(5) we can write the

final state as follows:

N

]z,b(final))= [N)|of‘°’=+ 1) exp(% det)exp <—%xNPN) exp <-;—§(0|132/2m| O)T) H lgi")=+ 1).

If we superpose two such states coming from dif-
ferent trajectories and recall that AX - 0 (which
will make the end term disappear), we end up with
the final state given by Eq. (7b), which means we
also observe the relative phase between any two
trajectories.

CONCLUSIONS

In this paper we have shown that it is possible to
define trajectories in Hilbert space connecting
any two states. If one measures successively a
dense set of projection operators corresponding to
the states that define a trajectory,® one moves with
probability one from the initial state to the final
state through the whole set.

We pointed out that the problem of freezing a
state as a result of continuous observations is a
particular case of this more general notion of tra-
jectory. We have applied the above notion to give
an observable meaning to an individual Feynman
path, and we have shown that a phase is systemat-
ically accumulated during this process of observa-
tion.

An experimental arrangement was suggested in
order to measure the relative phase between any
two trajectories; this phase was shown to agree
with the one postulated by Feynman. The concepts
of trajectories and their associated phases can
serve as the starting point for an extension of the
Feynman formalism to include more general Ham-
iltonians (see the Appendix). These ideas will be
further discussed in a future publication.

We thank Professor E. Lerner for helpful com-
ments. '

APPENDIX

Consider, for example, the following trajectory
that does not have a classical counterpart. We use
the eigenoperators of the two-slit experiment?®
which are defined as follows:

_ sin(n£/1)
Os= | sin(nx/1)| ,

&, = cos(pl/n) - sin(p1/n)5, ,

o,=sin(p1/h)+icos(pl/n)7, ,

whereX is the position operator along the line con-
necting any two given points in space, and the ori-
gin (x=0) is in the middle of the two.

Assuming that the initial state |0) and final state
|N) of the previous example are localized wave
packets with negligible overlap, we can define a
trajectory connecting them, as follows:

Let us call |0) and |N) the “spin-up” and “spin-
down” states of 7,, respectively. Then, if we per-
form the sequence of measurements G,, =G, cosa,
+0,sina,, n=0,1,..., N, where a =n7/N and let
N0, we find that the initial state |0) will evolve
along the trajectory defined by the eigenoperators
of 0,,, finally reaching the state [N).!” The proof
goes in complete analogy to the one we gave for the
spin-half system. Note that in this last example
the Hamiltonian includes a nonlocal term.!®
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serting (b) into (a) we get
$e) = $(0) + (1/im)HP(0)6t+ 0 (6t%),
@O Yte) = 1+ (1/im)01H|0 ot + O(6t%)
= exp [- G/m)(0|A|0 6t1+ O (6¢%).
Now we write an alternative identity for |¥(t)), namely,
)= ap(0)+b| P,

where a = expl(i/7){0|H|0) 6t]+ O(5t%) and |¥}) is an
orthogonal state to (0). Finally we note that b ~ ¢
since

1=@@[YE)) = la|*@d o) + @HIDI612

and because (3 (0)| ¥ (0))=1 and (z/)é | z[)é} =1,
1512=1=|al?=0(5t?).

12ge¢ a detailed analysis of the measurement in the last
section of the paper, but note that a straightforward
proof can be given in analogy to the spin case, where
the only differences are the following: (a) Instead of
the magnetic field we now have a more general Hamil-
tonian, but still the probability that the state escapes
from the original one is of the order (5¢)? (more exact-
ly, [{nlt)12=1—[(68)*/2]1(A E)?+0(6£%), where AE is
the uncertainty of the energy in the state |z) and | ¢)
is the state between ¢, and £,,). (b) Instead of measur-
ing the same projection operator at intervals 8¢, we
now measure projection operators of states that are
“slightly” shifted, namely, | {n+1ln)|%~(6t)%. It is

easy to show now that | z+1|¢)|2 ~(6£)2, and from
this point the argument follows the one given in the spin
case.

131t can be generalized straightforwardly to the three di-
mensional case including a vector potential.

4Recall that we demanded IT¥_ 4| ¢+ 1|n)2—1 as N—w,
which is satisfied if [(6x)pay /A%*N—0 as N —w (be-
cause |(n+ 1|n)|?~ expl— (6x/Ax)?] and (6x)max is the
maximum distance between the centers of two adjacent
Gaussians along the trajectory), then using the fact
that N= T/6¢ and (6x)max= ¥max 6 We get

T(X)maxzdt 0
(Ax)? 5—~0
This means that we first have to go to the limit 6¢—0
and then to choose Ax arbitrarily small.
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